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0.1 Introduction

Let P be a forcing notion, and assume that G C P is generic over V. Assume that a cardinal k is

measurable in V' [G]. Consider the following questions:

1. What are the normal measures carried by x in V [G]? Does every such measure extend a

normal measure on x in V7
2. Given such a normal measure on k, W € V [G], let—
Jw: VG| = Ut (V [G], W) = M [jw (G)]

be its ultrapower embeddinﬂ Is jw v an iteration of V' (by its measures or extenders)? Is

Jw v a definable class of V' (possibly with parameters)?

The first question is part of a larger body of work regarding the characterization and possible
structure of the normal measures, carried by a cardinal k, in forcing extensions which preserve its
measurability. A very partial list of landmark results in this area include the works of Kunen-Paris
[I7], where the maximal possible number, x™*, of normal measures on &, is obtained; Friedman-
Magidor [6], where it is proved that any intermediate value 1 < A < k™1 can be obtained as the
number of normal measures on ; and Ben-Neria, [4], [3], where it is shown that every well-founded
order can be realized as the Mitchell order on «.

The second question is motivated by key results and ideas from inner model theory. Assume that
the core mode K exists and j: V' — N is an arbitrary elementary embedding, where IV is transitive.
Under limitations on the variety of large cardinals available in the universe, the restriction j [x is
an iteration of I by its measures and extenders. For instance, if there is no inner model with a
cardinal o of Mitchell order o(a) = a™™, then, by results of Mitchell [20], j [ is an iteration of K
by its measures; assuming that there is no inner model with a strong cardinal, j [, is an iteration
of K by its extenders [I6]. In our context, assuming that V' = K is the core model and G C P is
generic over it, the ultrapower embedding jw : V [G] — M [H] restricts to an iteration of V = K,
provided that there is no inner model with a Woodin cardinal (see [21]).

The inner model theoretic approach has two major shortcomings. First, it limits the strength

of the large cardinal properties available in the universe. Second, it imposes severe limitations on

IBy elementarity, Ult (V [G], W) is isomorphic to a model of the form M [jw (G)], where jw (G) is generic for
jw (P) over some ground model M.



the ground model (namely, assuming that it is the core model). This raises the question, to what
extent the inner model theoretic assumptions can be weakened while providing similar results.

An example for an approach which demonstrates this was given by Hamkins in [I3]. Assuming
that the forcing P has a gap below k (see theorem and the remarks preceding it), every
normal measure W € V [G] is amenable to V', namely extends a normal measure W NV € V in
V; furthermore, the embedding jy [y is definable in V. However, this method does not apply to
substantial class of forcing notions, iterations of Prikry type forcings; such forcings might not admit
a gap.

The iteration scheme for Prikry type forcings was first introduced by M. Magidor in his cele-
brated paper [18]. Its earliest application was to produce a model where the least strongly compact
cardinal is the least measurable cardinal, settling a question of Tarski.

In this work, we would like to explore new tools for dealing with questions 1,2 above, while
minimizing - usually completely omitting - any inner model theoretic assumptions. We concentrate
mainly on iterations of Prikry forcings, for which the current tools do not necessarily apply. We
believe that the same tools could be implemented in other forcing arguments, and provide a viable
solution whenever large cardinals beyond the scope of inner model theory are used.

Similarly to any forcing construction which involves iterated forcing, iterations of Prikry type
forcings can be done with respect to various supports. We concentrate on the main three supports
in this context, which are the Full-support iteration (Magidor iteration), Easton support iteration
(Gitik iteration) and Nonstationary support iteration. It turns out that the situation changes
drastically between different supports.

In chapter 1 we present some tools for dealing with question about amenability of W to V and
definability of jw [v in V, laying the foundations for the next chapters, where the focus will be on
iterations of Prikry forcings.

In chapter 2, we concentrate on the nonstationary support iteration of Prikry forcings below a
measurable limit of measurables x. Assuming GCH<,, we prove that the normal measures carried
by k in the generic extension are in bijection with normal measures of Mitchell order 0 on x in V.
We prove that the restriction of any ultrapower embedding from V [G] to the ground model, is an
iteration of V' by normal measures only, and provide a sufficient condition for its definability in V.
As an application, we prove that it is consistent that a strongly compact cardinal carries a unique

normal measure, starting from a model where a supercompact exists, GCH holds and the Mitchell



order is linear (the assumptions that GCH holds and the Mitchell order is linear can be weakened,
see [§]). The results in this chapter are based on joint papers with Gitik, [8] and [9].

In chapter 3, we deal with the Full support iteration of Prikry forcings (Magidor iteration)
below k. As above, we characterize all the normal measures on « in V [G], proving that the set of
all such measures is in bijection with the set of normal measures on x in V. This result was first
observed by Ben-Neria in [2]; we replace the inner model theoretic assumptions in the argument
with the assumption that GCH<, holds in V. We then prove that every normal measure on x in
V [G] restricts to an iterated ultrapower of V' by its normal measures, and study its definability.
The results in this chapter are base on [15].

In chapter 4, we study the Easton support iteration of Prikry-type forcings. It turns out that the
situation is radically different from the Nonstationary and Full support iterations. We prove that,
regardless of the number of normal measures in V', the number of normal measures on « in V' [G] is
the maximal possible number, (2“)+. We show that the restriction of an ultrapower embedding from
V' [G] to V is not necessarily an iteration by normal measures only, as it might involve extenders.
Nevertheless, we isolate a class of normal measures on « in V [G] ("simply generated measures”)
which behave similarly to the nonstationary support iteration. The results in this chapter are based

on a joint work with Gitik, [10].
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Chapter 1

Background

Let P be a forcing notion over the ground model V. Assume that G C P is generic over V, & is a
cardinal which is measurable in V' [G], and W € V [G] is a measure (not necessarily normal) on x
in V[G].

Consider the ultrapower embedding jw : V [G] — Ult (V [G], W). By elementarity, Ult (V [G], W)
has a transitive collapse of the form M [H], where H = jw (G) is jw (P)-generic over some ground

model M which has the form—

M= jw(Va)
«cOn

M is not necessarily a definable class of V; furthermore, it doesn’t have to be the case that M C V.

The embedding jw [v: V — M is clearly elementary. Similarly to the above,

jwiv=UJ dw v
acOn

Jw [v is not necessarily a class of V; W = U NV is not necessarily a measure on x in V - possibly,
K is not even measurable in V. Even in the case this holds, and U = W NV belongs to V, it is not
necessarily the case that jy extends the ultrapower embedding of U, jy: V — M.
Let us sketch some of the main tools for dealing with questions 1, 2 presented in the introduction.
We begin with the following theorem, which deals with the case where M C V holds. The
statement of the theorem below was brought to the author’s attention by Schlutzenberg. The proof
presented below, is mainly due to Goldberg. An independent argument is due to Schlutzenberg

(see lemma 2.2 in [22]).



Theorem 1.0.1. Assume that P is a set forcing and M C V. Let j: V[G] — M[H]| be an
elementary embedding definable in V [G] (possibly from parameters). Then M and j |v are definable

classes of V' (with parameters).

Proof. We first argue that M is a definable class of V' (with parameters). Indeed, by the remarks

above,

M = U j(Va>

ann

Since M C V, it follows that M is an increasing union of sets in V. For each ordinal «, let p, € P
be a condition which decides the value of j (V,,). Since P is a set forcing, there exists p* € P such
that, for unboundedly many ordinals «, p* decides j (V). Thus p* forces that M is definable as
the union, along a class of ordinals (ordinals o € ON for which p, = p*), of the decided values of
j (V). Such p* can be found above any condition p € P, so we can assume that p* € G and thus
M is definable in V' from p*.

The second step is the proof that j [,y is definable in V. In [12] it is proved that any pair of
elementary embeddings, ig,41: V — M agree on the ordinals (definability in V' is not required).
In particular, j [on is the unique restriction to the ordinals of an elementary embedding which

satisfies:

1. Tt is definable in any generic extension of V' (with a generic set for P), by the same formula

which defines j in V' [G].
2. Its target when restricted to V is M.

Therefore, j [oy is definable in V. Let us argue now that j is amenable to V, in the sense that,
for every set X € V, j [x€ V. Fixaset X € V. let f: p — X be a bijection, for some cardinal p.
Then j [x=j(f)oj I, of ! and thus belongs to V.

Amenability of j to V' concludes the proof, since, arguing as above, there exists p* € G which
decides j [y, for a definable proper class of & € ON. So j [v is definable from parameters in V.

O

Corollary 1.0.1. Assume that W € V [G] — M [H] is a normal measure on a measurable cardinal

k. Assume that M C V. Then W is amenable to V.



Proof. By the previous theorem, ju [y is definable in V. Then—
WnNV={XCk:re€jwlv (X)}

and this definition is carried out in V.

O

The condition M C V above does not necessarily hold in general. By Hamkins [13], assuming
some structure on the forcing notion P ensures this condition. We say that a forcing notion P
has a gap at a cardinal § if P can be factored to the form P P, where P; is nontrivial and of

cardinality strictly below ¢, and—
IFp, " Py is (0 + 1)-strategically closed.”

Theorem 1.0.2. (Gap Forcing Theorem, Hamkins, [13]) Let § < k be a cardinal, and assume that
P has a gap at 6. Let j: V [G] — M [j(G)] be an arbitrary elementary embedding such that—

1. crit(j) = k.
2. VIGIF *M[j(G)] € M[5(G)].
3. M[j(G)] CVIG].
Then:
1. M C V. Moreover, M =V 1 M [(G)].

2. If j is amenable to V [G] (namely, for every X € V[G], j [x€ V [G]) then j [v is amenable
to V' (namely, for every X €V, j [xe V).

3. If j is definable (possibly from parameters) in V [G], then j v is definable (from the names

of those parameters) in V.

Theorems [I.0.1] and provide sufficient conditions for a vast class of forcing notions. How-
ever, they cannot be applied to iterations of Prikry-type forcings. In general, such iterations below
a cardinal £ do not admit a gap below it. Furthermore, given W € V' [G] and its corresponding
ultrapower embedding jw : V [G] — M [jw (G)], it is not necessarily true that M C V. Different

tools are required for dealing with such forcings, and this is the main subject of this work.



We begin with a criterion for amenability of a measure W € V [G] to V. The main idea behind
it is an analysis of the freslﬂ subsets added in the extension from V to V [G]. Recall that a set
of ordinals A € V [G] with supremum « is called fresh over V, if A ¢ V', but for every 8 < a,
ANpeV.

Proposition 1.0.2. (Gitik, K. [§]) Let V|G| is a generic extension of V' by a forcing P. Suppose
that k is a measurable cardinal in V[G] and W is a k—complete ultrafilter over k. Let U =V NW.
Then U €V if the following hold:

1. all cardinals of V in the interval [k, (2%)V] are preserved,
2. no fresh subsets are added to a cardinal A, k < X < (2%)V.
Proof. Let § = (2%)Y. For every bijection f : § +> P(k) in V, set—
Xr={a<d]| fla) e W}

Clearly, if for some such f, X; € V, then also U € V. Suppose that for every bijection f: § — P (k),
Xyt ¢ V. For every such f, let ay <& be the least o such that Xy Na ¢ V. Set-

o =min{as | f:6+ PV (k), f eV}
Claim. a* < k.

Proof. Suppose otherwise. By the first two assumption of the theorem, o* cannot be a cardinal in
the interval [k, d]. So, there is a cardinal 7, x < 1 < § such that n < a* < n*. Pick,in V, g:d < ¢
such that g [ n» maps n onto a*. Then Xsoq N1 € V, and hence, afoq < 0. But n < o < ajfoq.
Contradiction. O

So, a* < k. Fix f: 6 <> P(k) with oy = a*. So,
Xrna"={a<a" | fla) eW} gV

Work in V[G]. Set Ag = ﬂaexfma* f(a) and A = ﬂaea*\xf K\ f(a). Both sets are in W due to
k—completeness. So, A = AgN A; € W, as well. Pick ( € AgN A;. Then—

{a<a” | (e fla)}=XfNna",

but clearly, {a < a* | { € f(a)}isin V. Thus, Xy Na* € V. Contradiction. O

1The notion of a fresh set of ordinals in due to Hamkins.



Given W € V [G], amenability to V, namely having U = W NV € V, provides a one-step
factorization of jy [v. Denote by My the transitive collapse of Ult (V [G],U). There exists a

natural elementary embedding k: My — M,

for every f € V with dom(f) = k.
Claim 1.0.3. The embedding k: My — M defined above is elementary, and jw [v= ko ju.

Proof. k is well defined, since, if [f]; = [g],, then {z < k: f(z) = g(x)} € U, and thus this set
belongs to W. So [f]y, = [g]y,- Similarly, k respects €. Finally, assume that ¢(a1,...,a,) is a

formula and fi,..., f, are functions. Then:

My Ee((fily,- - faly) = {z <m:VE@(fi(z),.... ful2)} €U

— {z<r:VEe(filz),...,falx)} €W
 MIHEFMEo(filw, - [falw)

= MFEo(filw,- - [falw)

Finally, we argue that jy [v=kojy. Fix x € V, and let ¢, : kK — V be the function with constant

value x. Then—
k(Gu (@) =k (leely) = [ealy = Jw (@)

O

Remark 1.0.4. Assume that U = W NV is a normal measure in V (This will typically be the
case in this work). Then the embedding k: My — M above has critical point k if and only if W
is non-normal. Indeed, k(r) = k([Id],;) = [Id]y,, which is strictly above r if and only if W is

non-normal.

In the upcoming chapters, we consider iterations of Prikry forcings. We utilize proposition [I.0.2]
and some basic properties of the embedding k, in order to characterize all the normal measures on
k in the generic extension. We then factor k into an iterated ultrapower, proving that for every
normal measure W € V [G], its restriction to V is an iterated ultrapower.

It turns our that the support used in the iteration has a substantial role in the characterization

of normal measures and the structure of their ultrapowers restricted to V. We consider the three

10



main supports - the Nonstationary support, Full support and Easton support, devoting one chapter

to each one of them.

11



Chapter 2

The Nonstationary Support

2.1 Introduction

We consider in this chapter the Nonstationary-support iteration of Prikry forcings. The use of the
Nonstationary-support in iterated forcings was introduced by Jensen ([I]), and was later utilized
in the celebrated work of Friedman and Magidor [6] for controlling the number of normal measures
on a measurable cardinal .

Our first goal in this chapter is to analyze all the normal measures carries by a measurable limit
of measurables k, after forcing with the nonstationary support iteration of Prikry forcings below
it. We denote this forcing by P and assume that G C P is generic for it over V. For every normal
measure U on & in V' of Mitchell order 0, we will define a normal measure U* € V [G] which extends

it (using the standard methods of [7]), and prove—

Theorem 2.1.1. Assume GCH<,. Every normal measure W € V [G] on & has the form U* for

some normal measure U € V' of Mitchell order 0. Furthermore, U* is the unique normal measure

in V [G] which extends U.

We then proceed and prove that, for every normal measure on x, W € V [G], the restriction

Jjw [v is an iterated ultrapower of V.

Theorem 2.1.2. Assume GCH<,. Then for every normal measure W € V [G] on k, jw [v is an

iterated ultrapower of V' by normal measures.

We also describe the iteration and provide a sufficient condition for its definability as a class of

V. For instance, we prove the following:

12



Corollary 2.1.3. Assume that the Mitchell order is linear (or even, uniqueness of normal measures
of Mitchell order 0) and that GCH<,, holds. Then there exists a unique normal measure W € V [G]

on k, and jw [v is a definable class of V.

This chapter is structured as follows: In section 1, we present the forcing and its basic properties.
We rely on the work of Ben-Neria and Unger in [5], where a framework for the nonstationary support
iteration of Prikry type forcing was developed. In section 2, we characterize all the normal measures
W € V [G] on k, using and extending results from [5] and [§]; more specifically, we prove that every
such measure is the unique extension of some normal measure of Mitchell order 0 on k in V. In
section 3, we present the structure of jy [v as an iterated ultrapower, and provide a sufficient
condition for its definability in V. In section 4, we study iterated ultrapowers of V in general,
developing tools for computation of cofinalities, in V', of ordinals which become inaccessibles at
some stage in an iteration; we apply those tools to simplify the presentation of ju [v as an
iteration of V. Finally, in section 5, we apply the above tools and construct a model where the least
strongly compact x is the least measurable and carries a unique normal measure, starting from a
model where x is supercompact, GCH<,, holds and the Mitchell order is linear.

We assume throughout this chapter that GCH<_ holds in V.

2.2 The Forcing

Definition 2.2.1. An iteration (P, Qp: a < Kk, B < k) is called a nonstationary support iteration

of Prikry-type forcings if and only if, for every a < k and p € P,,
1. p is a function with domain o such that for every B < a, p [g€ Pg, and plgz IF p(B) €

Qs and <Q57§Qw§§ﬁ> is a Prikry-type forcing.

~

2. If a < Kk is inaccessible, then supp(p) N « is nonstationary in a (where supp(p) C « is the
complement of the set {# < a: p, = p(B) is trivial}). In other words, there exists a club
C C «a such that for every 8 € C, plgIF p(B) is trivial.

Suppose that p,q € P,. Then p > q, which means that p extends q, holds if and only if:
1. supp(q) C supp(p).

2. For every f € supp(q), p 18l p(B) > q(B) (where >3 is the order of Qg).

13



3. There is a finite subset b C supp(q), such that for every B € supp(q) \ b, p [l p(B) >4 q(B)

(where >7 is the direct extension order of Qp).
If b =0, we say that p is a direct extension of q, and denote it by p >* q.

We consider a nonstationary support iteration of Prikry forcings, <Pa,g52 a <k, B <k).
Throughout this chapter, we denote the forcing P, by P. Let A C k the set of measurable cardinals
below k in V. Assume that o € A and P, has been defined. Assume that U. is a Py-name for a
normal measure on « in V' (we will prove that at least one such measure exists). Let Qa be the
Prikry forcing with U7, If o is not measurable in V/, Qa is the trivial forcing.

We did not specify the normal measure U} which is used at stage a. As we will prove, each
such measure in V= is the unique extension of a normal measure U, of Mitchell order 0 in V.
Let YU = <Qa a € A) be a sequence of names, such that, for every a € A, U, is forced by the
weakest condition in P, to be g;’; NV. Given G C P, generic over V, let Y = (Uy: a € A) be the
interpretation of the names in /. Then U is a sequence of measures in V, but U itself does not
necessarily belong to V. Since U depends on GG, a more accurate notation would be U, but most
of the time G will be clear from the context.

We adopt the following notation: For every p € P and a € A, let t7, AP be P,-names such
that p [olF p(a) = (£2, AR).

An iteration of Prikry-type forcings with nonstationary support was studied in [5]. The following

key property was proved:
Lemma 2.2.2. P = P, satisfies the Prikry property.

The proof relies on a fusion property which holds in our iteration. We will use the formulation

of this property as it is stated and proved in [5]:

Lemma 2.2.3. (Fusion Lemma) Let A < k be a limit ordinal, and assume that p € Py. Suppose

that e: A\ = V' is a function such that for every a < A, e(«) is a Pyi1-name, such that,

D lat1lF7e(a) is a dense open subset of Py \ (a+ 1) above p\ (a+ 1),

with respect to the direct extension order.”

Assume also that v < X\ is an ordinal. Then there exist p* >* p which satisfies p* [,=p [,, and a

club C C A, such that for every o € C,
P* a1k p™\ (@ +1) € e(a)

14



The Fusion Lemma will be applied repeatedly in this paper, and is standard in nonstationary

support iterations. For sake of completeness, we provide the proof.

Proof. As in [5], we focus first on the case where A is an inaccessible cardinal. The other case is
simpler since an inverse limit is taken at A.
We construct a sequence (pe: & < A) of conditions in Py, a sequence (vg: ¢ < A) of ordinals

below A and a sequence of clubs (C¢: & < \), such that,
1. The sequence (pe: £ < A) is increasing with respect to direct extensions.
2. The sequence (vg: £ < A) is increasing, continuous and unbounded in A.
3. For every £ < A, Ce Nsupp (pe) = 0.

4. For every £ < A, {v,: 7 < A} is disjoint from the support of pe.

5. For every & < A, pe [(er1)lF pe \ (Ve +1) € e (vg).

6. Whenever n < £ < A,

(a) He € Cn-
(b) De fun+1=pn Tyn—i-l-

(c) pe lv,+11F De \ (vy +1) =" py \ (v +1).

Take pg = p, Co a club disjoint from supp (py), and vy > v in Cy.
Successor stages: Suppose that the construction is done up, and including, some £ < A, and

let us construct pey1 and vey;. Define-

Ver1 = min ﬂ Cy\ (e +1)
n<&é+1

Let us construct pey1. First, we require pey1 [ve +1= Pe lve i +1- Now, there exists a P, -name

for a direct extension of pe \ veq1 which is forced, by pe [,,,+1, to belong to e(rei1). Let o be

this name, and take pei1 \ ve41 = 0. There exists a P, ,-name C for a club in A disjoint from

£+1

supp(o); Since A is inaccessible, P, is A-c.c., so there exists a club in A, C’ € V, which is forced

e+1
to be a subset of C'. Hence pgy1 has a club Ceyq € V disjoint from its support, and is a legitimate

condition in Pj.

15



Limit stages: Suppose that £ < A is a limit ordinal. Set ve = U,<¢v,. For every n < §, v
is a limit point of €, and thus v¢ ¢ supp (p,). Let us construct pe. We construct it such that
ve ¢ supp(pe). First, we set—

Pe Tue= U Py lv,+1
n<g

note that (v,: 7 < §) is disjoint from the support of pe [,, so pe [, € P, holds even if v is
inaccessible. Also, pe [,.41 forces that (p, \ (ve +1) : < §) is an increasing sequence with respect
to direct extension in P\ (v¢ + 1), which is forced to be |v¢|"-closed (so it’s definitely more than
&-closed). Thus, there exists an upper bound. Take p¢ \ (v¢ + 1) to be a name, which is forced, by
Pe [ve+1, to be a direct extension of the upper bound which belongs to e(v¢). Pick C¢ € X as a club
disjoint from supp (pe).

This finishes the construction. Finally, set—

pt = U Pe Tuet1
E<A

Let C' = {vg: £ < A} € AecnCe. Then, by our construction, C' C X is a club disjoint from supp (p*).
Therefore, p* is a legitimate condition in Py. Also, given a € C, let { < A be such that a = v¢.
Then p* [o4+1= Pe [a+1, and thus it forces that p* \ (a+ 1) >* pe \ (e + 1) € e(a), as desired.
Now, let us adjust the proof to the case where ) is not inaccessible. Fix in advance an increasing,
continuous and cofinal sequence (v¢: & < cf()\)) in A, such that vy > cf(X). Now construct a <*-
increasing sequence of conditions (pg: £ < cf(A)). In successor steps, assuming that pe has been

constructed, pick pe41 such that—

Pe+1 Tverr+1= Pe [(wesrt1)

and pei1 [vey,+1IF Peg1 \ (Wer1 +1) € e(veq1) - In limit steps, say for limit £ < cf()), choose pe
such that—

De rv5: U Dn run+1
n<§

and pg [, forces that pe \ve is a <*-upper bound of (p, \ve: 7 < &) (this is the main difference from
the case where A is regular. Note that the direct extension order of Py \ v¢ is more than §-closed,
since v¢ > &). Then, direct extend further above v¢ 41 such that pe [, 11l pe \ ve +1 € e(ve).

Finally, set p* = Ug<cf(>\) Pe Tvett- O
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The following claim takes care of dense open subsets of P,, (not necessarily with respect to direct

extensions).

Claim 2.2.4. Let A < k be a limit ordinal and let D C Py be a dense open subset of Py. Assume
that p € Py and v < \. Then there exist p* >* p and a club C' C X, such that p* [,=p [,, and, for
every p* < q€ D,

gl P \N(y+1)eD

where v € C is the first coordinate for which—
q [y+1lF "g \ v is a direct extension of p* \ v”

Proof. Fix a non-measurable { < A and G¢ C F¢ generic over V such that p [¢€ G¢. Given
p [¢< q € G, we define a subset of Py \ € which is <*-dense open above p\ &:

eq(§)={reP\&q reDor (V' >*r ¢ r' ¢ D)}

Since £ is non-measurable, the direct extension order of Py \ £ is more than \G5|+—distributive.

Let e(§) be a P:-name for the set—

e©) = [ e(®)

q€Ge
Then p [¢ forces that e(§) is <*-dense open above p\ &.
Apply lemma Let p* >* p be such that p* [,= p [,, and there exists a club C' such that,

for every a € C,
P latilFp" \ (@ +1) € e(a)
Assume now that p* < q € D. Let v € C be as in the formulation of the claim. Then—

P lylFp \ (v +1) €e(v+1)

In particular,

q lypalFp"\ (v +1) €e(y+1)

Finally, since there exists a direct extension ' = ¢\ (y + 1) >* p*\ (v + 1) such that ¢ [,+17 1" €
D, it follows that ¢ [4+17 p* \ (v +1) € D, as desired. O

Lemma 2.2.5. P = P, preserves cardinals. It also preserves cofinalities > k™.
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Proof. P clearly preserves cardinals and cofinalities > ¥, since it has cardinality x*.

Let us prove by induction that every cardinal ;4 < xT is not collapsed. For limit x it’s clear.
Suppose that © = AT is a successor. Split P = P * Q,\ * P\ (A4 1). The direct extension order of
P\ (A + 1) is more than p-closed, so it preserves u. @y preserves cardinals, whether A is measurable
or not. Thus, it suffices to prove that Py preserves AT = pu, for every A < k. Suppose that ,Ji is
a Py-name for an increasing function from A to p, and this is forced by an arbitrary condition
p € P,. We will prove that there exists an extension p* of p in P, which forces that the image of
i is bounded in pu.

For every ¢ < A, define the following P:41-name for a dense open subset of P\ (£ + 1),

() ={reP\E+1: 36 <XT, rlk f(6) <4}

We claim that e(€) is <*-dense open. First, let us argue that this suffices. Indeed, by fusion, there
exists p* € G and a club C' C X such that for every £ € C,

P* el B0 < AT, p N (E+ 1) I £(€) <o

and set—

0" =sup U{d: Ir > p* leq1, 7k o =6}
cec ~

Then 6* < A" and, since i is increasing, p* I- Im (i) Co* +1.

Let us prove that e(¢) is indeed <*-dense open. Fix { < A. Let G’ C Py be generic over
V, and work in V' [G']. Denote P’ = P\ (£ +1). Apply claim for the dense open set D of
conditions in P’ which decide the value of i (£). Given a condition g € P’, there exists ¢* >* ¢ and

a club C' C X such that for every ¢* < p € D,

Pl ¢ \(v+1)eD

where 7 is the least coordinate in C' above the non-direct extensions. Let—

0% = sup U {53 ds € P§+17 sTq¢" \ (7"‘1) I i(f) = 5}
~yeCl

Then ¢* IF f (&) < §*. O

The following lemma is a minor modification of lemma 3.6 from [5].
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Lemma 2.2.6. Let A < k be inaccessible. Letp € Py and assume that f is a Py-name for a function
from X\ to the ordinals. Then there exist p* >* p, a club C C X\ and a function F: A\ — [Ord]<’\ n
V', such that for every £ € C, p* I+ f(§) € F().

Proof. For each £ < A, consider the P:; -name for the following set—
e(€) ={reP\\ & 3A€[0rd]™, riF f(£) € A}

It suffices to prove that for every £ < A, e(&) is forced to be <*-dense open subset of Py \ (£ + 1).

Indeed, once we prove this, there exist p* € G above p and a club C' C X such that for every £ € C,

P* Tesilb FAg € [Ord] ™, p*\ (€ +1) - £(£) € A(€)

and then, for every £ € C, we can define-

F(&)={y:3¢>p" lex1, q¢IF v € A¢}

Then |F(§)| < A for every € € C, and p* I+ ,J:(f) e F(¢).

Let us prove that e(§) is <* dense open. Fix { < k. Let G’ C Pgyq be generic over V, and work
in V[G']. Denote P’ = Py \ (£ +1). It suffices to prove that given a condition g € P’, there exists
a direct extension ¢* >* ¢ and a set A € [Ord]" such that ¢* I i(f) €A

Let D C P’ be the dense open set of conditions 7 € P’ such that, for some A € [Ord]<)‘,
rl- IJ(O € A. By claim there exists ¢* >* ¢ and a club C C D, such that for every
¢ <peD plyy1 ¢\ (Y +1) € D, where ¥/ = min(C\ (y+1)), and 7 is the maximal
coordinate in which a non-direct extension is taken in the extension ¢* < p.

Let us construct a direct extension ¢** >* ¢* with the same support as ¢*. Let p € supp (¢*)
be a measurable, and assume that ¢** [, was constructed. Take an arbitrary generic G, C PL with
¢** 1€ Gp. Denote p/ =min (C'\ (x+1)). In V[G’,G,], shrink the set éz to a set A such that,
for each n < w, exactly one of the following holds: Either for every s € [A]", there exists direct

extension 75 >* ¢* [(,, ] and a set of ordinals A, with [A,| < A, such that—

<tZ*As,A \ max(s)) 75 7¢"\ (0 + 1) IF i(ﬁ) € 4,

or, there is no such s € [A]".

Let us prove now that ¢** has a direct extension which belongs to e(¢). Assume otherwise. Let

p > ¢** be a condition which decides the value of f(£), and is chosen with the least number of
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non—direct extensions. Let v € supp(g*) be the maximal coordinate in which a non-direct extension

is taken, and let 4/ = min (C'\ (v + 1)). Clearly p > ¢*, and by the choice of ¢*,

plyi ¢ \(Y+1)eD

In particular, for some A € [Ord]<?,

Now, let G-, C P be generic over V' [G'] with p [, € G,. Thenin V' [G’, G, ], there exists A € [Ord]<*
such that—

{5, AN I\ (Y + 1) IF f(€) € A
Let n < w be such that 1h (t?;) =n+1lh (tfly*). Then p [, extends ¢** [, and thus forces that for

every s € [ég]n, there exists rs >* ¢* [(, 4] and a set As bounded in A, such that—
T o~ ok ’
(1 s, AP\ max(s)) rs"¢"\ (v +1)IF i(ﬁ) € A,
Let 7 be a Py1-name for the direct extension of ¢* which is forced by—

(7 s, AP \ max(s))

*

to be 7y, for every s of length n. Then r >* ¢* [(, /], and by direct extending r inside the support

of ¢*, we can assume that r >* ¢** [ note that the coordinates in which a non-direct extension

v (

*

is taken in the extension 7 >* ¢* [ (4,4, does not lie inside supp (¢*)).

By taking a union of the sets As above, there exists a set of ordinals A € V' [G’, G| with |A] < X
such that—

(4D e \N(r+ DI f(§eA
G, was an arbitrary generic set with p [,€ G; thus, in V' [G'],

p IyF3A € [Ord]™, (¢, AP 17" \ (v + 1) IF f(€eA

Let A be a PJ-name for the above set A, and let A* € V' [G'] be the set of all possible values of
elements in A as forced by extensions of p [.,. Then A* € [Olrd]<)‘7 and-—

—~

Pl AD g\ (r+ ) I f(Q) € A7

This contradicts the minimality of the number of non-direct extensions in the choice of p > ¢**. [
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Let us mention several immediate corollaries of the last lemma, all of them were introduced in

[5]):

Corollary 2.2.7. Let A < & be a regular cardinal and p € Py. Assume that o is a Px-name for
an ordinal. Then there exist p* >* p and a set of ordinals A of cardinality |A| < A, such that
p*lka € A.

Proof. If X is a limit of measurables, then it is inaccessible, and then the proof is included in the
proof of lemma Else, let A < A be the supremum of the set of measurables below A. Then
P, = P,,. We can now repeat the argument in the proof of lemma for the forcing Py, with
minor changes: first define D = {r € Py: 34 € [Ord]<)‘ such that r I- o € A}. Direct extend
p* >* p and find a club C C X such that for every p* < ¢ € D, q [yv41” p*\ (7' +1) € D, where
~" € C is a above the finite set of non-direct extensions taken in the extension g > p*. Then, direct
extend p** >* p*, without changing the support, as in the previous lemma. Arguing as above, p**
has a direct extension which decides o up to < A-many possibilities.

We remark that if A > X", a simpler argument exists: by GCH, Py is A — c.c.. let A € V be
the set—

A={&3q>p, ql-E=a}

then |[A] < Aand p Ik o € A (here a direct extension of p is not required). O

Corollary 2.2.8. Let A < k be inaccessible, and assume that Gy C Py is generic over V.. Then \
is still reqular v V [G)]. Moreover, every function f: X — X in V [G] is dominated by a function

g:A—=AinV.

Proof. Assume that A is singular in V' [G,]. Let p = cf(X). Let f: 4 — X be an increasing cofinal
sequence in V [G,]. Let p € Py be a condition which forces this. We argue that there exists § < A
and p* > p such that p* I Im(f) C 4, which is a contradiction. Assume without loss of generality
that p is the weakest condition in Pj.

Work in an arbitrary generic extension of V with the forcing P, 1. We argue that every condition
q € Py \ (1 + 1) has a direct extension ¢* € Py \ (it + 1) and function o — F(«) such that for every
& < p, F(€) is a bounded subset of A\, and—

¢ Ik (&) € F(E)

~
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Indeed, given £ < p , £(§) is a Py \ (# 4+ 1)-name for an ordinal below A. By corollary every
g € Py \ (p+1) can be direct extended to ¢* € Py \ (u+ 1) such that for some set of ordinals
Ae C A with |[Ag| < A, ¢* IF i({) € A¢. Since the direct extension order of Py \ (1 + 1) is more then
p-closed, we can find a single ¢* € Py \ (x+ 1), and, for every £ < p, a bounded subset A¢ C A
such that ¢* IF V¢ < p, ,J:(E) € Ag; then, set F(§) = A¢ as desired.

Since we worked in an arbitrary generic extension above (@ + 1) and gave a density argument

in Py \ (& + 1), we can assume that there exists p* € G such that—

P" [u+1/F there exists a function £ — F'(§) such that, for every £ < p,

F(¢) is a bounded subset of A and p* \ (x+ 1) IF i(f) e F(§

Finally, define, in V,

§=sup | |J{B <A:3q>p" lu1, ¢lF B € EQ)}
E<p
and note that 6 < A and p* IF Im (f) C ¢.

~

Let us argue now that every function f: A — X in V [G] is dominated by a function g: A — X in
V. First, in V [G], f is dominated by an increasing function f': A — A. By f' is dominated
on a club C' C X by a function ¢': A - A in V. Given { < &, let ¢g¢ = min (C'\ { +1). Finally,
define g: A — A,

9(&) = ¢ (ce)
Then for every & < &, f(&) < f/(&) < f'(ce) < ¢’ (ce) = g(&). O

Corollary 2.2.9. Let A < k be inaccessible. The forcing Py preserves stationary subsets of .

Proof. Tt suffices to prove that for every club in k, C € V [G], there exists a club in k, D € V, such
that D C C. In V [G], let f: k — & be the increasing enumeration of C'. By corollary there
exists g € V which dominates f. Let D be the set of closure points of g. Clearly, D is a club. Let
us prove that D C C. Given a € D, « is a closure point of f, and thus a limit point of Im(f) = C.
Therefore o € C. O

Recall that a set of ordinals A € V' [G] is called fresh if A ¢ V and, for every ordinal £ < sup(A4),

AN¢E e V. Every old measurable i < k clearly has a fresh unbounded subset: its Prikry sequence.
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So if sup(A) was a measurable cardinal below « in V', A might be fresh over V. Let us address the

case where sup(A) is k or 7.

Lemma 2.2.10. P = P, does not add new unbounded subsets of k or kT which are fresh over V.

The proof appears in [8]. Having no fresh subsets of x, T, together with preservation of cardinals

and 2% = kT, leads to the following key property:
Corollary 2.2.11. Let W € V [G] be a k-complete ultrafilter on . Then WNV € V.
This follows from proposition and lemma [2.2.10

Corollary 2.2.12. Let W € V [G] be a normal measure. Then WNV €V is a normal measure of
Mitchell order 0 in V.

Proof. Denote U = W NV. By corollary U € V. U inherits normality from W, since it
is closed under diagonal intersections. Finally, let us prove that U has Mitchell order 0. Assume
otherwise. Then U concentrates on the set A of measurables below x in V. Hence, A € W.
However, in V [G], each cardinal in A is singular and has cofinality w, and by normality of W, it

cannot concentrate on A. O

2.3 Normal Measures in the Generic Extension

Our goal in this section is to prove theorem namely, that there exists a bijection between
normal measures of Mitchell order 0 on « in V, and normal measures on « in V' [G].

Let U € V be any normal measure on x of Mitchell order 0. After forcing an iteration of Prikry
forcings, with any standard support, one can define, in the generic extension V [G], a natural filter
which extends U: The filter consisting of sets (4), where 4 is a name for a subset of «, such that,
for some p € G,

{a<k:pltae At eU
or simply ju(p) IF & € ju (4), in My.
Forcing with nonstationary support has the advantage, that this filter is actually a normal,

k-complete ultrafilter.

Lemma 2.3.1. Let U be a normal measure of Mitchell order 0 on k. Define U* € V [G] as follows:
For every Py-name A for a subset of s, (A) € U* if and only if there exists p € G such that
Jju(p) Ik & € ju (A). Then U* is a normal, k-complete ultrafilter in V [G], which extends U.
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Proof. Denote for simplicity P = P.. Let us first check that U* is well defined. Assume that
A, B are P-names for subsets of k, and p € G is a condition such that p I~ A= B. Then
ju(p) Ik ju(4) = ju(B), and thus ju(p) IF & € ju(4) if and only if ju(p) I+ &

(A4)g € U™ if and only if (B), € U”, as desired.

€ ju(B), so

It’s not hard to verify that U* is a filter. Let us prove that it’s k-complete (thus, in particular,
it’s an ultrafilter). Assume that v < x and (Az: 8 < ) is forced by the weakest condition to be a
partition of k.

For every « € (v, k), let e(a) C P\ (a4 1) be the following <*-dense open subset:
efa) ={reP\(a+1):3" <y rlFaec Az}
By lemma there exists p € G and a club C' C « such that for every a € C,

P lavilFp\a+1¢€e(a)

C is a club, so C € U, and thus,
P 0g, F 38" <y Ju(p)\ (k+1) I & € ju(4s)
therefore, for some ¢ > p, ¢ € G and g* <7,
gl ju(p) \ k- k€ ju(4s-)

so ju(q) Ik & € ju(A4p-).
Let us prove normality. Assume that f is a name for a regressive function from  to k. Work in
My . ju(f) is forced there to be a regressive function. There exists a P,i-name for a dense open

~

subset D of jy(P) \ (k+ 1), consisting of all the conditions which force that jy (;]Z)(Kv) = f* for
some 8* < k. Let o — e(«) be a function in V' which represents D in the ultrapower construction.
We can assume that for every a < k, e(a) is a P,yi-name, forced by the weakest condition to be
a <* dense-open subset of P, \ (&« +1). Now we apply fusion just as before, and find p € G such
that—

P 0g, IF 38" <k julp)\ (k+ 1) IF ju(f)(x) = 6

so for some ¢ € G, g > p, and for some * < k,
jur(a) I ju(f)(s) = B°

Therefore, {¢ < k: f(§) = p*} € U* as desired. O
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Now, given a normal measure W € V [G] on «, denote U = W N V. By corollary [2.2.11) U € V.
Our goal will be to prove that W = U*. We start with the following observation:

Lemma 2.3.2. Let W € V [G] be a normal measure on k. Let jy: V [G] — M [H] be the ultrapower
embedding. Denote U =W NV, and define k: My — M as follows: k([f];) = [fly. Then:

1. k: My — M is an elementary embedding.
2. koju=jwlv.

3. k [u=id, where u is the first measurable above k in My . In particular, for every n < u, there

exists f € V' such that [f],; = [flyw =n.

4. crit(k) = p.

Proof. 1. k is well defined, since, if [f];, = [g];, then {z < k: f(z) = g(x)} € U, and thus this
set belongs to W. So [f],;, = [gly,- Similarly, k respects €. Finally, assume that p(a1,...,a,)

is a formula and fy,..., f, are functions. Then:

My Eo([fily,. . [faly) = {e<s:VEe(fi(2),..., falx)} €U
— {z<k:VEo(fi(z),...,fu(lx)} €W

= MIH|FMFo(filw, - [falw)

<— M£E @([fl]wa[fn}w)

2. Clear from the definitions.

3. First, let us note that for every n < s*, k(n) = 7, using the canonical function which
represents 1. Also, k (kT) = T since kT is represented by the successor cardinal function.
Thus, crit(k) > kT.

Now, assume, for contradiction, that there exists n < u such that k(n) > 7. Take the minimal
such 7. There exists g € V [G] such that [g],;, = n. Let h: K — & be a function in V such
that [h],, =7n. So-

[Q}W =n= [h]U < [h]W
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and thus, by changing g on a set which doesn’t belong to W, we can assume that, for every
£ <k,
g(&) < h(§) < the first measurable above &

For every £ < k, let e(£) be the Pri1-name for the following set—
e(§) ={re P\ ({+1):Ja < h(), rlkg(§) = a}

this set is <*-dense open, since the direct extension order is more than h(&)-closed. Apply

fusion. There exist p* >* p and a club C' C & such that, for every £ € C,

P el p™\ (€+1) € e(§)

in other words,

p* lepalk 3a < A(E), p"\ (E+1)IFg(§) =a

Define F': C — V as follows: For every £ € C, set—

F(§)={a:3a € Pep1 a>p" Jeq1 and a”p"\ (+1) Ik g() = a}

Note that for every & € O, p* I+ g(€) € F(€), and |F(€)] < |¢|T. Also, C € U and thus
C € W. Therefore, in M [H],

n=lglw € [Fly = jw(F)(x) =k (ju(F)(k))

but, in My, |ju(F)(k)| < xT, which is strictly below the critical point of k. So 1 € Im(k),
i.e., for some o < 1, n = k(). But n was the minimal such that k(n) # n, so & < n and

a = k(a) = n, a contradiction.

. It suffices to prove that k(u) # p. Since p is measurable in My, it suffices to prove that p is
not measurable in M. Assume otherwise. Then in V [G], cf(1) = w would hold. Therefore,

in V, cf(u) < k. By closure under x-sequences, this is true in My as well, a contradiction.

5. It suffices to prove that, for every o < g, (Vo)™ = (Vo)™?. Indeed,

(Vo)™ =k (V)™ ) = & (Vi)™ ) = (V)™
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We now have all the tools necessary for the proof of theorem [2.1.1

Proof of theorem[2.1.1] Assume that W € V [G] is a normal measure. Denote U = W N V. Let us
use the notations of lemma Assume that jy : V [G] — M [H] is the ultrapower embedding
of W, and let k: My — M be such that ju [v=ko ju.

Let us prove that W = U*. Since both are ultrafilters on k, it suffices to prove that U* C W.
Assume that X € U*. Let X € V be a P;-name such that (X); = X. There exists p € G such

that ju(p) I- & € ju (X). By applying £,
Jw(p) Ik k€ jw v (X)

since crit(k) > k. But jw(p) € jw(G) = H. Hence, in M [H],

v e (w v (X)) g =iw (X)e) = jw (X)

~ ~

so X € W. ]

2.4 The Structure of jy [y

As usual, let W € V [G] be a normal measure, and denote U = W NV. Let k* = jy(k). Given
a < k, recall that U7, is a Py-name, forced by the weakest condition in P, to be the normal measure
on « used in the Prikry forcing Qa. Let i = (Uy: o € A) be the sequence of names, such that,
for every a € A, Ua is forced by the weakest condition in P, to be usnv. Given G C P, generic
over V, let U = (U, : @ € A) be the interpretation of the names in I with respect to the generic G.

Our goal in this section is to factor jy [v to an iterated ultrapower of V', while revealing,
simultaneously, more and more information about the generic set H = ji (G).

By induction, we define for every a@ < x* a model M, an embedding j,: V — M,, a measurable
cardinal p, in M, and a measure U, € M, on it. The definition goes by induction on o < k*,
such that the sequence of models (M, : o < k*) is a linear iterated ultrapower of V' with direct
limit M~. The iteration is continuous, namely, for every o < * limit, M, is the direct limit of
the models (M, : o < a).

Given a < k*, we define p, to be the least measurable y in M, such that for every o’ < «,
tor < p, and such that (cf(u))v > k. We will define a measure U,, € M, on .. We postpone
the definition of U,

Mo
take Myq1 = Ult (Mo, U, ) and jo41 = (jUM

but mention only that it will have Mitchell order 0. After U, is defined, we
Mo .
)% 0 Ja-
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Our goal in this section will be to prove the following:

Theorem 2.4.1. M = M-, jw [v= ju= and £* = jw (). IfU € V, then both M and jw |v are
definable classes of V.

Remark 2.4.2. Given a < r*, we will prove, in the next section, that every inaccessible A of

%

M, above i = sup{pq: o < a} satisfies (cf(A))" > k. So whenever o is picked as the least

measurable above fi with cofinality > K in V, it is simply the least measurable above [i. The proof
appears in lemma and a simpler characterization of (o : o < K*) appears in corollary .
In order to avoid complications in the current section, we chose to provide those results, which

involve a detailed study of the iteration (My: o < K*), in the next section.

The proof of theorem [2.4.1| goes as follows: By induction on o < k*, we define an elementary

embedding k,: M, — M, as follows:

ka (ja(h) (Hnuaov .- 'wu'ak)) = jW(h) (K, Hags - 'wuak)

forheV, k<wand ap < ... <ai < a.
Note that for a = 0, kg = k is the embedding defined in lemma In general, it’s not trivial
that k., is a well defined elementary embedding. This will be proved in lemma We denote

Ao = crit (ko). We will prove that for every a < *, the following properties hold:
(A) ko: My — M is an elementary embedding, and jw [v= kq 0 ja-
(B) A4 is measurable in M,,.
(C) A, appears as an element in the Prikry sequence of k, (\y) in M [H].
(D) Ao = la-

(E) Let Uy, = {X C pa: fta € ka(X)} N M,. Then U,, € M,, and is a normal measure
of Mitchell order O there. Moreover, jw (U) (ka(tta)) = ko (Uu.), and, if U € V, then

Uua = Ja (U) (Ma)~

After we prove that properties (A)-(E) above hold for every a < x*, we will show that k.« is

the identity function.
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Let us assume now that the Mg-ultrafilter U,, and the embedding kg: Mg — M have been
defined for every 8 < «, such that properties (A)-(E) hold. We first prove that k, is indeed

elementary.
Lemma 2.4.3. k,: M, — M is an elementary embedding, and jw [v= ko © ja-

Proof. We prove only that k, is a well defined injection (and the rest of elementarity follows

similarly). Assume that a,a’ € M,. Let k <w, h,h’ € V and ap < ... < o < a be such that—

!

a = ja(h) (K, tags - - Haw) 5 @' = Ja(l') (K, Liag, - - s Hay,)

If o is limit, let o/ < a be high enough such that po > fa,. By induction, jw [v= kq © jar, and
thus—

JW(h) (K7M010’ st ’:u’Oék) = jW(h‘/) (H?H’a07 e >Mak)
<~ ja/(h> ("@/J/ozoa cee nuozk) :ja’(h/) (H7ﬂa07 s 7Mak)

= Ja(h) (K, flags -+ fay,) = Ja(h') (8, fags - - s Hay,)
If o = o’ + 1 is successor, we can assume that ay = o', and then—
Jw (h) (K, fags -+ - s ) = Jw (B') (K, pags - - 5 i)
= o’ € ko ({y < fqa': Jar (h)(’ivuaoa cee 7ﬂak,_1vy) = Jo' (hl)("‘% Hogs - - - uﬂak_lay)})

= {y < par: Jor (h)(Ks tags - - - > Bag—1>Y) = Jar (B)) (K tags - - - > Bag—1>Y)} € Uy,

< Ja(h) (“aﬂaov cee Muak) = ]a(h/) (K, o, - - - 7#%)

Finally, we argue that k, o jo = jw [v: For each x € V' let ¢,: kK — V be the function such

that for every £ < k, ¢;(§) = x. Then—
ko (ja(%)) = ko (Jalce) (k) = jw(ce) (k) = jw (z)
O

Since « is fixed from now on, we denote simply A\ = A, = crit (k,). Then A is a regular
uncountable cardinal. Our goal will be to prove that it is measurable in M, and moreover, A\ = p,.

There are several straightforward limitations on the value of A:

Claim 2.4.4. sup{ps: o <a} <A< p,.
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Proof. By the definition of k,, for every o’ < «,

ko (par) = ka (Jalid)(par)) = jw (id)(par) = par
Now, if < po for some o < a, then jo o(x) = x. Thus, for some h € V,and ap < ... < oy <

T =Jor (h) (K, lags - - - » fay ). Denote I = (ftag, - - - Hay ) Then—
ka(2) = ko (ja(h) (r; ) = jw (h) (8, i) = kar (Jar (B) (%, i) = ko () = @

where the last equality holds since z < 4, and, by induction, crit (ko) = pas-

This shows that crit(kq) > par for every o < a.

For the second inequality, recall that s, is measurable in M, which satisfies (cf (11q))" > x. If
ko (fta) = o, then, by elementarity, f, is measurable in M. Therefore, in M [H], cf (po) = w, and
thus in V' [G], cf (4a) = w. Therefore, in V, cf (o) < &, a contradiction. O

Recall that for every 8 < «, pug appears as an element in the Prikry sequence added to kg (18)
in M [H]. Assume that it is the (ng + 1)-th element in this Prikry sequence, and has an initial
segment tg of length ng below it. Note that, by induction, kg (t3) = tg.

We now provide a useful way to represent elements in the model M.

Definition 2.4.5. An increasing sequence {ay,...,ax) of ordinals below k* is called nice if, for
every 0 < i < k, there are functions g;,t;, F; € V such that-
Ha; = ]az (gl) (I‘i, Hags - - 7”041'—1)
ta; = Jay (ti) ('%7 Hoag s« - - 7:LL(X'i—1)
Ullai = jaqz (Fz) (H, Hags - - - 7#011'71)
(for i =0, pay = Jao (90) (K), tag = Ja, (to) (k) and Uuao = Jao (F0) (K) ).

(We remark that the functions F; used to represent U «, Will be relevant only in the next section,
so the third requirement, that includes them, can be omitted from the definition at the moment).
It’s not hard to prove that, given a pair of nice sequences, the increasing enumeration of their union

is nice.
Lemma 2.4.6. Every element in M, has the form—
ja(h) (Halu’oé()ﬂ s a:u’Oék)

for some k < w, (k+ 1)-ary function h € V and a nice sequence {ay,...,ax) of ordinals below «.
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Proof. We assume that the lemma holds for every o < a. Let z € M,.

If o is limit: There exists @’ < a and 2’ € M, such that © = ju o (2'). By induction,
' = jor (B) (Bags - - - 5 fhay, ) for a nice sequence (g, . .., ax) below o’. Then z = jo (h) (Hags - - -5 Bay)s
as desired.

If « =o' +1 is successor: Let f € M, be a function such that © = jo o(f) (o). Let
hi,hs, hs, hy € V be functions, and (g, -..,ar), (Bo,---,51), (Y0,---,7s), (do,---,0-) be nice se-

quences below o’ such that—
f=Ja (hl) (uaov e 7/’Lak) Y (h2> (Nﬁoﬂ s 7:“51)

toé’ :ja’ (h3) (/“L’Yoa' --7/J/’Ys) 3 U,ua/ :ja’ (h4) (/’[/607"'7“51”)

The increasing enumeration of—

(g, ak) U {Boy. s B U (yo,- -5 vs) U {doy -, ) U ()

is a nice sequence. Denote it by (gq, . ..,&m,a’), where €, < /.

By modifying the function h; in V', we can assume for simplicity that—
f=Jar (M) (peg, - - e,)
Define, in V', a function h, as follows:
h({vo, ..., vm,v)) = hi (Vo,...,um) (V)

Then ja(h) (N’an"'nuemvy’ll’):x' O

We now introduce several notations. We fix those notations throughout the proof that properties

(A)-(E) hold at a. Recall that crit (k) is denoted by A. Let h € V be a function such that—

A :]a(h) (Kvﬂaoa"'vuock)

for a nice sequence {(ay,...,ax) below a. Fix, for every 0 < ¢ < k, functions g;,t; € V as in the

definition of a nice sequence. In other words—
Pa; = Ja, (gl) (Kv Hags - - - 7”%?1)
tozi = ]a, (tl) (K/a Hogs - - - 7:LL0ti71)
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Remark 2.4.7. 1. The functions g; might be more or less the same. For instance, set, for

every & < K, go = s(§) = the first measurable in'V strictly above &, and g1(&,v) = s(§). Then
to = jo (90) () and p1 = ji(go)(k) = j1 (g1) (k).

2. It is not necessarily true that, given &, U, h(§,V) > ¢; (§,vo,...,vi—1). For instance, take,
la, to be a measurable of Mitchell order > 0 in My, and X to be the first measurable
above it in My, 41 = Ul (MamUuak)' Then A = ja,+1(h) (K, lia, ), where h(&,v) = s(v).
Assume that pia,, = ju(f)(§) for some f € V. In M[H], ku, +1(A) < Ky, (ta,), namely,
h(&, pha,, (£)) < f (&) for a set of E-s in W, where & — o, (§) is a function in V [G] represents

Lo, 0 the ultrapower with W.

Given § < a, recall that, by induction, pg appears in the Prikry sequence of kg(ug). For every
0 < i < k, denote by n; < w the length of the finite sequence t;, which is the initial segment of the
Prikry sequence of kq,; (fia;) below pia,. Then p,, is the (n; + 1)-th element in this Prikry sequence.
For every i < k, we define, in V' [G], a function & — fiq, (§) such that [§ — pia, ()] = Ha,:

e For i =0, set the (ng + 1)-th element in the Prikry sequence of go(&) to be pq,(€).

« Assume that ¢ < k, and the functions § — pq,(£) have been defined for every j < i. Let
ta; (€) be the (n; + 1)-th element in the Prikry sequence of g; (kg (£), - - -, fta;_1 (€)).

For every 0 < i <k, [ = o, ()] = Ma,, and-

tai = [f — ti (57#&0 (5), R} Nai—l(g))]w

where the last equality follows since crit (ko;) = plo, and thus kq, (ta;) = ta,-
We fix an abbreviation, & — (&) for the function & — (tag(§),-- -, fta, (§)). Given &, 7 =
(Vo .-, Vi), denote—

£ 7) = (to(€) . t1 (&, 10)s - ot (&, 105+, V1))

Our next goal is lemma [2.4.11] which generalizes the Fusion Lemma We deal there with
sets which are <* dense open above conditions which decide the values of (ta,(£),- .., tay, (€)).
We first define the notion of a C-tree, which consists of sequences (£, 7) = (£, vy,...,v;) which
are possible candidates for the exact values of (£, g (£), ..., tay (§)). Then, we define in
whenever such a candidate is admissible for a given condition p € G, in the sense that p can be

extended to force that ji(€) = 7.
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Definition 2.4.8. A tree T C [/i]kJrl is called a C-tree (with respect to a fived nice sequence

(g, ... ag)) if Sucer ({)) is a club in k, and for everyi < k and (&, vy, ..., v;) € T, Sucer (§,vo,- .., V;)
is a club in giy1 (& vo,. .., 1).
Given i < k and a sequence (£, vo,...,v;), a C-tree above it is a tree T C [n]kii, such that

Sucer(()) is a club in git1 (&, vo,...,v;) and, for everyi+1<j <k —1 and (Viy1,...,vj) €T,

Sucer (Vit1,--.,v5) @5 a club in gj11 (&, vo,...,V)).
Claim 2.4.9. Let T be a C-tree. Then, in V [G],

{5 <kK: <£auao(£)7"'7ﬂak(£)> € T} ew

Proof. Workin V' [G]. First, {€ < k: fia,(§) € Sucer(§)} € W. Indeed, for each £ € Sucer(()) € W,
Sucer(€) is a club in go(§), and thus—

po € ko ([§ = Sucer ((€))]y)

This holds since [ — Succr ((€))]y; is a club in [go];; = pa, and thus belongs to U, .

Now proceed by induction. For every i < k — 1,

{€ < k1 o, (§) € Sucer ((§; prag (), - i (§)))} €W

Indeed, denote—

C = ja,, (&0, v) = Sucer (&, 10, ., 14)) (K flags - - - Ha)

Then C'is a club in ja,,, (9i+1) (K Bags - - -5 Ha;) = Hagy,- Thus C € Uy, 5 and pa,y, € kayy, (O),
as desired. 0
Definition 2.4.10. Fiz o < £ and a nice sequence {ayg, ..., ax) below a. Let p € P,; be a condition
and (€, vy, ..., vE) be a sequence below k. Let us define whenever (€, vg, ..., vg) is admissible for p,

and in that case, define as well an extension p™ (&, v, ..., V) > p in P.
1. (&, vp) is admissible for p if-
P lgoe)lF (to (§) (vo0), Ago(f) \ (vo + 1)) is compatible with p(go(£))

if this holds, and tSU(S) is an initial segment of to(£) ™ (vo), let—

P (& v0) =P lgoe)” (to(§) <V0>7A§0(5) \(ro+1))" p\ (90(&) +1)

otherwise, let p~ (£, o) = p.
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2. Let 0 < m < k. Assume that (§,vq,...,Vm) is admissible for p and p~™ (&, v, ..., Vm) has been
defined. Denote—

Im+1 = Gm+1 (57 L PRI Vm)
tm+1 = tm+1 (57 Vo, ey Vm)

We say that (£, v0,...,Vm+1) @ admissible for p if-

P (105 Vm) g F (1™ (Vmg1), AP \ (Um41 + 1)) is

compatible with (p™ (&, vo, ..., Vm)) (gm+1)

if this holds, and t’;;ﬁf’yo’“"ym) is an initial segment of ty41 " (Vmt1), let—

—

p,\<€7 Vo, .-y Vm+1> :(p/\<§7 [P Vm> fgm+1)
<tm+1A<Vm+l>vA§m+1 \ (Vm+1 + 1)>A

(™ & vo, 5 vm)) \ (gmt1 + 1)

else, set (&, V0, .-, Umt1) =D (&, Voy oy Um).
Finally, assume that p is a condition, § < K, i < k and {(vo,...,v;) is a sequence such that p Ik
(Hog (&) vy e, (£)) = (vo, ..., vi). Given a sequence (Vit1,. .., Vi), we can define similarly whether
it is admissible for p; if it is, we say that (Viy1,...,vg) is admissible for p above (& vy, ..., v;), and
define, in a similar way as above, the condition p™(Vit1,...,Vk).
Lemma 2.4.11 (Multivariable Fusion). Fiz o < k and a nice sequence (g, ...,ax) below a.
Let p € P, be a condition. Assume that for every ({,vo,...,v) below k there exists a subset

e(&,7) C P\ (vr + 1) which is <*-dense open above every condition q € P, \ (vx + 1) which forces
that fi(§) = ¥. Then there exists p* >* p and a C-tree T, such that for every ({,vp,...,vg) € T

which is admissible for p*,

(P" (&) Tueale (07 (6 9)\ (e +1) € e (€, D)

Proof. For every i < k and (§, vy, ...,V;), we define a subset e (§,vp,...,v;) C P\ (v; + 1) which is

<*-dense open above every condition ¢ € P\ (v; + 1) which forces that—

<:UJOto(§)’ ) uai(§)> = <V07 B Vi>

~ ~
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as follows:

e(&vo,...,v;) ={q € P\ (v; + 1) : there exists a C-tree T above (£, vy, ...,v;)
such that, for every (vit1,...,v;) € T, which is admissible for
q above (&, vy, ..., v;),

(qA<V’i+1v . "Vk>) {Vk-‘rllF (qA<Vi+17' : '7Vk>) \ (Vk + 1) € 6(5517)}

The lemma now follows by applying, repeatedly, the following claim:

Claim 2.4.12. Let 0 < i < k and fiz an increasing sequence (§,vy,...,V;,Viy1). Assume that
e(& vy, ... Vi, Viy1) is <*-dense open above every condition in P\ (viy1 + 1) which forces that
(Bao(€)s -y tar (&) = (Y0s-- - Vig1). Then e (& vo, ..., v;) is <*-dense open above every condi-

tion in P\ (v; + 1) which forces that <}\{ao &),..., Po &) = (vo,...,vi).

Proof. Let p € P\ (v; +1) be a condition which forces that (pa,(&),..., o, (§)) = (Vo,...,vi).
Denote for simplicity giy1 = gi+1 (&, v, ..., ;). First, direct extend p [y, , such that it decides the

length of tJ . and whether ) . t;11 (&,v0,...,v;) are compatible:
L. If p [4,,, decides that ¢ and t;41 (&,vo,...,v;) are incompatible, do nothing.

2. If p Ig,,, decides that the length of ¢f  is above n;i1 + 2, direct extend it further, such that

for some v < git1, p lgy,IF 85, (Riy1 +1) <7 (namely, v bounds the (n;+1 + 1)-th element

in the Prikry sequence of g;1).

3. If p lg,,, decides that g;1 ¢ supp (p), direct extend p such that . =tix1(&vo, ..., vi).

4. If p I4,,, decides that the length of ¢, ,, 18 less or equal than n;1, direct extend by shrinking
AD to AY \(ma‘X(ti+1 (faVOM-'?Vi))—i_l)'

~gi+1 ~9i+1

Assume that p is already direct extended as described above. Let us direct extend p* [4,, >" p [4,,,

using the Fusion lemma in the forcing P [ . For every v € (v, gi+1), consider the following

Vigi+1)
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<*-dense open subset of P [(,41,4,,,):

E()={r € P [(v41,g;p): if rl-ty =ty (& r0,...,v) and v e Ay

gi+1 ~gi+1?

there exists a direct extension—

q=q) =" (5, W) AL, \N@+1)) P\ (g1 +1)

such that r~q € e (§,v0,...,v,V)}

The <*-density of E(v) follows from the <*-density of e (¢, vy, ..., v;,v) above any condition which

forces that (v, (§),. .., ﬂa,m(g)) = (&g, .., Vi, V).
Apply Fusion, and let p* [, ,>" p [,,, be a direct extension, such that for some club C' =

C (& voy. .. V) C git1, and for every v € C,|

P o lFp"\(v+1)€e(§ v, .. vi,v)

Shrink C' such that C'N (y+ 1) = @ (if necessary, namely, if v was defined and C' contains ordinals
below it).
Let us define now p* (gi+1). For every v € C, such that p* [, Ik Lg;l = ti+1 (& vo,. .., 1) and

v e ég;l, let ¢(v) be the condition as in the definition of E(v). For every other value of v, let

q(v) =p\ gi+1- Now, direct extend p(git+1) to-
P (gi+1) = <L§i+1’é§i+1 n (A”<g"’+1éggﬁ) ne)

Finally, we define p*\ (g;11 + 1) = ¢ (v), where v is the (n;41 + 1)-th element in the Prikry sequence
of git1.

Let us argue now that p* € e (&, v, ...,v;). We first define a C-tree T above (£, vy, ..., v;). Let
Sucer (()) = C = C(§,w,..-,v) - Fix viyy = v € C, and let us define T, which is the tree T
above the node (v).

If p* Ig4,,, forces that tg;l # tiy1 (& voy. . 1) or v & ég;u let Ty, be any C-tree above
(&, 10, ..., v, V) (we will prove that any branch starting from v in T is not admissible for p*).

Else, note that—

—~

p*/—\<lj> = p* r9i+lﬂ<t§i+1 <V>7A§i+1 \ (V + 1)> p* \ (gl+1 + 1) Z* p* l\gi«kl

—

q(v)

since A?" \ (vi41 +1) C AIWie1) g p* " (v) belongs to e (&, vo, . .., v, v). This is witnessed by

~Ngi+1 Aodi+1

a P |,41-name for a C-tree T (v) above (¢, vo, ..., v, v). We construct Ty, in V741 to be a C-tree
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which is forced, by p*~(v) [,41= p* [,41 to be contained in T (v). The definition is inductive:
First, let Succr (v) C gi41 be a club in VFvi+1 which is forced by p* [,11= (p* " (¥)) .41 to be
contained in Succg ) (()); Such a club exists since the forcing P [(,, ,4+1) has cardinality strictly
below g;1+1. Now, given v;419 € Succr (v), let Sucer (v, viq2) C givo (€, V0, .-, Vi, V, Vig2) be a club
which is forced by p* [,41 to be contained in Succy () ((vi42)). Continue in this fashion.

This finishes the definition of T. Finally, assume that (v; 11, ..., v,) belongs to T and is admissi-

ble for p* above (£, vy, ...,v;). Then p* [, 1 forces that (viyo,..., ) € T (v). By admissibility

of (Wiy1,...,vg) for p*, vipq € éé’;ﬂ and tg;l is compatible with, but not a strict initial seg-
ment of t;41 (&, v0,...,). Since v;11 belongs to C (&, vy,...,v;), and in particular is above 7,
tg:+1 = ti-i—l (f, Voyeony Vz'). Thus,

PH(gi+1) = (tixa (& vo, .. vi) AP )

and as before, p*™ (viy1) >* q (Viy1). Thus p* ™ (viy1) forces that (vijo,...,v) € T (vi41) and
therefore,

(P Wig1, Vig2s - V) Tottlb (077 (Wig1, Vg2, o) \ (e + 1) € (& 10, .-, vk)
as desired. O

Let us prove that the above claim completes the proof of the Multivariable Fusion Lemma. Let
¢ < k. By applying the claim repeatedly, the set e(£) is <*-dense open, where e (£) is defined as

follows:

e(€§) ={qge P\ (§+1): there exists a C-tree T above () such that, for every

(vo,...,vk) €T, which is admissible for ¢ above (£),
(@ (o, Vi) Topralt (@7 (o, ooov) \ (e + 1) € e (§,7)}
Thus, given a condition p € Py, there exists p* >* p and a club C' C &, such that, for every £ € C,
P ek p" \ (€ +1) € e(§)

In particular, p* [¢41 forces that there exists a Pryi-name for a C-tree 7'(&) above (), such that

for every (1o,...,v) € T(§) which is admissible for p* \ (£ + 1) above ¢,
P\ E+1)" o vr) ToeptlE (PPN €+ D) (vos o wm) \ (e +1) € € (&m0, )
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Now, we can construct in V' the C-tree T as desired in the formulation of the lemma, such that
Sucer (()) = C, and, for every € C, Ti¢) is a tree in V' which is forced by p* [¢11 to be contained
in T(£). Then p*,T" are as desired. O

Remark 2.4.13. The condition p* and the C-tree T, obtained from the Multivariable Fusion
Lemma, can be assumed to satisfy the following property: For everyi < k, (§,vg,...,v;) € T which

is admissible for p* , and for every viy1 € Sucer (&, vy, ..., Vi),

p* & vy v lgits (€ vosw) || (€105 - Vi Vi) is admissible for p*

this requires a minor change in the definition of the set e (§,vy,...,v;), which is adding the above
as requirement (the same proof provided shows that this additional requirement holds).
Thus, if we apply the standard density argument and choose the condition p* provided by the

Multivariable Fusion Lemma inside G, it follows that—
{€ < k: (& E(E)) €T is admissible for p* and p*™ (&, fi(§)) € G} e W

Indeed, note first that X = {¢ < k: (§,A(£)) € T} € W by claim [2.4.9 Note that if Y = {¢ €
X: (&, 1(€)) is admissible for p*} € W then {£ € Y: p* (£, i(€)) € G} € W, since p* € G, by the
definition of the functions [i(§).

Thus, it’s enough to argue that—
{& < k: (& () € T is admissible for p*} € W
Indeed, we proceed by induction on i < k. Assume that—

{£€X:p" (& tay(©), -+, e, (£)) is admissible for p*} € W

For every such & < k,

p*,\<£7 Hag (5)7 s Moy (£)> rgi+1(§“u’ﬂo (&),sbta; (5)) H <§’ Hag (5)7 s Mo (§)> is admissible fOT p*

and the decision must be positive for a set of -5 in W, since tit1 (oo (), s fa; (§)) (Baus (£))
is an initial segment of git1 (&, fhay (), - - - tha; (§)) for a set of &-s in W. Therefore,

{€e X p" (& 1ao (&), s tauy, (§)) is admissible for p*} € W

We are now ready to prove that A is measurable in M, which is property (B) above.
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Lemma 2.4.14. )\ is measurable in M,.

Proof. Assume otherwise. Then it can be assumed that for every ¢ and U, h (£, 7) is a non-
measurable regular cardinal. Let f € V' [G] be a function such that [f],, = A. Let J eV bea Py-
name such that (i)G = f. Similarly, let E € V be the sequence of P-names </[\1:a0 &,..., P )
described above. In M [H],

[flw < dw (h) (s, i)

and thus we can assume that there exists a condition p € G such that, for every £ < &,

Pl £(€) <h(E fi(€)

From now on we work above p. We can also assume that p forces, for every 0 < i < k, that u,(£)
is the n; + 1-th element in the Prikry sequence of g; (&, frao(€), -+, fra,_, (€))-
Apply the Multivariable Fusion Lemma. For every (£,7) = (€, v, ..., V), let—

e, V) ={re P\ (v +1): Ja<h(&7), rll—i(f)<o¢}

Since h (&, V) is regular and non-measurable, and by corollary e (&,7) is <*-dense open above
conditions which force that () = 7. Indeed, fix a condition ¢ € P\ (vx + 1) above p. Denote
h = h (&, 7). First direct extend ¢* \ h >* ¢\ h such that—

q [nlF a < h, q*\hlki(f):a

this is possible because the direct extension order of P\ h is more than h-closed, since h is non-
measurable. Now, apply corollary to direct extend ¢* [n,>" p [h, such that, for some o < h,
q* - i ) < a.

Let p* >* p and T be a C-tree, such that, for every (£, vp,...,v,) € T which is admissible for

p )
(" {6 D) Tyl Ja <h (8, 7)), (P &)\ (e + D) I f(§) <a

We can assume that p* € G, by applying the same argument above any condition which extends p.
For every (§,7) € T, pick a P, ;1-name q (£, V) for the above a.

Given (&, 1o, ...,vg) € T which is admissible for p*, let—

6 (&, V) =sup{y < h (&) : Ir > p* (&) o1, T IF @ (€,7) =7}
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Note that 0 (§,7) < h (&, 7) since the forcing P [, +1 has cardinality strictly below h (£, 7) (we
can assume that h (&, 7) > |vg|T since A > pf, . The latter can be easily verified since ko maps fiq, ,
and its successor, to themselves, and A = crit (k) ). It follows that for every (¢,7) € T which is
admissible for p*,

PR £() <6(ED)
and the mapping (£, 7) — ¢ (£, 7) lies in V.
Apply remark and let us assume that—

{€ < k: (&, f(E)) € T is admissible for p* and p*~ (£, fi(§)) €e G} e W

For every & in the above set, f(§) < ¢ (§,i(€)) holds in V' [G]. Thus, in M [H],

)‘ = [f]W < [5 = 6(§aﬁ(€))]w = kOé (ja (<£a ﬁ> = 6(6717)) (H>Mao"'"7uak))

But this is a contradiction since A = crit (ko) and-

Ja ((§,7) = 0 (&, 7)) (s ags - -+ 5 ) < Jau (B) (5, E) = A

Lemma 2.4.15. Denote \* = ko (). Then A appears in the Prikry sequence of \* in M [H].

Proof. In M [H], denote by ty the finite initial segment of the Prikry sequence of A\*, which contains
all the elements strictly below A. By modifying the nice sequence («p, . .., ), we can assume that
there exists a function (£, 7) — 5 (§,7) in V, such that tx = jo ((§,7) — tx (§,7)) (K, [I). Assume
that ¢ has length n* < w.

Define (in V' [G]) a function & — A(§) with domain k, such that for each & < k, A(§) is the
(n* 4 1)-th element in the Prikry sequence of h (&, ftag (), - - phay, (§)). Clearly [§ — A(&)]y > A,
as it is the first element which appears after ¢ in the Prikry sequence of A\*. Thus, it suffices to
prove that for every n < [£ — A(§)]y, 1 < A

Assume that f € V' [G] is a function such that n = [f]y;, < [ = A (§)]yy,- Assume that for every
&<k, f(§) < A&). Let p € G be a condition which forces this.

Let us apply the Multivariable Fusion Lemma. For every (§,7) = (¢, vp,...,Vk), let—

e, V)={reP\ (v +1): Ja<h(&V), rlk if ty (£ 7) is an initial segment

of the Prikry sequence of h (§,7), then f (&) < a}

~
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We argue that e (§,7) is <* dense above every condition which forces that () = 7. Let p €
P\ (v + 1) be such a condition. Denote for simplicity h = h (£, 7). First, direct extend p [, 41,1

such that it decides whether ¢y (§,7) and ¢} are compatible:
1. If h ¢ supp (p), direct extend p such that ¢ = ¢, (&, 7).
2. If ¢y (&, 7) and t}, are incompatible, pick a = 0.

3. Ift}, is a strict initial segment of ¢ (&, 7), direct extend by replacing A} with A} \max (¢, (&, 7))+
1. Then take a = 0.

4. If ty (&, V) is strictly an initial segment of ¢}, direct extend p* lwr+1,)=" P (w+1,n) such that
for some o < h, p* [(,41,n) forces that the (n* + 1)-th element of th is bounded by a. It will
follow that p* [, p\ hIF A(§) < .

Let us assume that p has already been direct extended as above, and p [l ¢ = ¢\ (&, 7). Direct

extend p*\ (h+1) >* p\ (h+ 1) such that—

p stk 36 <h, p"\ (R + 1) I f(€) =6

Since it is forced that f(§) < A(§), p I forces that for every a € A}, there exists an ordinal d, < a
and a set B, such that—

(13 (€,7) (), Ba) 9"\ (h+ 1) Ik £(6) = da

Thus, there exists a set B € U}, B C A} N (Aa<nBg), and an ordinal § < h, such that for every
«a € B, §, = §. Direct extend p*(h) >* p(h) such that éﬁ* = B. Finally, direct extend p* [,>" p [1
such that, for some a < h (in VPv+1), p* [l 0 < a. Thus, p* >* p forces that f(§) < a.

Now, fix p* € G and a C-tree T such that for every (£,7) € T,

(p" (&, D)) lop1lF3a < h(&,7), if £ (€, V) is an initial segment of the Prikry

sequence of h (£,7) then (p* (£,7)\ (vx +1) IF (]:(5) <«

Let a (£,7) be a name for the above a, and define-

6 (&, V) =sup{y < h (&) : Ir > p* (&) lut1, 7 IF o (§,7) =7}

as before, § (&, V) < h (€, D).
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Finally, work in V' [G]. As before,
{€ < k: (& () € T is admissible for p* and p*™ (£, fi(§) € G)} e W
Moreover,

{€ < k:tx (& E(€)) is an initial segment of the Prikry sequence of h (€, fi(£))} € W

Thus, in M [H],

flw <& 0 (& fE)w = ka (Ja (& V) = 0 (£, 7)) (K, 7))

but jo ((§,7) — 6 (&, 7)) (K, @) < X since § (£,7) < h(&, D) for every &, 7. Thus, in M [H], n =
[fly < A, as desired.
O

Let us denote Uy = {X C A: X € ko (X)} N M,. This is an M,-ultrafilter. We will eventually
prove that A = ., and then Uy = U, will be the M,-ultrafilter which is used to form M, in

the iterated ultrapower.
Lemma 2.4.16. Uy, € M,. Moreover, it is a normal measure of Mitchell order O there.
Proof. The proof follows from a pair of claims.

Claim 2.4.17. There exist p € G and a set F € M, of normal measures on A, each of Mitchell
order 0, such that |F| < X and jo(p)” {k, @) [AlF jo (U) (N) € F.

~

Proof. In V, for every measurable x < k, let S; be an enumeration of all the normal measures on
x of order 0.

We claim that there exists p € G and a C-tree T, such that for every (§,7) € T which is
admissible for p, there exists a set of ordinals A (£, 7) with |A (§,7)| < h (&, V), such that—

P (& D) Tnent Unes € (Sh(g,ﬁ))HA(&’j)

This follows from the Multivariable Fusion Lemma. Fix (£,7) = (£, vp,...,v,) and denote for

simplicity h = h (§, 7). Consider—

e(&, V) ={r e P\ v, +1: there exists a set of ordinals A with |A| < h

such that r [,lF Q;h S Sh”A}
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Let us argue that e (§,7) is <*-dense open above conditions which force that HJ({) = 1. Let p be
such a condition. Note that every condition in Py, and p [, in particular, forces that there exists
an ordinal « such that U, = Sp(a); Now, direct extend p* [,>* p [, such that for some A of
cardinality less then h, p* [nlF o € A.

Now pick p € G and a C-tree T as above. Then for every (£, 7) € T which is admissible for p,

p (&, V) L,4+1lF there exists a set of ordinals A with |A| < h(§,7),
such that p™ (&, 7) [, ,nee,onF Unee,n) € Shie,) A
For every such (§,7) € T, let A (&,7) be a P, y1-name for A above, and let—
A (Ev) ={y: Ir 2 p7(,V), rIFy e A& 1)}
Then |A* (&, 7)| < h (€, 7), and—

P& D) Tnenb Unie, ge) € Sne,gen” A (€ £(6))

Let A* = j, ((§,7) = A* (£,7)). Denote F = ((ju(S)),)” A*. Then |A*| < X and thus
IFI < X Jw(p) (ki) k. forces that jw (U) (ko (A)) € ko (F). Thus, by elementarity of
ko, ja(p)” (K, [) x forces that j, (U) (A) € F. O

Claim 2.4.18. Assume that B € Uy. Then there exists p € G such that jo(p)” (k,f@) \F B €
Jo (U) (A)-

Proof. Let (£,7) — B (&, 7) be a function in V' such that—

B:Ja(<£’ﬁ>'_>B(£’17))(K"ﬁ)

(we assumed, without loss of generality, that B can be represented using [i; else, change [i). Let
n* < w be the coordinate in which A appears in the Prikry sequence of A*. In V' [G], denote by A(£)
the n*-th element in the Prikry sequence of h (&, fi(£)), so that [ — A(E)],, = A
As usual, we apply the Multivariable Fusion Lemma. Given (&, 7), let—
e(§, V) ={r € P\vp +1:7 [ decides whether B (§,7) € Up(¢, ), and there
exists a bounded subset A C h (£, 7) such that the following holds:
7 Thenlt B(§V) € Unen, AE) € AUB(EV); else,
MO € AUR(E )\ B(E 7))
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e (&,7) is <* dense open above any condition which forces that [i(¢) = 7. Indeed, let p € P\ v, +1
be such a condition. Denote h = h (£, 7). Direct extend p* [,>* p [, such that it decides the length
of t}, and which of the sets B (&, 7), h\ B (,7) belongs to Up:

1. If the length of ) is > n*, direct extend p* [,>* p [, such that for some bounded subset

A C A, p* [ forces that the n*-th element in the Prikry sequence of h belongs to A.

2. Otherwise, t;, = tx (§,7). In this case, direct extend and shrink A} such that it is entirely

contained in exactly one of the sets B (§,7), h \ B (&, 7).

The condition p* obtained this way is as desired.

Now pick p € G and a C-tree T such that for every (£,7) € T which is admissible for p,

P& D) o1l D76, D) Ty ne,)) decides whether B (€, 7) € Uhe,n)s
and there exists a bounded subset A C h (&, V) such that
P (& D) T(wneon!F A(E) belongs to exactly one of the sets AU B (€, 7)

or AU (h(&,7)\ B (£, 7)), according to the above decision.
For every such (§,7) € T, let A (£,7) be a P, y1-name for A above, and let—
AT (&) ={y: Ir Zzp(&0), rIEy e A(S, 1)}

Then A* (§,7) is a bounded subset of h (£, V).
We argue that jo(p)” (k, i) IF B € jo () (N). Work in V' [G]. Then for a set of &-s in W,
(&, (&) € T is admissible for p. Thus,

P (&) Theeienll B (& () € U (h (&, fi(§)))

We argue that for a set of &-s in W,

(& H(E)) Theenlt B(E (€)) € U (h(E,f(E)))

Assume otherwise. Then—

{€<r: M) € A(S i(€) U (R (E, V) \ B(&, fi(€)} € W

However, this cannot hold:
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1. I {€ < k: M) € A&, (E))} € W, then, since |A(§,7)| < h(&,7) for every &, 7, it follows
that A € Im (k,, ), which is a contradiction.

2. Else, {£ < k: A(&) € h(&F(E)\ B(&[E(€)))}. But then A ¢ ko (B), contradicting the fact
that B € U,.

Thus, jw(p) (K, ) Tk.)F ka(B) € jw (U) (ko () and by elementarity of kq, jo(p)™ (&, i) [AIF
B € jo (U)(N) , as desired. O

Fix now a set F and a condition p € G as in the first claim. Since F is a sequence of normal
measures on A of cardinality < A, there exists a partition (Bp: F € F) of A such that for every
F e F, BF € F. |F| < A, and thus there exists a unique F* € F such that A\ € k, (Bp~). We
denote for simplicity B* = Bp~.

By second claim, applied for the set B* € Uy, there exists p* € G above p such that j, (p*)" (k, @) I+
o W) (V) = F™.

Finally, F’* = U, follows. Indeed, let X € F*. By the second claim, for every X € Uy, there
exists p € G such that j,(p)” (K, fi) IF X € jo (U) (A). Without loss of generality, p extends p*
which was chosen in the previous paragraph, and thus j,(p) IF X € F*. Since X and F* are
elements of M, (and not names), it follows that X € F™*. O

Corollary 2.4.19. In M [H]|, jw (U) (ka(N)) = ko (Ux). In particular, if U € V, then jo, (U) (X) =
Uh.

Proof. This follows since, by the proof of the previous lemma, there exists p € G such that
Ja (D) (K, i) IF jo (U) (A) = Ux. Now apply kq: M, — M and use the fact that jw (p)™ (s, i) €
H. O

Lemma 2.4.20. InV, ¢f(\) > kT.

Proof. Denote M' = Ult (M, U,), and let j': V — M’, be defined as follows:
J'= 00y 0 da

There exists an elementary embedding k': M’ — M, defined as follows:

K (]/(f) (H7Mi07"'7ﬂimﬂ)‘)) =Jjw (f) (57/14‘07-”7/141',,17)\)
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for every f € Vand ig < ... < i, < .

Since Uy was derived from ko, k': M’ — M is elementary (the proof is the same as in lemma
2:4.3)). It’s not hard to verify that crit (k') > X. Therefore, A, which is a non-measurable inaccessible
cardinal in M’, is still a non-measurable inaccessible cardinal in M.

Let us argue that A is regular in M [H]. Split H = Hyx H', where Hy C jiw (P) [x. If X changes
its cofinality in M [H], then it changes its cofinality in M [H)] (since the upper forcing has a direct
extension order which is more than A—closed). However, by corollary A is regular in M [H,].

It follows that, in V' [G], ¢f(A\) > ™. Thus, in V, cf(\) > &™. O

Corollary 2.4.21. crit(ky) = pio-

Proof. Tt suffices to prove that crit (ko) > fto. Denote i = sup{ug: 8 < a}. We already argued
that crit(kq) > f.
By all the properties proved so far, crit (ko) is a measurable cardinal in M,,, with cofinality > x

in V. By the definition, u, > [ is the least such cardinal. Thus, crit (ko) > fia- O

This finishes the inductive proof of properties (A)-(E). We are now prepared to finish the proof
of Theorem 2.4.1}

Proof of theorem [2./.1} Recall that k* = jy (k). It’s not hard to prove by induction that, for every
a < K*, o < k*. Note that j.-(k) = k*, since j,» is an iterated ultrapower with measures on
measurables below £*. Since x* is measurable in each step, it does not move in jy .- : My — M.

Recall the embedding k.« : M« — M, defined as follows:

Koo (]H*(f) (Huﬂiov"'vuim)) = jw (f) (’ivﬂioa'“vﬂim)

for every f € V, m < wand ig,...,i, < k*. Asin lemma ko« is elementary, ke« 0jox = jw [v
and crit (kex) > K*.

In order to prove that M = My, jo» = jw [v and k* = jw(k), it suffices to prove that
Kws: Mg« — M is the identity. Thus, it suffices to prove that for every ordinal 7, n € Im (k).
Assume that g € V' [G] is a function such that 7 = [g];,. Let p € G be a condition. By lemma
there exists a condition p < p* € G, a function £ — A in V and a club C C & such that,
for every € € C, |A¢| < &, and p* IF g(ﬁ) € A¢. Then jw (p*) € H forces that n = [§ — g(f)]w €
(€= Aelyy = Eer (Jur (6= Ag) (8)); but [je- (€= Ag) (k)| < jr=(k) = k" < crit (kgx). Therefore,
n € Im (k,~) as desired.
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Finally, note that if & € V, then by corollary 2.4.19} U, = jo (U) (pta) € M, for every a < &,
and thus the iteration j.« is definable over V. Also, M = My« is a class of M. O

We finish this section with several remarks about definability of jy [v in V.

First, Y € V holds under the assumption that the Mitchell order is linear (or there exists a
unique normal measure of Mitchell order 0 an any measurable cardinal): this holds since U, in this
case, is the sequence of Measures of order 0. Thus, in this case, jy [v is a definable class of V.
This proves corollary 2.1.3]

The condition U € V is sufficient but not necessary for the definability of jy [v. For instance,
let n € A be the first measurable. Assume that, in V, there are infinitely many measurables which
carry 1 measures of Mitchell order 0. Take in V an enumeration (o, : n < w) of the first w such
measurables above 7. For every n < w, let (F, én : £ < 1) be an enumeration of 7-many measures of
Mitchell order 0 on a,,. Let P be the forcing notion which uses, at stage a,,, the unique normal
measure which extends FJ", where n,, < n is the n-th element in the Prikry sequence of 7. For
every other measurable «, use a measure which extends the least measure on a of Mitchell order
0 with respect to a prescribed well order of V.. So U ¢ V, since it codes the Prikry sequence of
1. However, jw [v is definable in V, by repeating the argument of corollary replacing U
with U [a\fa,: n<w}= (Ua: @ € A\ {an: n <w}) € V. More generally, the following holds, and is
proved similarly to corollary 2.4.19

Lemma 2.4.22. Assume that for some & < k, U\ = (Uyp: @« € A\E) € V. Then jw v is
definable in V.

Remark 2.4.23. Let A C A be a set such that, for every a < k*, p1o, € jo (A). IfU Ta= (Uy: a €
A) € V, then jw |v is definable in V, and again, this is proved by repeating the argument of
corollary [2.4-19, replacing U with U [a. This seems like an improvement of the previous lemma;
however, we will prove in lemma that a set A satisfies that o, € jo (A) for every a < k¥,
if and only if, for some & <k, A\ C A.

By lemma [2.4.22] definability of jy [v in V follows from the assumption that jy (U) \ k € M.

In the next section we will prove that the other direction is not necessarily true.
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2.5 A General Analysis Of Iterated Ultrapowers

Our main goal in this section is to simplify the presentation of jy [y provided in the previous
section; for instance, we will provide a simpler characterization of the critical points p,. Simulta-
neously, we describe in detail how the Prikry sequences, added to measurables of M above «, look
like: up to a finite initial segment, those are sequences of critical points of an iterated ultrapower,
generated over some finite sub-iteration of (M, : a < k*), using a single measure. It will follow that
every Prikry sequence, added in M [H] for a measurable cardinal above k, already belongs to V.

Our goals are lemma and corollaries 2.5.7] [2.5.9] and 2.5.13]

We start by studying linear iterations of V' in more general settings. Let us assume that £* is an

ordinal, and (M, : o < k*) is a linear iteration of V', by normal measures of Mitchell order 0. More
specifically, we assume that My = Ult (V,U) where U is a measure of Mitchell order 0 on some
measurable k; in successor steps, Myy1 = Ult (M4, U,, ), where U, € M, is a normal measure
of order 0 on some measurable pi,; at limit steps a direct limit is taken. We assume also that the
iteration is normal in the sense that (s : o < £*) is increasing. We do not assume that the entire
iteration is definable in V. Finally, we denote M = M,,~.

We begin by observing that every finite nice sequence corresponds to a finite iteration of V'
which naturally embeds in M. Assume that («ag,...,q,) is a nice sequence below some ordinal

a < Kk*. Recall that this means that, every 0 < k < m, there are functions g, Fx, € V such that—
Po = Jau, (gk) ("@ Hags - - 7/14ak_1)

= o () 5 )

(for k = 0, Hay = Jao (90) (k) and U, = jay (Fo) (5) )-

We define a finite iteration (Ng: k < m + 1) of V, for each k¥ < m an embedding ix: V — Ny,
a cardinal \p measurable in N, and a measure W), € Ni on it of order 0.

First, let Ny ~ Ult (V,U), ig: V — Mj the ultrapower embedding, A\g = i (go) (k) and Wy =
io (Fo) (s).

Assume that k£ < m and Ny, Wy, and A have been defined. Let Nyy1 ~ Ult (Ng, W), ig11: V —

Nit1s i1 = ik 0 ik Mo = ing1 (Grs1) (55 Aoy -5 M) and Wiy = igr (Frgr) (K, Ao, -, Ae).
Lemma 2.5.1. Fiz a nice sequence {ay, . ..,y ) below some a < k*. In the above notations, define
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km+1: Nma1 — M, as follows:

km+1 (im-‘rl (f) (K’)‘Oa s ")‘m)) = ja(f) (Hvl’baoa s 7/’404771)

for every f € V.. Then kyyy1: N1 — My, is an elementary embedding, and-

Ems1 = (Jam+1,0 © - -+ © Jao+1,a1 © J0,00) [Nosr

Remark 2.5.2. The iteration ja,,+1,0 © --- © Jag+1,01 © Jo,a @bove is not necessarily internal
to Npy1; this means that the sub-iterations jo,41,qa,., Participating in it are iterated ultrapow-
ers as defined over My, +1. In the proof of the lemma we will show that the external iteration
Jam+1,a © «++ 0 Jag+l,a1 © Jl,a0 15 well defined over Ny,y1, in the sense that for every x € Np,41,
(Joi_141,01 © - - - © Jag+1,01 © J0,a0) () belongs to My, 1. Later in this section, we will prove that
such an iteration might be an internal iteration of Ny,y1, provided that the initial nice sequence is

chosen more carefully.

Proof. We proceed by induction on m. The induction basis is given for ”m = —1”, namely, the case
where the given nice sequence below « is empty. In this case, Ny = Ult (V,U), ig = ju: V — Ny
and ko (io(f)(k)) = jau(f)(k), and clearly ko = jo,o: Mo — M,.

Assume now that m < w and kpyy1: Nppp1 — M, has been constructed (here, the embedding

m+1

km+1 corresponds to the nice sequence (ag,..., Q) below a,,+1. Namely, by its definition, it
satisfies ja,.,1 = Fm+1 0 fmy1 ). Let us argue that k12 = Jamii+1,a © kmi1 [N,,.,- Indeed, given
an arbitrary element i,,12(f) (K, Ao, - - - » Ay A1) Of Nopao,
kmi1 (im+2(f) (’Q, A0y Am, >\m+1))
N1 /-

= k'm—i-l (]Wmill (Zm—i—l(f)) (fiy >\Oa ey >\m+1)>

= quuerl (jam+1 (f)) ("{7 Hags - - - 7Mama/1am+1)

= jam+1+1(f) (KH Hagy s Papm /j’am+1)

In the equality from line 2 to line 3 in the above equation, we used the fact that W41 =
tm+1 (Fma1) (K, X0y -+ -y Am) and A1 = dmt1 (1) (K, Ao, - -+, A ) for the computation on their
values under kp,41. We also used the fact that j,,.., = Kmi1 © imq1 (which follows from the

definition of &y, 11 provided above). Finally, apply ja,..,+1,o on both sides. O

If the sequence (ag,...,qn) below « is clear from the context, we denote N* = N, 41, i* =

tm+1: V — N* and k* = k10 N — M,. Note that k* is not necessarily an internal iteration
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of N*. Indeed, assume that A\g < pq, (this happens, e.g., if ap = 1. In this case, A\g = po and
wm = ju,, (o) > po). If k* was an internal iteration of N*, then Ao would have to be one of
the critical points participating in the iteration, since Ag is inaccessible in N* and k* (A\g) = fag-
However, this is not possible because A is not measurable in N*.

Our goal is lemma In the proof, it will be useful to consider a nice sequence (o, .. ., Q)
below a and its associated iteration N*, such that the embedding k*: N* — M, is an internal
iteration of N*. This will require a more sophisticated choice of the initial nice sequence. The

example from the last paragraph offers a lead: we would like Ay, = 4, to hold for every 0 < k < m.
Lemma 2.5.3. k* is an internal iteration of N* if and only if, for every 0 <k <m, Ay = la,,-

Proof. Let us assume first that k£* is an iteration of N*. Then Ay is a non-measurable inaccessible
in N*, and thus A, cannot move by k*. So ta, = k* (Ap) = Ag.
Let us concentrate on the other direction. Assume that Ay = p,, forevery 0 <k <m. Ay = piq,

is measurable in My = No, and thus jo,a, (Hag) = Hao- AlSO, jo,ae (Wo) = Uy, - Note that—

Ja = Jag+1,a © JU,,, ©Jao = Jaotla © Jo.a © JWo © JU

Ny

where jg

is the iterated ultrapower consisting of the same measures as jo «,, but acting on Nj.
N .. .. N
‘70’;‘02 N1 — Myy+1 is internal to Ny, and s0 is jog+1,a ogo’éo.

We proceed now by induction on m. Assume that kp,41: Npe1 — Mg, is an internal iteration

m—+1
of Np,+1 (with respect to the nice sequence (ay, ..., am) below a,41). Then—
Uuam+1 = km+1 (Wm+1)

and thus—

Jomir+1 = JUu,, ., © K1 0 tmy1
= km+1 [Ny s Olm2
= (jam+1,am+1 o... Oja(]Jrl,Oq OjO,ag) er+2 olm+2
Where (jam+1,am+1 0...0 Jag+1,0 Oj(),ao) [N.ni» above is an internal iteration of Np,42, since

Wiyt is a measure over A1 = fa,,,,, and lies strictly above all the participating critical points.

Thus, the embedding ki, 2, obtained by applying jq,, ., +1,a 00 (jaerl)oémJr1 0...0 Jag+1l,a1 © jo,ao) [Noso

is an internal iteration of Ny, ;2. 0
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Lemma 2.5.4. FEvery nice sequence {ay, ..., ) below a can be completed to a nice sequence—

0 n 0 n 0 n
(ag, -, 00°,09, ..., o, ... Qs e QO
where o° = ag, 0]t = aq,...,a0" = auy,, such that the embedding k* associated to the latter
sequence is an iteration of N*.
Proof. We begin with an arbitrary nice sequence {«o, . .., ), and complete it to a nice sequence—
0 no 0 ni 0 MNm,
(ag, - 0°, 00, ..., a] y Qs Q™)
where a° = ag, o] = a1, ..., Q™ = ap,.
We first extend the sequence below ag, namely define o), ..., af°.

Denote N§ = Ult (V,U) and i = jiy: V — NJ. Let AJ =i (g0) (k). Let af < ap be the first
such that A} < Lol (cf ()\8))‘/ > £, so actually \§ = Hag- 1E ad = ag, we set ng = 0 and we are
done extending the sequence below aq. Assume otherwise.

Work in N§ and define there W§ = ) (i) (A]). Let Ng = Ult (N§, W) and if = jévvi; 0id: V —
N{. Define k}: N3 — Mg 1 to be such that for every f €V,

ko (i (f) (5, M) = Jag+1 (f) (’fw“ocg)

by lemma k{ is an iterated ultrapower of Nj. The measures participating in this iteration
lie on measurables below af (actually, ki = jivig) In Ng, let Ay = jwe (A5), and note that A is
measurable in Nj above Aj. Thus, A\j does not participate in the iteration k§, namely k§ (A§) = Aj.
So A{ is a measurable cardinal in Mo 41, and (Cf (A(l)))v > . Thus, there exists an index o, such
that p,1 = Ay and of < af < ag. If af = g, we finish extending the sequence below ag and set
no = 1. Assume otherwise. Define in Ng the measure Wi = i (U) (A}). Let N§ = Ult (Ng, W)

and i3 = j‘l/‘v/((}} oip: V — NZ. Define k%: N — M 41 in the natural way, namely, for every f €V,
kg (i3(F) (5,26 25)) = Jag1.(F) (525, Ag)

and by [2.5.3) kg is an iterated ultrapower of N? with measurables below fi,1. Denote A\§ =
1

jV]\[f,ol ()\(1)) > A}. Arguing as before, A2 is measurable in Ma(ll 41 with cofinality above , and thus,
0

there exists a3 such that \3 = Pz and af < ap < ad < ap.
Continue in this fashion, and construct an increasing sequence af < af < ... < ag. We argue

that the construction stops after finitely many steps. Assume otherwise, and let (af: n < w) be a
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strictly increasing sequence of ordinals below «y, such that for every n < w,
Py > = A0 = e (AD) > AT =
ag = Hoptt 0 Jwg ‘Ao 0 = Hag

and—

Hagrn = AT = kg (G = KT (6T (90) (K)) = Jag+1 (90) (8) = o,y (Hag)
let af =sup{ag: n <w} < ag. Note that—

Jaz(90)(K) = Jag.as (uag) = sup{ptag 1 n <w} < pog

and thus—
fao = Jao (90) (K) = Jag.ao (Jag (90) (K)) = Jag (90) (k)

which contradicts the fact that ja: (g0) (F) < pas < flag-

Thus, there exists ng < w and a sequence o) < af < ... < af® = ap such that for every n < ny,

Hag+t = JU, (Mag) = Japtt (90) (%)

where the last equality follows by induction, since—

Jar+1(90)(K) = Jop an+t (Jag (90)(K)) = Jap an+r (Hag) = Ju.y (Hag)

let us justify the last equality in the above equation. If 14, is not a limit of measurables, then
ag+1 = af + 1 and the equation is clear. Otherwise, yion is a limit of measurables. Therefore

Hopt = Juny (ftap) is a limit of measurables, and each factor in j, ni1 is an ultrapower

6‘—0—1,04

embedding with one of them. Thus, each such factor maps frqntt to itself.
This finishes the completion of the initial nice sequence below ag. Let Nj be the iterated

ultrapower associated to the nice sequence (af,...a%), with a corresponding embedding if: V —

N§. Let ki N — My,+1 be defined as follows: for every f € V,

ki (1500) (o ttags - ttago ) ) = Gens (F) (8t s o)

By lemma the embedding kg is an iterated ultrapower of N§, and jo, 11 = ki o if. All the
ultrapowers in k are taken on measurables below ap.
Now work over N, define A} = i¥ (g1) (K, ftag)- A > fia, is measurable in N§ and thus is

not moved by &f. Also, it has cofinality above x in V. Let af < a1 be such that A} = ju0. If
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/\(1) = la,y, We set n; = 0 and move on to extend the sequence below ay. Assume otherwise. Let
WP =i (U) (A]). Let NY = Ult (NG, W?), and if = jvj\[f,‘i; oig. Let kY: Ng — Mao4q be the natural
embedding, and continue the construction as above. It will stop after finitely many steps.

By repeating the same argument for o, . . ., a,,, we generate the desired completion of (ayg, . .., am).

O

Remark 2.5.5. For every 0 < i < m, pa, appears in the Prikry sequence of uf,. = kq, (o) in
M [H]. Note that in the above proof, the completion below ji.,, namely the sequence (af ..., al'"),

is a subsequence of the Prikry sequence of u?,. below po,. In lemma we will prove that this

subsequence is actually a segment in this Prikry sequence.

Lemma 2.5.6. Assume that o < k*. Denote i = sup{uq: &' < a}. Let A > i be an inaccessible
cardinal in M. Then (c¢f\)” > k.

Proof. Let us first consider the case where there is no 8 < awand X < A such that jg o (\') = A. Let
(g, ..., ) be a nice sequence below a such that A = jo(h) (K, fag, - - - s fha,, ) Tor some function
h € V. We can assume that the sequence in complete as in lemma [2.54] and so k*: N* — M, is

an internal iterated ultrapower. Denote—

A" =i (h) (Ky fags -+ oy,

and note that k* (A*) = A\. It suffices to prove that \* = A, since every inaccessible above « in a
finite iteration of V' has cofinality > k in V. Assume that A* < A. Because A\* is inaccessible in
N*, \* is one of the measurables participating in the iteration %k, namely A* = ug for some 8 < a.

Since A* > pq,,, B> am. Then-
A=Kk (\)

= (jﬁ,a Ojam+1,ﬂ ojam_1+1,am ... Ojao+1,a1 ojl,ao) ()\*)

= Jg.a (A")
where we used the fact that \* = i is inaccessible in N* above ji4,, , and thus is fixed by ultrapowers
below pq,, and by ja,,+1,3. It follows that there exists 8 < @ and A* < X such that jg o (A*) = A,
which is a contradiction.

Let us now take care of the case where, for some 8 < o and Ay < A, jg.o (Ao) = A. Let 8 < «

be the least such that such X\ exists. Since Ao is inaccessible in Mg and A\g < jg.o (Ao), Ao is one

of the measurables participating in the iteration jg . Thus, A\g = p,, for some vy < .
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Denote A\ = jUF"Yo (f~y). This is an inaccessible cardinal in M, ;. Let us argue that
(cf (M) > k.

Pick a complete nice sequence {«o, ..., ay,) below g + 1 such that, for some function h € V|

A= j’Yo+1(h) (H? Hog s - - - 7Ma7n)

we can assume that «,, = 7o (else, add it. The sequence will remain complete since there is no
N < Ao and 7’ < 7o such that jy/ 4,41 (X) = Ag). Let N* be the associated finite iteration, with
an embedding i*: V — N*. let k*: N* — M, 41 be the corresponding iterated ultrapower such
that k* o ¢* = j, 4+1. Denote A} = i*(h) (K, ags - - - » Ha,, ). Then k* (A}) = A\1. Let us argue that
Al = A1. Assume that A] < A;. Then A}, which is measurable in N*, is one of the measurables

participating in £*. Note that—

AL = k" (A]) = Jam+190+1 © Jorm 1+ Lo © Jam—a+Lliam_1 O« -+ O Jl,a0 (A])

but am = Y0, 50 Ja,,+1,70+1 is the identity. So Al < pa,, = fy,- M, is already a non-measurable
inaccessible in N* (since we started from a complete nice sequence which includes it), and thus
E* (f1y) = pyo- Namely ju, (fyy) = A1 = £* (A]) < piqy, a contradiction.

Thus (cf(A1))Y > k. If A = A, we are done. Else, \; < A is inaccessible in M, +1, and is
mapped via jy,+1,« to A. Hence, arguing as before, A; < ji is one of the measurables participating
in the iterated ultrapower j.,11 . Therefore, there exists v1 € (7o, ) such that A\, = Ha, - Denote
Ay = jle (UMl) > A1. As above, (Cf()\z))v > k. If A\og = A\, we are done. Assume otherwise, and
continue in this fashion.

Let us argue that the process stops after finitely many steps. Assume otherwise. Then we have

constructed an w-sequence of ordinals below «, (7y,: n < w), and an increasing sequence—
A0 =y <AL=y, < A2 = fhy, < .o <A

such that, for every n < w, Ant1 = iy, = Ju,, (f+,,). Denote v* = sup{y,: n < w} (possibly
v* = a). Let A* =sup{\,: n <w}. Then-

Jyea (A7) = A

however, j,« o (A*) = A*: if ¥ = « this is clear. Else, note that p.« is chosen strictly above

sup{pe: £ < v*} = X*. Therefore, the critical point of j,« o is above A*, and jy» o (A*) = A™.
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It follows that A* = A. But A* < i (equality may hold if v* = «), contradicting the fact that
A > [i. O

We now return to our context, and assume that (M, : o < k*) is the iteration described in the
previous section, with the same notations. We can first simplify the definition of the critical points
[T
Corollary 2.5.7. Assume that a < k*. Let i = sup{pa: o/ < a}.

If a is successor, o is the first measurable above i in M, .
If a is limit and (cf(@))" < k, then pq is the first measurable above fi in M.

If « is limit and (cf(a))v > K, then pq is the first measurable in M, which is greater or equal to [i.

Proof. If ji is measurable in M, and (cf(@))" > &, then (cf(fi))" > & and thus pe = ji by the
definition. Else, i, is chosen to be the least measurable in M, above fi with cofinality above x in

V', which is, by the previous lemma, the least measurable above i in M,,. O

Lemma 2.5.8. Assume that « < k* and \ appears after p,, in the Prikry sequence of u* = kq (o).
Then \ = ju, (ta)-

Proof. Since ju,  (fta) is measurable in M, 11 above fiq 11 = sup{ja: o' < a}, it follows, by lemma
that—
) v
(cf (Ju,., (Ha)))" > &

Thus there exists # > a such that jy, (ta) = pg, and appears in the Prikry sequence of kg (ug) =

*

g+ (Jog (Ha)) = .
Let us prove now that ju, (fa) = pp is the immediate successor of ji, in the Prikry sequence
of p*.
Assume, for contradiction, that o, < A < ju, (#a), and X appears after o in the Prikry

sequence of p*. Assume that A = jo11(9) (K, fags - - - s Bags Ha), for some g € V and ap < ... <
o < a. Assume also that h € V' is a function such that pe = jo(h) (K, ftag, - - - fay ) fOr the same
ap < ... < oy < «a (this can always be arranged by changing the sequence (ay, ..., ax)). Then—

jaJrl(g) (Ka Mags -+ ,uakvﬂa) < ja+1<h) (Ka Hag s - - - a:uak>

so we may assume that for every &, vg,...,vg,n, below &, g (& vo,...,vk,n) < h(&§vo,..., V).
Assume also that p, is the n-th element in the Prikry sequence of p*. In V [G], let A(§) be the
(n + 1)-th element in the Prikry sequence of h (£, fi(£)), so that [£ — A(&)]}, = A
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Assume that the sequence (ay, ..., ax) C « is nice (else, add more coordinates). Now apply the
Multivariable Fusion Lemma. For every (£, ), let—
e (&, V) = {r € P\ v, + 1: there exists a bounded subset A C h (&,7) such that
r forces that the (n + 1)-th element in the Prikry sequence of h (&, V)

belongs either to A or to the club of closure points of the function
n=g(&v,m)}

We argue that e (£, 7) is <* dense open above any condition which forces that E (&) = V. Let

p € P\ v+ 1 be such a condition. Denote for simplicity h = h (¢, 7). Direct extend p [, such that

it decides the length of }; if the length is > (n + 1), direct extend p [, further, so that it forces

that there exists a bounded subset A C h such that the (n + 1)-th element in the Prikry sequence

of h belongs to it. Finally, shrink A} by intersecting with the club of closure points of the function

which maps each n < h to g (£, 7,n). The condition obtained this way indeed belongs to e (¢, 7).
Now, fix p € G and a C-tree T such that for every (£, ) € T which is admissible for p,

(p™ (&, 7)) Tu.+1lF there exists a bounded subset A C h (£, 7) such that

p (&, V) \ (vg + 1) forces that the (n 4+ 1)-th element in the Prikry sequence

of h (&, 7) belongs either to A or to the club of closure points of the function
n=g(& v}

Let A (£,7) be a P, {1-name for the set A above, and set—

A7) ={y<h(&§V): Ir =2 p~ (£, D) lu41, T IEy € AL, D)}

It follows that for a set of &-s in W, A(§) either belongs to A* (&, fi(£)) or to the club of closure
points of n — g (&, fi(§),n).

However, it cannot hold that for a set of &-s in W, A(€) € A* (&, f(§)). Indeed assume otherwise.
Denote—

A" = jo ({6, 7) = A" (£, 7)) (K, 1)

then A* is bounded in p,, and, under the above assumption, A € k, (A*) = A* C p,, which is a
contradiction.

Thus, in M [H], XA is a closure point of n — jw(g) (k,ii,n). Recall that u, < A, and thus
Jw(g) (K, i,y pa) < A = jalg) (K, i, fta), which is a contradiction. O
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Corollary 2.5.9. Let a < k* and denote p* = ko (o). Then the Prikry sequence of p* in M [H|

has a final segment of the form—

(g s By s Haigs -+ - 5 Mg s - - +)

where ag = o, and for every n < w, fia, ., = ju,. (fa,). Furthermore, the above sequence belongs

to V., namely (cf(u*))" = w.

Proof. The first part follows immediately from the previous lemma. Let us concentrate on the
second part. Assume that there is no f < o9 and p < pq, such that jgo () = pa, (if there
is, replace fio, with the least such p). Let fo,..., Bk be a complete nice sequence such that
Poo = Jao (R) (Bos - - -, Bk) for some h € V. Tt follows that the sequence (o, . . ., Bk, @0, 01, - - ., Q) is
complete, for every n < w. Then, for every n < w, a finite iteration (N;: i < n+ 1) can be defined
as in the beginning of this section. If f € V' is a function such that U, = ja, (f) (K, g, - - -5 115,),

then the sequence (N;: i < w) is definable in V| since each step above the first k-many steps in

the iteration, uses a measure represented by f. Because each sequence (o, ..., Bk, Qo, ..., Q) is
complete, the sequence (fiag, tays -« -5 oy s - - -) 18 & final segment of the sequence of critical points
in the iteration (N;: i < w), and thus belongs to V. O

Remark 2.5.10. We would like to emphasize the point that the characterization of Prikry sequences
given in the previous corollary is given only up to some finite initial segment. Let us denote y = g,
which is the first measurable above k in My, and p* = ko (uo) which is the first measurable above
k in M. We argue that the Prikry sequence of u* in M [H| may have any prescribed finite initial
<

segment t € [u]~. We use those notations only in the following claim:

Claim 2.5.11. For every finite, increasing sequence t € [,u]<w, there exists a condition p € P,

which forces that t is an initial segment of the Prikry sequence of p* in M [H].

Proof. Assume that £ — t(§) is a function in V' such that [ — ¢(£)],, = t. For each £ < &, let s(&)
be the first measurable strictly above {. Then [§ — s(£)],, = p. Since > max (t), we can assume
that for every ¢ < x, max (t(§)) < s(§).

Note that the set {s(£): £ < k} N A is nonstationary in any inaccessible A < k: This is clear
if X is not a limit of measurables. If it is, {s(§): £ < k} is disjoint to the club of limit points of

A = {a < k: a is measurable} below A.
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Now, let us define a condition p € Py, with supp(p) = {s(€): £ < x}. We first choose a set
X € U on which the function £ — s(§) with domain X is injective. Note that by normality of U,
every function is either one-to-one or constant modulo U, so such a set X € U exists.

Set, for a given & € X, p(s(§)) = (¢(&), s (&) \ (max (¢(¢)) + 1)). This is forced by any condition
in P [4¢) to be a legitimate element of QS(E)' Note that the definition makes sense since £ — s(&)
is injective on X. The condition p € P, defined in this way forces that the Prikry sequence of u*
starts with ¢: Indeed, in V [G],

{€ < k: t(€) is an initial segment of the Prikry sequence of s(§)} 2 X € W

thus, in M [H], [£ — t(£)]y, is an initial segment of the Prikry sequence of the measurable cardinal
(€ — s(]yy - But by lemmam

[ = HE]w =k ([€ = 1)) = k(t) =t
and clearly—

(€= s(&)w = n"

so in M [H], t is an initial segment of the Prikry sequence added to p*. O

Let us prove now that for every measurable p* above x in M, p* has the form k, () for some

o < k*. In particular, in the light of corollary (cf(u*)Y = w.

Lemma 2.5.12. Assume that p* € (k,k*) is measurable in M. Then pu* = ko (o) for some

a < K*.

Proof. Let 8 < k* be the first such that, for some p < p*, p* = kg (). Then g is measurable in
Mg. f3is either O or a successor by its minimality. Assume first that 5 = a4 1. u = 11, cannot hold
since i, is not measurable in Myy1. If p < po then jo g (1) = p, contradicting the minimality.
Thus assume that u > o = fig = sup{ps: 8’ < 8}. Recall that p is measurable in Mz. By lemma
(cf (1)) > k. Therefore, for some v € [, k*), it = p,. Hence ky (py) = p*.

If B = 0 then y is measurable in My above « and below x*, and clearly (cf(1))" > k. So, again,

there exists v < k* such that p = py, and ky (py) = p*. O

Corollary 2.5.13. Assume that o < k* is limit, and denote i = sup{pua: @' < a}. Assume that
ii is measurable in M. Then (cf(a))v is either w or kt. In the former case, [i is measurable in

M. In the latter case, i = po is a non-measurable inaccessible cardinal in M. Moreover:
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1. If i is not measurable in M, or (cf(a))" > K, pq is the first measurable > [i in My, (this

includes the case where a is successor, since, in this case, pio—1 s not measurable in M, ).
2. Else, i is measurable in M, and (cf(a))’ = w, and then o = fi.

Proof. Assume that fi is measurable in M,. If (cf(e))” < &, then fi < fia, S0 [i = ko (fi) is
measurable in M. By the previous lemma, i = ky (1) for some v < k*. By corollary [2.5.9}
(cf(71))” = w. Hence (cf(a))" = w. O

Remark 2.5.14. Recall that jw (U) \ k € M is sufficient for the definability of jw v over V. Let
us argue that it is not necessary.

For every measurable n < k, let (s™(n): n < w) be the increasing enumeration of the first w-many
measurables above 1 which carry at least n-many normal measures of Mitchell order 0. For each
suchm andn < w, let F (s™(n)) be an enumeration for all the normal measures of order 0 on s™(n).
Fiz an unbounded nonstationary subset X C A such that for everyn € X and n < w, s"(n) ¢ X.
Let P be the forcing notion which uses, at stage s™(n) where n € X and n < w, the measure which
extends (ﬁ (s™ (77))) (nn). Here, m,, < 1 is the n-th element in the Prikry sequence of n in M [H].
For every other measurable, use the measure chosen first with respect to a prescribed well order of
Vi

Pick a generic set G C P such that G contains a condition p such that X C supp(p), but for
every £ € X, p lel-tf = ().

Then jw (U) \ k ¢ M, since the measures used in jy (P) on M-measurables above k code the
Prikry sequences of all the measurables in jy (X) \ k.

However, jw [v is definable in V: Assume that o < k*. If there is no 1 € jo(X) and n < w
such that po = s™(n), Uy, is the first measure on a with respect to the image under j, of the
prescribed well order on V,,. Otherwise, assume that n € jo(X), n < w and po = s"(n). Denote
n* = ka (n), so that ko (1ta) = s™ (0*). Let = By < k* be the least such that kg (ug) = n*. We
argue that the Prikry sequence of n* in M [H]| is the sequence of critical points taken by iteration
U, w-many times over Mg. This will follow once we prove that ug is the first element in the
Prikry sequence of n*, and this is true since n* € jw (X) and there exists a condition p € G which
forces that t2 = () for every & € X. Thus, we can assume that (g, g, s - - - 13, ,---) is the Prikry
sequence of n* in M [H].
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Recall that ko (U,,) = jw U) (ka (1ta)); by the definition of the forcing, jw (U) (ko (ta)) is the

Prikry forcing taken with the measure—

(3w (F) (ka (1)) (15,)

thus, Uy, can be computed in'V as follows: first, calculate over Mg, (which is already definable in
V' by induction) the sequence (ug, : n < w), which are the critical points in the iteration of length
w with Uys,
prescribed well order on Vy;); then, compute U, = (ja (ﬁ) (ua)) (1g,,)-

over Mg, (here, U, is the least measure with respect to the image under jg of the

2.6 Application: Unique Normal Measure on a Strongly Com-
pact Cardinal which is the Least Measurable

Kanamori [14] asked whether a strongly compact can carry a unique normal measure.

Assuming linearity of the Mitchell order, the least measurable cardinal x which is a limit of
strongly compacts is such: by a result of Menas, [19], « is strongly compact. It carries a unique
normal measure, since otherwise, by linearity of the Mitchell order, there exists an ultrapower with
a normal measure U on k& such that x is still measurable in My (just take U of Mitchell order
above 0). By elementarity, every strongly compact cardinal below x remains such in My. Thus, U
concentrates on the set of measurable limits of strongly compacts, contradicting the minimality of
K.

The next step would be to ask whether the least strongly compact can be the least measurable,
and carry a unique normal measure.

Wooding and Goldberg proved that this is consistent, assuming the Ultrapower Axiom and a
measurable limit of supercompact cardinals.

In [8] the same result was proved starting from a single supercompact and assuming linearity of
the Mitchell order (which is a consequence of the Ultrapower Axiom, see, for example, [11]). We
present here the same argument that appears in [§], under simpler settings - assuming that GCH

holds as well.

Theorem 2.6.1. (Gitik, K., [§]) Assume that & is a supercompact cardinal, GCH holds, and the
Mitchell order is linear. Then it is consistent that k is strongly compact, the only measurable

cardinal, and carries a unique normal measure.
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Proof. By chopping the universe if necessary, we can assume also that x is the last measurable
cardinal. Denote by V' the chopped universe. GCH still holds in V', and the Mitchell order remains
linear. Force over V with the nonstationary support iteration of Prikry forcings, P;. Let G C P
be generic over V. Then, by the last sections, there exists a unique normal measure on « in V [G].
Every measurable cardinal of V' changes cofinality, and no new measurables are generated. Thus, k
is the only measurable cardinal. It thus suffices to prove that & is strongly compact in V' [G]. This

follows from the next lemma. O

Lemma 2.6.1. Let G C P, be generic over V. Assume that in V, k is supercompact, and the last

measurable cardinal. Then k is strongly compact in V [G].

Proof. Assume that A > kT and cf(\) € [k, \). It suffices to prove that there exists a fine measure
on P, (A) in V [G]. Let U be a fine, normal measure on P, () in V, with a corresponding elementary
embedding j: V — My.

For each p € G, k ¢ supp (ju(p)). This holds, since given a club C' C & disjoint to supp(p),
Ju(C)N k= C is unbounded in &, and thus x € jy (C).

In My, factor jy (P.) = Py * Qr * P>y G C P, is generic over My. Also, over My @],

0g, IF the conditions (ji(p) \ k: p € G) are pairwise <* —compatible.

this holds, since for any p,q € G, there exists r € G such that p,q < r. Therefore, there is
a < k such that for every = > a, r [za1lb 7\ 2 >* p\ z,¢ \ x. In particular, r [,4; forces that
p\ x,q\ x are <*-compatible, for every x < k. By applying j;; and taking x = k, it follows that
Ju(r) Tee1=1""0g, forces that ju/(p) \ £, ju(q) \ £ are <*-compatible.

It follows that there exists a P,41-name, s, for a condition which extends, in the direct extension
order, all the conditions (ji;(p): p € G) (note that |G| = T and the direct extension order is closed
enough).

We claim that the direct extension order of j;;(P)\ % is more than A*-closed. The reasons are as
follows: First, in My, there are no measurables in the interval (k, A), since & is the last measurable
in V and V E *My; € My. Second, A is not measurable in My since cf(A\) < X in V. Finally,
AT = (AH)M cannot be measurable in M.

Now, note that, in V, |jiy (7)] = AT, since cf(\) > k. Assume that (E(a): a < AT) is forced,

over My [G] , by Og,., to be the list of all <*-dense open subsets of ji(P) \ x above s.
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We construct, in V'[G] , a sequence of @,-names (s,: o < A*), such that 0q,. forces that the
sequence consists of conditions in ji (P) \ &, so >* s, and the sequence is increasing with respect
to direct extensions. Moreover, each s, € E(a). Finally, Let us define U* € V [G] as follows. For
every P,—name for a subset of P.()), X, (.Z()G € U* if and only if there exists p € G, @ < AT and

a P-name A, such that—

PO, 4) 50 I A €5 (X)
We prove that U* is a fine measure which extends Y. First, we prove that & C U*. Assume that
X € U. Then for any condition p € G, {x € P,(\): pl- 7 € X} € U, namely jy (p) IF 5\ € ju (X)

So, for each name A and o < AT,

{0, A) s kA € 5 (X)

hence X € U*. In particular, it follows that U* is fine.

U™ is closed under intersection of finitely many sets, since any pair of conditions of the form
p{(),A)" s and ¢~ ((), B)" sp, where p,q € G, A, B are names and «, 3 < AT, are compatible.

Assume now that ()j)G € U*, p € G is acondition and Y a P,-name such that p I X CY. Then
Ju(p) IFj(X) €4 (Y). There are ¢ € G, & < AT and A, such that ¢~ ((), 4) " sa IF /A € ju (X).
Assume that r € G extends both p,q. Then r—((), 4)" s IF j/A € ju (X)

Finally, assume that p € G forces that a sequence of names (X;: i < d), where § < k, is a
partition of P, (A). Then jy(p) forces that (ji (X;) : i < d) is a partition of ji (P.(A)). Hence the
set of conditions in ji(Py) \ £ + 1 which force, for some i* < 4, that jj\ € jy ()SZ), is forced by
p“OQK to be a <*-dense open subset of ji;(P) \ k¥ + 1 above s. Therefore, for some o < AT, s, is

forced to belong to this dense open set. It follows that—
p 0g k3" <§ sqlbjures ()N(Z)

and by applying the r-closure of the direct extension order of @, ,(x), there exists a name A such
that—
plE3i* <& ((),A) salFjgr€j(Xi)
so, finally, by extending p to a condition ¢ € G which decides the value of i*, there exists i* < §
such that—
¢ (), 4) " sa Ik g € 5 (Xi)
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as desired.
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Chapter 3

The Full Support

3.1 Introduction

In this chapter we revisit the Full support iteration of Prikry forcings (the Magidor iteration) which
was first introduced by M. Magidor in his celebrated paper [18]. Assuming that x is a measurable
limit of measurables, the Magidor iteration can be used to destroy the measurability of every
measurable cardinal o < x, while preserving cardinals and the measurability of x itself. Let P be
such an iteration and G C P generic over the ground model V.

Our first goal would be to characterize the normal measures over « in V' [G]. This was extensively
studied by Ben-Neria in [2]. For every normal measure U € V on k, he assigned a corresponding
measure U* € V [G] on k, and showed that the mapping U — U™ is a bijection between the set of
normal measures on & in V, and the set of normal measures on x in V [G]. This was done under
the assumptions that 0% does not exist and the ground model V is the core model. In this chapter,

we extend this result, weakening the assumption on the ground model V:

Theorem 3.1.1. Assume GCH<, holds in V. Let W € V[G] be a normal measure on k.
Then W = U* for some normal measure U € V on k. Moreover, the measures (U*: U €

V is a normal measure on k) are pairwise distinct.

The proof relies on some of the methods presented by Ben-Neria in [2]; however, the core-model
theoretic aspects of the argument are replaced with the tools developed in [§].

We then proceed and study the structure of jy [ for every normal measure W € V [G] on k.

Theorem 3.1.2. Assume GCH<,, holds in V. Let W € V [G] be a normal measure on . Then

Jw v is an iterated ultrapower of V' by normal measures.
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Moreover, a concrete description of jy [y as an iterated ultrapower is given.

Finally, we discuss definability of jy [y as a class of V. In general, ji [y may not be definable
in V (see remark and, more generally, section 5.2 in [§]). We provide a sufficient condition
for definability of jy [y as a class of V. By Theorem [3.1.1] given a measurable o < k, the measure
used in the Prikry forcing at stage o in the iteration P must have the form U} = (U,)™, for some

normal measure U, on « in V. Denote U= (Uy: a < K, «is measurable in V). Then:
Theorem 3.1.3. Assume GCH<, holds in V. If?j €V then jw [v is a definable class of V.

We remark that it is not necessarily the case that Ue V, even if jur [y is a definable class of

V (see remark [3.4.25]).

This chapter is organized as follows: In the first section we present the forcing and its basic

properties. In section 2 we prove theorem In section 3 we prove theorems and

and completely describe the Prikry sequences added to measurables of M above x in H.

3.2 The Forcing

Definition 3.2.1. An iteration (Py,Qp: o < k, B < k) is called a full support (Magidor) iteration
of Prikry-type forcings if and only if, for every a < k and p € P,,

1. p is a function with domain o such that for every 8 < o, p | B € P, p | B IF p(B) €

gg and <957 <@ é’éﬁ) is a Prikry-type forcing.

2. There exists a finite set b C K such that for every 5 ¢ b, p [glF p(ﬁ)%ZQJQﬁ’ where %E 1s the

direct extension order of Qg.
Suppose that p,q € P,. Then p > q, which means that p extends q, holds if and only if:

1. For every B <a, p | BIFp(B) >3 q(B) (where >g is the order of Qg).

2. There is a finite subset b C «, such that for every 8 € a\'b, p | B IF p(B) >% q(B) (where >7%

is the direct extension order of Qg).
If b =0, we say that p is a direct extension of q, and denote it by p >* q.

Let (P, Qp: a <k, B < k) be a full support iteration of Prikry forcings, such that, for every

V-measurable cardinal, «, @, is non-trivial, and is forced to be Prikry forcing with a given P,-name
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for a normal measure on « (we will prove in lemma that o remains measurable after forcing
with P,). If « is not measurable in V| QO‘ is the trivial forcing.

We denote A = {a < k: a is measurable in V'}. For every a € A, let W, be the P,-name for
a normal measure on «, which is forced by P, to be the measure used in the Prikry forcing QO"
Assume that p € Py is a given condition and o € A. We denote by ¢7 and A% the P,-names such

that p [olF p(a) = (2, AP). In V [G], we denote by d: A — & the function which maps each former

~Q o

measurable in A to the first element in its Prikry sequence. Finally, we adopt the following useful
notation, introduced by O. Ben-Neria in [2]: Given a condition p € P,; and o < k, let p~* >* p be

the condition p* which satisfies, for every measurable £ > «,
b Ik AT = A2\ (a+ 1)
The following lemma is standard (see [7] for example):
Lemma 3.2.2. P = P, satisfies the Prikry property.

The main ideas in the proof of the Prikry property of P, appear also in the proof of the following

Fusion property:

Lemma 3.2.3 (Fusion Lemma). Let § < k be a limit ordinal and p € Ps. For every o < 4, let
q(a) be a P,-name such that p [oIF q(a) >* p\ . Then there exist p* >* p such that for every
a <0,

P lalk (0" \ @)™ =" q(a)
Before proving the lemma, let us state an immediate useful corollary of it.

Corollary 3.2.4. Let § < k be a limit ordinal and p € Ps. For every a < §, let e(a) be a Py-name
such that—

D lolF"e(@) is a dense open subset of P\ « above p\ «,

with respect to the direct extension order.”
Then there exist p* >* p such that for every a < 4,
p* lolF (p" \ @)™ € e(a)

Proof of lemma[3.2.5 Define a sequence (pg: £ > &) of direct extensions of p, such that for every

£ <0, pe lelF pe \ € >* q(§), and, for every n < £ <4,
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Lop<*p, <* (pe) "

2. Dn Fn: De Fn-

Take po = p. Assume that £ < x and (p,: < §) have been defined. Let us define p¢. First, set—
pe Te= | pe I
§'<¢
We now define a Pe-name for a condition r € P\ {. If { is non-measurable, r(§) (the value of r at
coordinate &) is trivial. If it is: Let ¢ be a Pe-name, and, for every §’ < &, take Pg-names A¢ such
that pe [el- per(§) = (t, Aer). Set 7(§) = (£, AerceAer). Finally, let 7\ (§ 4- 1) be a direct extension
of all the conditions (pg\ (§ + 1) : & < &) (the direct extension order above  is more than &-closed).
This defines r. Since every pair of direct extensions of p \ £ have a common direct extension, we
can pick pe \ € such that it direct extends both 7 and ¢(§). Note that égﬁ C A5/<5é§§', and thus,
for every n < &, AZ\ (n+1) € A", Thus p, <* (pe)~".
This finishes the construction. Define p* = U5 <5 Pe le- We claim that p* is as desired. Let
a < 6. Then p* [4= Pa o- Thus, this condition forces that (p, \ @)~ ® € e(a). It also forces that
(p* \ @) direct extends (p, \ @), and thus it direct extends g(«), as desired. O

Lemma 3.2.5. P = P, preserves cardinals.

Proof. We prove by induction that for every § < k, Ps preserves cardinals. This is clear for successor
values of 6. By GCH<,, this is clear as well if § is not a limit of measurables. Thus, let us assume
that § < k is a limit of measurables and p is a cardinal. If pn < §, factor Ps = P, * g u* Ps,. Since
the direct extension order of P, is more than p-closed, it preserves u; @, preserves u because it is
either trivial or a Prikry forcing; finally, by induction, P, preserves p. If y = ¢, then p is a limit
of measurables, each of them is preserved by induction. If ;1 > 6T, u is preserved since |Ps| = 6+ by
GCHc,. Thus, it suffices to prove that Ps preserves 1 for every limit of measurables §. It suffices
to prove that Ps has the 67 — c.c.: For any antichain A C Pj of cardinality 6T, there exists a subset
A’ C A of cardinality 6T, such that the following holds: There exists a finite set b C J, and, for

every a € b, a P,-name for a finite increasing sequence £, € [a]<w, such that—
Vpe A'VBed\b,plglFp(B) =" 0q

and—

Vpe A VaebIA plalkpla) = (ta A)
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Given these properties, every pair of conditions in A’ are compatible, which is a contradiction. [
Lemma 3.2.6. P = P, doesn’t add fresh subsets of k, k™.

The above lemma is proved, for example, in [§]. We remark that this proof uses the fact that
some normal measure on £ in V extend to a normal measure in V' [G], and this is indeed the case
(this is well known, and in any case, will be proved in the next section in lemma m The proof
will not rely on the current lemma or its consequences).

In [§] it is proved that, if a forcing notion P preserves cardinals and does not add fresh subsets
to cardinals in the interval {/@, (2"‘)‘/}, then every k-complete ultrafilter in the generic extension

extends a x-complete ultrafilter of V. Since we assume GCHc,, the following follows:

Corollary 3.2.7. Let G C P, be generic over V, and let W € V [G] be a k-complete ultrafilter on
k. Then WNV eV.

We conclude this section by proving a property of P = P,, which will be applied several times

throughout this paper.

Lemma 3.2.8. Let 6 < k be an inaccessible cardinal. Let p € Ps and assume that a is a Ps-name

for an ordinal. Then there exists p* >* p and a set A € V with |A| < § such that p* IF o € A.

Proof. Denote by D the dense open subset of Py which consists of conditions which decide the value

of . We will apply on D the following claim:

Claim 3.2.9. Let 6 < k be a limit ordinal and let D C Py be a dense open subset of Py. Assume

that p € Ps. Then there exists p* >* p such that for every p* < q € D,

—~ —(y+1
ah” @\ + 1) " eD
where v is the mazimal coordinate which satisfies—
q [4IF "g(y) is not a direct extension of p*(vy)”

(and, if such v does not exist, then v =0).

Proof. Fix a non-measurable ¢« < § and G, C P, generic over V such that p [,€ G,. Given

P [a< g € Gq, we define a subset of P\ « which is <*-dense open above p \ «:
eqla) ={reP\a:q reDor (V' >*r, ¢ r' ¢ D)}
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Since « is non-measurable, the direct extension order of P\ « is more than |Ga|+—distributive.

Let e(a) be a P,-name for the set—

e(a)= [ el

q€Gq
then p [, forces that e(«) is <*-dense open above p\ a.

Apply lemma Let p* >* p be such that, for every non-measurable o < ¢,
P lalb (" \ @)™ € e(a)

Assume now that p* < ¢ € D. Let v be as in the formulation of the claim. Then v + 1 is not

measurable, so—
P Itk "\ (y+1) 7 ey + 1)
In particular,
¢ Lyt (7 \ (y+ 1) € ey +1)
Finally, since there exists a direct extension ' = ¢\ (y + 1) >* p*\(y+ 1) such that ¢ [, ' €
D, it follows that ¢ [4+1~ (»* \ (v + 1))_7'H € D, as desired. O

Pick a direct extension g >* p, by applying the claim on the set D of conditions deciding the
value of o. We will construct below a direct extension ¢* >* ¢; After this is done, we will prove
that ¢* has a direct extension p* >* ¢* as desired in the lemma. Namely, p* satisfies that for some
set of ordinals A with |[A| <0, p* IF o € A.

First, let us construct ¢* >* g. Assume that v < 6, and ¢* [, has been defined. To define ¢* (v),
we shrink the set 47. We shrink it to a set A € W, such that, for every n < w, exactly one of
the following holds: Either for every s € [A]", there exists a set of ordinals A with |A,] < §, such
that—

(t77s, A\ max (s)) " (¢\ (v + 1) Ik q € A,

or, there is no such s.

This results in a direct extension ¢* >* ¢. It suffices to prove that ¢* has a direct extension
p* which belongs to D. Assume otherwise. Let r > ¢* be a condition in D, which is chosen with
the least number of non-direct extensions. Let « be the maximal coordinate in which a non-direct
extension was taken in the extension r > ¢*. Clearly r > ¢, and in this extension, as well, 7y is the

maximal coordinate in which a non-direct extension is taken. Thus, by the choice of g,

Py T g\ (v+1) " eD
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Let n < w be such that r [, forces that lh (tfy) =n—+1lh (tg). Then r [, forces that for every
s € [ég]n, there exists a set A; with |A4| < 4, such that—

(275, A7 \max ()~ (a\ (v +1)) 7 - € A,

By taking union on the possible values of the sets A as above, there exists a set A € V with |A| < §
such that—

P AN T @\ (1) F g e A
and this contradicts the minimality of the number of non-direct extensions in the choice of r >
q*. O

Corollary 3.2.10. Assume that 6 < k s inaccessible, p € Ps and let f be a Ps-name for a function
from § to the ordinals. Then there exists p* >* p and a function F: 0 — [Ord}<5 in 'V, such that

for every a < 4,
)" Ik fla) € F(a)

~

Proof. For every a < 4, set—
e(a) = {r € P\ a: there exists A C Ord with |A| < § such that r IF f(«) € A}

by lemma e(a) is <*-dense open. Thus, by Fusion, there exists p* >* p such that for every
a <9,

p* olt there exists A, C Ord with |A,| < d such that (p* \ )" * IF f(a) € 4,

Finally, for every v < 0, let F(a) = {8: 3¢ > p* [a, rIF B € Ay}, Then (p*)" " Ik f(a) € F(a)

~

and |F(a)| < 0, as desired. O

3.3 Normal Measures in the Generic Extension

This section is devoted to the proof of theorem The same result was first observed by O.
Ben-Neria in [2], assuming that V' is the core model and there is no inner mode with overlapping
extenders. We will reduce the assumptions on V to GCH<,.

Throughout this section, we will extensively use arguments and notations introduced in [2]: For

every normal measure on s, U € V| we will define a measure U* € V [G] which extends U. It will
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turn out that U* is normal if and only if o(U) = 0. Let U* be the normal measure below U* in
the Rudin-Keisler order. We will prove that every normal measure on « in V [G] has the form U*
for some U € V.

We prove theorem by induction. Thus, we assume in this section that for every £ < k, the

measure We used to singularize &, already has the form Ug for some normal measure Ug € V on &.

Remark 3.3.1. In [2], as in other applications of the Magidor iteration, it was assumed that the
measures (We: & € A), which were used to singularize the measurables of A, are all derived from
normal measures of Mitchell order 0 (in the sense that, for every & € A, there exists U € V of
order 0, such that We = Uf*) We do not assume this in the current paper. Each measure We
has, by induction, the form Ug for some normal measure Us € V, but Ug does not necessarily has

Mitchell order 0.

We start by extending every normal measure U € V on k, to a measure U* € V [G]. For every

P,-name A for a subset of , (4), € U* if and only if, for some p € G,
{§</€:p*5|F§€é}€U

or simply (ju(p))~" I- & € ju (4) in My.

Lemma 3.3.2. U* is a measure on k in V [G] which extends U. Moreover, U* is normal if and

only if U has Mitchell order 0 in V.

Proof. Tt’s not hard to verify that U* is a filter which extends U. Let us prove that it is a k-complete
ultrafilter. Assume that (A.: & < 0) is forced by a condition p € G to be a partition of x, for some
0 < k. Assume that ¢ is an arbitrary condition above p. For every a € (4, k), consider the P,-name

for the following set e(«), which is forced by ¢ [, to be <*-dense open above ¢\ a,
efa) ={r>"q\a: 3" <0, riFac Ae}
by lemma there exists p* € G above p, such that for every a € (4, k),
p* lolF 365 <6, (p*\a) “IFae Ae
and thus—

prIF 3 <6, (ju (%) "\ kIF &€ ju(Ae)
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by extending p* to a stronger condition in GG, we can assume that p* decides the value of £*, and
so, for some &* < k,
(u (") " - & € ju (Ae)
as desired.
Let us assume that U has Mitchell order 0. Let f be a P;-name for a regressive function, as

~

forced by some p € G. We use a similar argument as before, but now e(«) is defined for every
non-measurable a, to be the name for the following set, which is forced by any extension of p [, to

be <*-dense open above p \ a:

e(a) ={reP\a: I <a, rll—i(a)zf*}

where we used the fact that « is not measurable, and thus (P \ «, <*) is more than a-closed. Thus,

there exists p* € G such that-
p IR <k, Gulp™) \ k)" Ik ju(f) (k) =€

By extending p* to a condition in G, we can assume that p* decides the value of £*. Thus,
{€E<k: f(§) =&} € U™, as desired.
Finally, assume that U* is normal. Let jy«: V [G] — M [H]| be the ultrapower embedding. Note

that x is not measurable in M, since, else, k would have been singular in M [H], and therefore also
in V' [G]. Thus,

k € ju~ ({€ < K: € is not measurable in V'})

and thus U = U* NV concentrates on non-measurables. O
Let us define the measure U* € V' [G].

Definition 3.3.3. Assume that U € V is a normal measure on . If U has Mitchell order 0, define
U* =U*. Assume otherwise. Let d: A — k be the function which maps every measurable cardinal

of V to the first element in its Prikry sequence in V [G]. Set—
U =d,(U)={ACk:d '[A] €U}

We will prove that whenever U* is non-normal, namely, A € U*, d projects U* to the normal

measure below it in the Rudin-Keisler order; this projected measure is U* defined above.
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Lemma 3.3.4. Let U be a normal measure on k in V. Then U* is a normal measure on Kk in

v Ial.

Proof. We can assume that U has Mitchell order > 0. It suffices to prove that [d],. = k.

First, note that for every x < k, d~1{x} is finite. Indeed, given an arbitrary condition p € P,
let b C ~ be the finite set such for every £ € x\ b, p [¢>* Oq,. For every such &, let p* >* p be
such that x is removed from every measure one set. Then p* forces that d~'{x} is finite, and since
p was arbitrary, this indeed holds in V' [G].

This shows that [d];;,. > k. Assume that f € V [G] is a function in V' [G] such that, for every
Ee A, f(§) <d(&). Let p be a condition which forces this. Assume that ¢ > p is arbitrary, and let
&o be an ordinal which such that for every £ > &, ¢ [¢IF ¢(§) >* 0,%5' For every £ € A above &,
we describe a name for a subset of P\ £ which is forced by ¢ [¢ to be <* dense open subset of P\ ¢
above ¢\ &,

e(€) = {r > ¢\ &: there exists v < £ such that r \ £ I+ i &) =1}

The density follows since every name for an ordinal below the first element for a Prikry sequence
can be decided by a direct extension.

By fusion, there exists p* € G above p such that—

prIF3y <, (u )\ k)" Ik ju(f) (k) =7

and by extending p* to a condition in G, we can assume that it decides the value of v < k. So

Giu()) " I+ ju (i) (k) =4, and thus, in V' [G], [f];;« =7 < k, as desired. O
Claim 3.3.5. Let U € V be a normal measure on k. The following are equivalent:

1. U has Mitchell order 0 in V.

2. U* =U*.

3. d'"A¢U*.

Proof. Clearly 1 implies 2 by the definition of U*.
Assume 2. If d”A € U* then d’A € U*, and thus, there exists p € G such that—

(u(p) "Ik ke ju(d’A)
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but this cannot happen, since (ji(p))~ " forces that x does not appear as an element in any of the
Prikry sequences.

Finally, if U has Mitchell order higher than 0 in V', then A € U and thus A € U*. Therefore,
d'AeU*. O

Lemma 3.3.6. Let U be a normal measure on  in'V with o(U) > 0. Let jy~: V [G] — M [H] be the
ultrapower embedding of U*. Then [Id];. is measurable in M, and r appears as a first element in its
Prikry sequence in M [H]. [Id),;, is mazimal with this property, namely, for every measurable above

[Id];., k does not appear in its Prikry sequence. Furthermore, for every p > [Id].. measurable in

M, d(p) > [Id],..

Proof. Since A € U C U*, [Id],. is measurable in M. But—
# = [dly. = ju- (d) (Ld]y-)

so k appears first in the Prikry sequence of [Id],. in M [H].
Finally, fix any condition p € G. Then—

(ju(p))™" I for every p € ju (A)\ (K +1), ju(d)(k) > K

In particular, {§ < x: for every p € A\ (§4+1), d(u) > &£} € U*. Thus, for every measurable
p> [Id)., d(p) > [Id]y.. O

Let us assume now that W is an arbitrary normal measure on x in V [G]. Our goal will be
to prove that W = U* for some normal measure U € V. Denote by jw: V[G] — M [H] the
ultrapower embedding of W over V [G]. We start with the following observation:

Claim 3.3.7. Let W be a normal measure on k in V [G]. Then—
£\ | (da),a] e W
a€cA
Proof. E|Assume otherwise. Then X = J,ca (d(a),a] € W. We argue that there exists a regressive
function f: X — & which is not constant modulo W (this is a contradiction, since W € V [G] is
normal, and hence all the sets in W are stationary in ). Indeed, for every n € X, let a;, € A be
the first o such that n € (d(a),]. Then define f(n) = d(a,). f is not constant modulo W since
otherwise there exists £ < k with d=1{¢} infinite. O

IThe proof presented here was offered by Omer Ben-Neria, and is a major simplification of the original argument.
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Remark 3.3.8. W NV is a normal measure in V of Mitchell order 0. Indeed, by corollay[3.2.7,
WV eV. Clearly WNV is normal in V. Finally, note that A ¢ W NV, namely k ¢ jw (A).
Otherwise, k was measurable in M, and thus singular in M [H] C V' [G]. But k is regular in V [G],

a contradiction.

Let us assume, by induction, that for every measurable p < &, the normal measures on p in
VP have the form U* for some normal measure U on x in V. From the previous remark, we can

assume also that every such U* concentrates on non-measurables of V' below .

Definition 3.3.9. Let W € V [G] be a normal measure on k. We now define a normal measure

W*eV[G) onk. Ifd"A ¢ W, take W* =W. Assume otherwise. For every § < k, the set d~1{5}
is finite (see the proof of lemma . Define a set A* C A,

A*={¢e A: ¢ =maxd {d(&)}}
A* is an unbounded subset of A, on which d is injective. Let—

W*={XCk:d"(XNA*) e W}
W* is a non-trivial, k-complete ultrafilter on k.

Let us review some of the properties of W* in the case where d”A € W. Clearly A, A* € W*. d
is a Rudin-Keisler projection of W* onto W, and is injective on A* € W*. Therefore W =g W*,
and in particular jw = jw-, namely W, W* have the same ultrapower embedding from V [G] to
M [H]. In M [H], & = [d]y,. = jw+(d) ([Id]y,.), namely & is the first element in the Prikry sequence
of [Id]y,.. Finally, A* € W*, and thus-

[Id] . = max jy«(d) " {x}
so # does not appear as first element in the Prikry sequence of any measurable above [Id],..

Lemma 3.3.10. W*NV €V is a normal measure on k in V.

Proof. By corollary W*NV eV. Ifd"A ¢ W, then W* = W is normal, and so is W*NV.
Let us assume that d’A € W. Assume that f € V and {£ < k: f(§) < £} € W*NV. Denote this
set by A and assume that A C A (else, intersect).

75



For every p € Py, there exists a direct extension p* >* p and a finite subset b C & such that, for
every £ € A\ b,
P* Ik AL CEN(FO +1) and £ =)
thus, there exists such b C x and p* € G. Then p* forces that for every £ € A\ b, () < d(&). But
A€ W*, and thus A\ b € W*, so, in M [H], [fly. < [d]y. = d([{d]y,.) = k. Therefore, there
exists 8 < k such that—

{E<r: f(=pFeW"

but this set belongs to V (since f € V'), and thus—

{E<r: f)=peWwW nV
as desired. O

Remark 3.3.11. Given a normal measure on k, W € V [G], we abuse the notation and denote by
d the function jw(d): jw(A) — k. Similarly, given a normal measure U € V on k, we use d to

denote the ju(P)-name ju (d).

Lemma 3.3.12. Let p € G be a condition. Then (jW(p))_[Id]W* € H. In particular, if "N ¢ W,
Then jw(p)~™" € H.

Proof. jw(p) € H since p € G. In order to prove that (jw (p))_[Id]W*

€ H, it suffices to prove that
ordinals < [Id]y;,. do not appear in Prikry sequences of measurables above [Id],. in M [H].

Clearly, for every pu > [Id]y,., d(p) > k. Otherwise, there exist o < x and A € W* such that
for every £ € A, there is some p(¢) > ¢ with d(u(€)) = a. In particular, d~'{a} is infinite, a
contradiction.

Let us argue now that for every p > [Id]y,., d(p) > k. If d"A ¢ W this is clear, since x does
not belong to the image of d in M [H]. Thus, let us take care of the case where d”A € W. In this
case, recall that in M [H], [Id]};,. = maxd~'{x}. Thus, for every pu > [Id]y;., d(i) # .

Finally, let us argue that for every p > [Id] .., d(p) > [Id]y;, .. It suffices to prove that for every
such p, d(p) € (k, [Id]y,.]. If d”A ¢ W this is clear, since in this case W* = W and [Id],;,. = k.
Let us assume that d’A € W. We claim that in V [G], there exists a finite set b C & such that for

every measurable p > sup(b),

dip) ¢ |J d©),¢

EeEANp
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We prove this by a density argument. Fix a condition p € P,. Let b C k be the set of coordinates
such that for every p > sup(b), p [,k p(n) >* 0. We extend p to p* >* p such that, for every

measurable g > sup(b),

P hEdw) ¢ | (d©).¢

EeEAND

this is possible since, by the induction hypothesis, the weakest condition in P, forces that—

U .4

EeANp
does not belong to any normal measure in V+. Pick such p* € G. Then in V [G], for every
pu > sup(b),
dw ¢ | ()¢

£eANu
This is true for every u € A\ sup(b) € W*. Thus, in M [H], for every pu > [Id]y,., d(pn) ¢
(s [Ty ). u

Proof of Theorem[3.1.1] Let W € V [G] be a normal measure on k. Let U = W*NV. Let
k: My — M be the embedding which satisfies, for every f € V,

It’s not hard to verify that k is elementary and jw [v= jw+ [v= k o juy. Moreover, crit (k) > &
if and only if d”A ¢ W: Indeed, if d’A ¢ W then W* = W is normal and thus k (k) = &, and if
d"A € W then k = [d]y,. < [Id]y,. =k ([Id];) =k (k).
Let us argue now that W = U*.

Assume first that d”A ¢ W. Then Definition W* = W, and by Remark U has
Mitchell order 0. We argue that W = U* = U*. It suffices to prove that U* C W. Let X € U*,
and assume that X € V is a P,-name such that (X), = X. Then for some p € G,

(u(p) ™" IF & € ju (X)

By applying k: My — M,

(w ()" Ik & € jw (X)
where we used that fact that k (k) = k. Since p € G and d"A ¢ W, (jw(p))” " € H, and thus, in
M [H], k € jw (X), as desired.
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Assume now that d”A € W. Then A € W* and thus o (U) > 0. In this case, k (k) = [Id]y,. > k.
Let us prove that W = U*. Since both are ultrafilters in V' [G], it suffices to prove that U* C W.
Assume that X € U*, and let X € V be such that (X), = X. Let p € G be a condition such that—

(v @)™ & € ju (471X)
By applying k: My — M,
Gw ()™ 1 @ (Td]y.) € Gw (X)
but (jW(p))_[Id]W* € H by lemma and thus, in M [H],
k=d([d]y.) € (w (X)) g = jw (X)

so X € W, as desired.

Finally, assume that U # U’ are normal measures in V. If both have Mitchell order 0, then U* #
U™ and thus U* # U'”. If exactly one of them, say U, has Mitchell order 0, then d”A € U™\ U*.
Thus, let us consider the case where both have Mitchell order higher than 0. Let A € U, B € U’ be
disjoint sets. In V [G], let A* = ANA* € U*, B* = BNA* ¢ U'". Then d"A* ¢ U*, d"B* c U'",
and d”’A* Nd"B* = () since d is injective on A*. Thus U* # U’'*. O

The embedding k: My — M from the above proof will be used in the next sections to analyze

the structure of jy [v. For now, let us note that crit(k) = x if and only if d"A ¢ W.

3.4 The Structure of jy [y

Given a normal measure W € V [G] on &, let jw: V [G] — M [H] be the ultrapower embedding,
and let U € V be a normal measure on & such that W = U*. Our main goal in this section will be
to factor jw [v to an iterated ultrapower of V.

We divide this section to several subsections. In the first subsection, we isolate a natural number
m < w and a sequence UY < U! <1... < U™ = U of measures on & in V. In the second subsection,
we describe in detail the structure of jy [v and sketch the main steps in the proof. We will also
demonstrate the structure of jy [y in several simple cases. In the third subsection, we develop a
generalization of the Fusion lemma. This generalization will be applied in the fourth subsection,

where we complete the proof of theorem provide a sufficient condition for the definability of
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jw v in V, and describe the Prikry sequences added by H for measurables of M above k. For
instance, we will prove that each measure U7, for 0 < j < m, is iterated in jy |y w-many times,
producing Prikry sequences for one of the measurables in the finite set d=1{x}

The value of m < w and the exact measures participating in the sequence U° < U < ... <
U™ = U depend on W and on the measures in the sequence (W¢: { € A) € V [G], namely the
measures used in G to singularize the measurables of A. For every £ € A, denote by Us € V the
measure on ¢ such that We = Ug. By induction, for every £ € A there exists a natural number mg
and a sequence Ug <... < UgnFI < U;ﬂﬁ = U¢ of normal measures on £ in V. The identity of the
measures <U£i: € € A, j < mg) determines the measures participating in the iteration of jw [v,

and whether or not this iteration is definable in V.

3.4.1 The System U’ < U! «... <« U™ Associated with W

Denote m = m(W) = |d~'{x}| as computed in M [H]. Namely, m(W) < w is the number of
occurrences of kK as a first element in Prikry sequences added to measurables in M. Possibly

m(W) = 0, in the case where d’A ¢ W. Define, for every i > 1, the set A; C A:
Aj={geA: gnd Hd(©)} =i-1} =
{¢€ € A: ¢ is the i-th element in d~'{d(¢)}}

For i = 0, let Ag = k\ A, the set of non-measurables below k. We state some straightforward

properties:
Claim 3.4.1.
1. {€ < k: & appears as first element in m Prikry sequences below k} € W.

2. For all but finitely many & € A, if m(We¢) =i —1 for some 1 < i < w, then & is the i-th
element in d=1{d(¢)}.

3. d'"A1D2d"Ay D ... 2d"A, D ... (n<w).
4. m is the mazimal index such that d"A,, € W.

Note that d is injective on each of the sets A;. Let us define, for every 1 < i < m, a measure
W' as follows:

W' ={X Cr:d"(XNA;)eW}
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In particular, W™ is the measure W* defined in the previous section. Since d is injective on each
set A;,
w =RK Wl =RK W2 =RK --+- =RK wm=w*

For every 1 <i# j <m,let m;;: Ay — A; be the function which maps each £ € A; to the j-th
element in d=1(d (£)) (which typically exists. if not, set m; ;(£) = 0). Then ; j, which projects W*

onto W/, is injective on the set—
{¢en;: |[d(d©)=m}ew’

Finally, denote, for every 1 < i < m, U’ = W'NV € V, and note that U = U™.
For sake of completeness, let us denote W9 = W and U° = WNV. By remark U° concentrates
on Ag = r \ A. We begin by studying the properties of U°.

Lemma 3.4.2. U < U is a normal measure of Mitchell order 0 in V. U° = U if and only
if U already has Mitchell order O in V. Finally, if U has Mitchell order above 0 in V, then
U={ACkr:rek(A)}NMy.

We will need the following claim:
Claim 3.4.3. Let U € V be a measure on k. Then My [G] and V [G] have the same subsets of k.

Proof. First let us assume that U concentrates on non-measurables. We will then adjust the proof
to the other case. Assume that A € V is a P-name for a subset of x. For every non-measurable
o < K, let e(@) be the <*-dense open subset of P\ o which decides the value of A N« over V7o,

By lemma there exists p € G such that for every non-measurable a < &,
plalk (p\ @)™ € ea)
For every such a, let éa € Vi be a P,-name such that—
plaFp\alFAna= A,

The sequence (A, : « < k) belongs to My. Thus, A = (4), € My [G], since-

A= U (4o)c.,

a<k
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We now adjust the proof for the case where A € U. We apply Fusion as before. For every
a €A, let—
e(a) ={re P\a:IBCa,rlFANd(a) =BNd(a)}

Before proving that e(«) is indeed <*-dense open, let us argue that this suffices. By Fusion, there

exists p € G, and, for every a € A, a P,-name B, for a subset of «, such that for each such «,

~

plal- (p\ @)™ I AN d(a) = Ba d(0)

By closure under r-sequences, the sequence (B, : o € A) belongs to M. Therefore, in My [G], A

can be constructed as follows:

A= J (Ba)g, Nd(e))

acA
Let us prove now that e(a) is <*-dense open. Pick r € P\a. For every v € A7, let X, € W, = U5,
B, Cvand s, >*r\ (v+ 1) be such that—

(tn (W), X)) sulFANv =08,

This can be done since the direct extension order of P\ « is more than v-closed. Now let B =
[v = Byl . Pick X € W, such that for every v € X, BNv = B,.

Now direct extend r as follows: shrink A7, such that it is contained in X N (A, <X, ). Then,
direct extend 7\ (o + 1) to be sg(4). Let 7* >* r be the condition obtained this way. Then r* € e()
and this is witnessed by the set B C a. O

Proof of Lemma[3.4.2. 1f U has Mitchell order 0 in V, then W = U* = U* and thus U* = WNV =
U. Let us assume that U has Mitchell order higher than 0, namely A € U.

We provide a definition of U°? which is different from the definition U = W NV as in the
statement of the lemma. From the definition we provide, it will be simple to see that U° € Mj.
After that, we will prove that indeed U° = W N V.

In V [G], define for every a € A, U = Wo NV € V. In V, let U° = ju ((U3: a € A)) (k).
This is a jy(P) [x= P-name for a normal measure of Mitchell order 0 which belongs to M. Let
U’ = (UO) € My. Then U° € V is a normal measure on x of Mitchell order 0. Since U° <« U, it
suffices to prove that U° = W N V. Assume that A € U° holds, and consider this as a statement in
My [G]. For some p € G,

plkAcju ((U%: e A)) (x)
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Let o — A(a) be a function in V which represents A in My. Then we can assume that for every
a €A,
p lal- A(a) € Ug C U

By lemma there exists p* >* p such that, for all but finitely a € A,

()" I d(a) € A(a)
where d(«) is the first element in the Prikry sequence of . Thus,
(o)™ I & € ju (47" (4))
and thus d=! (A4) € U* in V [G]. Therefore,
d"(dTA) e U =W

so A € W, as desired.

Finally, let us assume that A € U and argue that U® = {A C k: k € k(A)} N M. Since both
are ultrafilters in My, it suffices to prove that U° C {A C k: k€ k(A)} N My.

Let A € U be a set, and assume that £ — A(€) is a function in V such that [£ — A (¢)],; = A.
Assume that p € G forces that A € go' We can assume that for every & < k, p [¢lF A(€) € U?,
and in particular, p [¢l- A (§) € U

Given any extension g > p in P,, there exists p* >* p and a finite subset b C k such that, for
every £ € A\ b,

P el AV C A(€) and £ = ()

and thus, there exists such p* € G. Since A\ b € W* and jw~(p) € H, it follows that, in M [H],
p = d((1d)yy.) € [€ Aclyy. = K (A)
as desired. O

Lemma 3.4.4. For every 1 <i < m, U’ is normal and has Mitchell order higher than 0. Further-
more,

UP=0U«qU'<«U%?<«...«U™=U
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Proof. The proof that each U’ is normal is identical to and essentially follows from the fact
that d projects each W onto W.

For i > 1, each U* has Mitchell order above 0: otherwise, x\ A € U C W¢, and this contradicts
the fact that A; € W' is disjoint from  \ A.

Let us prove that for every 1 < i < m, U < U'*'. Work in V' [G]. For every £ < &, let Ug be
the normal measure used at stage € in the iteration. We define an ultrafilter Ug: if Ug concentrates
ond’ (A;NE), set QZ‘ to be the ultrafilter which concentrates on A; N ¢ and is projected via d onto
Ug. Else, set Ug =U;.

Let (" € V' be the sequence of names for the measures U; defined above. Consider in M+

the P,-name jrrit1 (U?) (k), and let—
F= (jUi+1 (%l) (K))G N Myi+1 € Myita

F is a normal measure on x which belongs to My i+1. Thus, it suffices to prove that F = U".

Pick X € F. Let p € G be a condition such that p - X € jyit (%l) (), namely—
{eDipld-XNnEeUi} eU™t

we would like to argue that Ug in the above equation is the measure which concentrates on A; and

is projected via d onto Ug. This requires to have—
{eeiplehd'(Aing) e UL} e U™

Let us argue that p can be extended inside G such that this holds. Work over M i+1, and extend
p in G such that—

Pl A € s (UX) ()
It’s enough to argue that p decides the above statement in a positive way. Assume otherwise. Then—
{e<mipldrAing ¢ Uy eUH cwitt

For every ¢ in the above set (but finitely many), d(£) ¢ d”A;. In particular, Wil concentrates on
such ¢&-s, and thus in M [H], k ¢ d”A;, which is a contradiction.

Thus we can assume that p € G and—
{eeAipld-d"(XNANE eU Y eU™
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Therefore,

{EeA:plrdé) ed (XNA;NE} e UT!

and thus, in V' [G],
{€eA:d(é)ed (XNAy)} e Witt

SO—

d'{€eA:d&)ed (XNA)eW

sod” (X NA;) €W, and in particular, X € Wi So X e Ul = WinNV.

Finally, let us argue that U <t U'. Consider in My the name ji1 (U*) (k), and let F' € Mn
be its value with respect to the generic G. It suffices to prove that F = U°. given X € F, there
exists p € G such that—

{¢eA:iplhXnEeUsyeU!

In V [G],
{ecA:dé)eXyeW!

Recall that W' =gx W, and thus in M [H],
d([Id]y) € jwr (X) = jw (X) = k (ju (X))

where k: My — M is the embedding which satisfies k ([f];;) = [f]y-- Recall that crit(k) = x, and
thus s € k (kN jy (X)) = k(X). In particular, X € U°. O

Remark 3.4.5. Denote (', ..., pu5™) = d " {x} = (Id]y. ..., [Id]y.). Then for every 1 <i <
m—1, U = {X Ck: pus’ € k(X)}. Indeed, assume that X C k and pi' € k(X) =k (ju(X)Nk) =
Jw+(X)N[Id]y.. Since W* and W* are Rudin-Keisler equivalent and pi' = [Id)yy., it follows that
X € Wi, Therefore X € U°.

In My, we can derive a measure on [k]" using k as follows:
Eo={X Ca™: (my g g™ ) € k(X))

Corollary 3.4.6. & € My is the product measure U x ... x U™ on [k]™, namely, for every

X C[k]™, X € & of and only if-
{vo<k:{vi<k: .dvmo1 <k: (Wo,....,Um_1) EX U™ . . Y eUY}eU®
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Proof. Tt suffices to prove that for each X C [k]™, X € U° x ... x U™~ ! implies that X € &.

Indeed, given X in the product measure, there are sets Xg € U°,..., X,,—1 € U™ ! such that—
(Xox...x X)) N[ CX

By Remark it follows that—
(st . u™ € k(Xo) X ... x k(X 1) C k(X)
as desired. 0

Ult (My, &) is isomorphic to the finite iterated ultrapower of V, with decreasing order, with
Ul<Ul<a...qU™tqU™.
3.4.2 Description of the Iteration

Assume that W € V [G] is a normal measure on k. Let U € V be a normal measure such that
W = U*. Denote k* = jw (k) (we will later prove that k* = jy(k)). Let jw: V[G] — M [H] be
the ultrapower embedding. We work by induction on o < k* and define an iterated ultrapower

(My: a < k*). We define as well, for every a < %,
1. Elementary embeddings j,: V — M, and k,: M, — M, such that jy [v=kq © ju-
2. The ordinal p, = crit (ky), which will turn out to be measurable in M,.
3. A natural number 1 < m, < w, and a sequence of normal measures on i,

0 Ma—1
U0 a...aum

each of them belong to M,,. We also denote by &, be the measure on [,]"* defined by taking

product of the above measures, namely, a set X C [u,]"™* belongs to &, if and only if-
{Vme_y < ta:{-- - {vo<pa: Vo, .., Vm,—1 € X)} € U;’;‘**l L reul
Possibly m, = 1 and then &, = USQ.

Let us demonstrate the first two steps in ji [v. Recall the system W NV =U° U «... <
U™ = U. First, let My = Ult (V,U) = Ult (V,U™). Let ko: My — M be the embedding which

satisfies, for every f € V|



ko is elementary since U C W*; furthermore, o = crit (ko) = . Assuming that m = |jw (d) ' {x}| >
1, it turns out that my = m and U’{O = U7 for every j < m — 1. Thus, & is the product measure
U®x...x U™ ! (as defined in the previous subsection). We will then define M; = Ult (My, &). If
m = 0, po = crit (ko) is the first measurable above k in My, mp =1 and & = USO.

The iteration (M, : a < k*) is continuous, namely, for every limit o < k*, M, is the direct limit
of (Mg: B < a). At successor steps, Myy1 = Ult (My, Eq).

For simplicity, we denote the sequence [Id]. by [Id],. Arguing by induction, every element in

M, has the form—

Ja (f) (Jlo/ () s Jao+1,a ([Id}ao) s Joktla ([Id]ak)) (3.1)

for some f € V and ag < ... < ai < a.

Remark 3.4.7. M, = Ult(M,,&,) can be viewed as iteration of length m, of M,, in the
following sense: denote—

Mt = Ult (Mo, U>"1)
M2 = Ult (M), U}l ~?)

etc., up to—

M = Ult (M}, U))
and take My = Mao. Denote—

ma—1

po = Jue, (a), Ha =juz, (o), - p= " = jyma-z (1ta)

Then each element in My+1 has the form—

ja,a+1(f) (/’LDM/“’L})H ce 7/‘Lga—1)

for some f € V, and can be identified with [f]e_ . In particular, if Id: [x

]

— V is the identity
function, then—

Idg = (fias sty pm="")

Before we proceed, we would like to present several examples in the case where the Mitchell
order is linear in V.
Example 1: Assume that the Mitchell order on each measurable is linear in V. For every a € A,

let Uq,0 be the unique measure on o of order 0. Let P = P, be the Magidor iteration, where, for
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each a € A, the measure U o = U(;O is taken to be W,. In V' [G], consider W = U}, = UHX)O. In
this case, d"A ¢ W, m(W) = 0 and jw |y is an iterated ultrapower of V, starting with Uy o. After
this step « is no longer measurable. Let o < k* = jy, ,(k). In My, po is the least measurable
> sup{ug: B < a} with cofinality above s in V, and M,4; = Ult (Ma, U%‘jo) is the ultrapower
with the unique measure of order 0 on u, in M,.

Example 2: Assume the same settings as in the previous example, but now W = U* for
arbitrary U of order higher than 0 (below s we still assume that measures of order 0 are used). We
argue that now, m = m(W) = 1. First, since o(U) > 0, d"A € W, and thus d"'{x} # 0 in M [H].
So m > 1. In order to prove that m = 1, it suffices to prove that the following property holds in
V [G]: There exists a finite subset b C & such that d is an injection on A \ b. Furthermore, other
then finitely many, all the Prikry sequences G adds to measurables in A are pairwise disjoint. Let
us provide the proof. For every a € A, let C,, C a be the Prikry sequence added to a in V [G].

Then, for every o € A,
U Cﬂ ¢ U;,o - U§,0 (3-2)

B<a
since otherwise there exists p € G, such that (jy, ,(p)) " IFa € Uﬂq%,o(a) Cp; but (ju.o®)
forces that « cannot belong to Prikry sequences of measurables above «, a contradiction.

Now we can apply equation [3.2]in a density argument: Every condition p can be direct extended to
p* >* p by removing from each set A%, € W, (where a € A) the set UB<a Cp. Then p* forces that
the Prikry sequences added to measurables of A, aside from finitely many, are pairwise disjoint.
Thus m = 1, and the system U® <t U! consists of U, o = U® < U! = U. The first step in jw [v
is Ult (V,U), and U, ¢ is applied w-many times to produce a Prikry sequence of critical points to
[Id)}y1, which is the only element in d~*{x}. For every o < *, My41 = Ult (Ma, U%‘jo) as in the
previous example. The main difference is that the length of the iteration, k* = jw (k) = ju(k) is
strictly higher than jy,_,(x).

Example 3: Assume again linearity of the Mitchell order, but now fix in advance m < w, and
assume as well that o(k) = m+ 1, namely, the normal measures on & are U, 0 < Ux1 < ... < Uy m.-
We define the iteration P = P, such that for every a € A, the measure W, is chosen as follows:
If o(a) = 1 + 1 for some I < m, use the measure W, = Uy ;. In V[G], let W = U

K,m"

that m(W) = m. We work by induction: If m = 0, then d”A ¢ W and thus m(W) = 0. Assume

We argue

that m > 1. W* = U}, concentrates on measurables o € A such that W, = U and for each

a,m—1
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such o, m (Wq) = m — 1. So W* = Uy, concentrates on measurables a € A such that « is the
m-th element in d~*{d(a)}, and thus m(W) = m. By linearity of the Mitchell order, the system
U%<...< U™ is exactly the sequence Uy o << U1 < ... Q Uy . d"H{r} = {[Id]yy1, ..., [Ld])yym}
contains exactly m elements, and each [Id],; (where 1 < i < m) has Prikry sequence in M [H]

which is generated by iterating the measure U ;—1 w-many times.

We would like to define the embedding k. : M, — M. We do this assuming that embeddings
kg: Mz — M have been defined for every 8 < . We also assume by induction that for each such
B < a, a sequence [ij = (,u}go,...,u;mﬁ_1> has been defined. We then define ky: M, — M as

follows:

ko (Ja(f) (Jo.a (K) Jagsra (Hdloy) s - dantra ([Tdly, ) = dw () (Tdly. s fiags - - )

forevery feVand 1 <qp<...< ag.

We will prove by induction on o < k* that the following properties hold:
(A) ko: M, — M is elementary.

(B) Denote pq = crit (k). Then p, is measurable in M,. Moreover, p, is the least measurable

p € M, which is greater or equal to sup{ug: 8 < a} and satisfies (cf (W) > k.

(C) Let u¥ = ko (o). Then p, appears as an element in the Prikry sequence of k,, (1) in H.
We will denote by ¢, the initial segment of the Prikry sequence of k, (i) below uq, and by
ng the length of t,.

(D) Let {uz!,...,uzm==1} be the increasing enumeration of d=! (u,) below uf, and denote as
well 41* = pg, pf, = pme (possibly m, = 1 and then pu, does not appear as first element in
Prikry sequences of measurables below u¥). For every 0 < j < m,, there exists a measure

Ul{a € M,, on pi,, which satisfies—

o (UL,) = dw (€ UZ) (ka (11a)

Moreover,

0 1 Me—1
U, U, <...<U"
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(E) The measure &, which corresponds to USQ < U;a ... Uﬁa_l is derived from k,: M, —

M in the following sense:
Ea ={X C [pal™: <,UZO»,U2¢1, .. ,u?;m“*l> € ko (X)} N M,

The proof of the above properties goes by induction on «. For a = 0, kog: My = My — M
is the embedding which maps each [f]; to [f]},.; it has critical point pog = . In M [H], po
appears as a first element in the Prikry sequence of ko(uo) = [Id]yy., and of m — 1 measur-
ables po*' = [Idlyr,..., ™™ ' = [Id]yym-1. The measure & € M, derived from ko using
(Hos f10*Y, - -, po*™ 1) is indeed the product of U° <1 ... < U™ ! by remark [3.4.5]

We proceed and prove the properties for arbitrary 0 < a < k*.
Lemma 3.4.8. k,: M, — M is elementary, and jw [v=kq © ja-

Proof. For oo = 0, we already argued that kq: My — M in elementary.
For simplicity, we will prove that for every z,y € M,, M, E z € y if and only if M F k,(x) €

ka(y)-
Let us focus on the case where a = o’ + 1 is successor, as the limit case is simpler. There are

functions f,g € V and ag < ... < ag < o’ such that—
Tr = ]a(f) (jO,oz(K)ajoco—i-l,oz ([Id]ao) PR 7jozk+1,o¢ ([Id]ak> 7ja'+1,oc ([Id]a/))

Yy= ja(g) (jO,a(ﬂ),jaoJrl,a ([Id}ag) PR ajak+1,a ([Id]ak) 7ja’+1,a ([Id]a/))

We assumed that M, = Ult (M, o) F © € y, namely,
Ult (Mo, Eq) E [1d],, € Jor,a (X)
where X is the set—
(€ Jar (D) (o (W) dagrrcr (Hdly,) o sdarsrar ([1d],,) 1) €
jor (9) (do (9):dagtriar () oo (1d],) €) }
In particular, X € &,/, and thus [}, € ko (X). Since jw [v= ko’ © jor, it follows that—
g (F) (Ul s o g ) € g (9) (Ul s sy i)
namely kq(x) € ko (y). O

We will present the proof of properties (B)-(E) is the next subsections.
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3.4.3 Multivariable Fusion

Assume from now on that o > 0 is fixed, and we are at stage « in the inductive proof of properties
(A)-(E). In this subsection we develop a generalization of lemma (the Fusion lemma).

Since @ > 0, we may assume in equation that g = 0. This will simplify some of the
arguments below. We can also denote 5(; =U%x...x U™ 1 x U™ (including U™, unlike &) and

[Id];) = [Id],” jo,1 (k) so that every element in M, has the form-

jo () (e (o) sdorsra (Tdla,) s danira (7dl,,) (3.3)
forsome feVand0=ayg<a; <...<a, < a.

Definition 3.4.9. Let p € P; be a condition and m > 1. We define, by induction, when an
increasing sequence (£,&,...,€™) below k is admissible for p. In case it is, we also define an
extension p~ (&, &, ..., €M) > p.

Intuitively, (£,&1,...,6™) is admissible for p if p can be extended (in a specific way, described below)
to a condition p~ (&, €Y, ... €M) which forces that d=1{¢} = {&t, ... &m}.

We provide the definition under the assumption p >* 0. Else, consider only sequences (£,&1, ..., &™)
such that £ is an upper bound of the finite set of the coordinates 8 < k in which p(8) non-directly

extends O, -

1. (€,&") is admissible for p if (p [51)_5 I-& € A7, In this case, we define—
P = (1)) (€. AL TP\ (€ + 1)

2. Assume that 1 < i < m —1 and (£,€',...,&%) is admissible for p. Assume also that q =
p (&, &, &) has been defined. Then (£, &,...,&, &) is admissible for p if g5 gk
¢ e é’giﬂ. In this case, we define—

pﬂ<§a§1, o ,§i7£i+1> — (q*Ez‘ [§i+1)/\ <<§V>’ é§i+1>/\p\ (£i+1 + 1)
In the case where i = m — 1, we make a minor change in the above definition and set—

PEEN €M) = (5 Tem) ™ (€, AZ) T (P\ (€™ +1)7

(namely, remove ™ + 1 from large sets in places above £™ ).

90



In other words, if E: (€,&1, ..., €™) is admissible for p, then we set—

—~

(1) (AL (0 leren) © (), ALY .7
T, AR 0\ € 1))

P =

(P I(gm—1.6m))

In V [G], denote, for every ¢ € d”A with [d=1{&}| = m, d={&} = (i (©), ..., ui™()) = fi5(©).
Then in M [H], the sequence [§ — fi§(&)]yy, is—

<I€,M31, s 7M(*)m_17/i3m> = <[Id]W ) [Id]Wl ety [Id]W"’—l ) [Id]WT">

Theorem 3.4.10. Let p € P,,. For every increasing Ez (€&, ... €M), lete (5) be a P¢-name for
a subset of P\ & which is <*-dense open above conditions which force that d=—1{&} = (¢1,...,&™).
Then there exists p* >* p and a set X € U x Ul x ... x U™ such that for every increasing

(€,€1,...,6™) € X which is admissible for p*,

p* rE”_p*A<£7£1a7£m> \E € 6(57517"',57%)

m

Furthermore, if p* as above is chosen in G, then U° x U' x ... x U™ concentrates on the set of

admissible sequences for p*, and-

{€ <k & ugH(€), -, ug™ () s admissible for p*, p* ™ (&, g (€),- . g™ (€)) € G
and p* [elep™ (€ 15 (€), - g™ () \E € e (& 157 (&), g™ (€))} €W

Proof. Assume for simplicity that p >* 0. Else, just work with values of £ above some ordinal u for
which p\ u >* 0.

Let us first sketch the main steps of the proof. We will first define, for every sequence { =
(€,€1,...,€™), a condition p (5) =p (&€ ..., €™) =" p. We define it such that for every 1 <i <
m, if (£,€1, ..., &%) is admissible for p (5),

p(8) e 8 enll € € A2

This can be done in a trivial way, by taking a direct extension which removes & from the measure
one sets at the relevant coordinate; we will avoid such trivialities by shrinking the measure one sets

only above £ + 1 (namely, instead of shrinking a large set A to a set B, shrink it to (AN (£ +1))U
(B\ (£ +1))).

91



Once p ({) is defined, we define a condition r (5) € P\ & If the sequence E is admissible for
P (5), we take 7 ({) >* (p ({)A <5>) \ &, with r (5) €e (5) Else, take r (5) =p (5) \ €.

The second step will be to define, for every initial segment (£,&1, ... &%) of (£,&1,...,6m), a
condition r (£,&',...,&Y) € P\ &, such that the family (r (£,&%,...,£%) : i < m) is coherent in the
following sense: There exists a set X € U? x U! x ... x U™ such that, for every EE X and for
every 1 <i<j<m,

r (&€, 8) len=7 (6., 8) Jen
The set X obtained in this step will be the set X from the formulation of the lemma. Since X

belongs to the product measure, we can fix sets Xg € U°, ..., X,,, € U™ such that—
(Xox X1 x...x X, )N[k™CX

The third step will be to plug together all the conditions r (5751, e ,fi), 1 < m. We will do

this step by step, by constructing a sequence of direct extensions of the original condition p,

p<rpl<rpt <t <™

where each p’ has the following property: For every increasing sequence (£, €%, ..., &%) € Xgx...xX;

which is admissible for p?,

() (€€ ) (e e, 6)

Eventually, the condition p* = p™ will be as required in the formulation of the theorem.

The fourth and final step will be the proof of the "furthermore” part in the formulation of the
theorem.

Step 1: Construction of p (5) € P and r (5) € P\ & Fix a sequence 5 = (£,& ... 6m).
We construct p (E) >* p. Work in the forcing P [[¢m-1 ¢m), above a generic extension for P [¢m-1

which contains p [¢m-1. We choose p (E) [[gm=1,em)>" P [[gm-1 ¢m) such that:

A9~ (e D) U B )

and-—
P (E) r(gnzfl,gnz): T
where B € Wem-1 and 7 € P [(gm-1 ¢my are chosen such that ((£), B)"r || € € AL, (in the forcing

P r[gmfl’gm))
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Now work in P [[¢m-2 ¢m-1). We choose p (5) [[gm—2,em-1)>" D [[gm—2 ¢m-1) In a similar manner:

A9, — (e D) U B ()

and-—
p (5) [(gm-1gmy=7

where B € Wem—2 and 7 € P [(gm-2 ¢m-1y are chosen such that ((£), B)"r || € égm,l, and also
decide in which way p (E) [[gm—1,¢m) decides the statement § € AL

Continue in this fashion, direct extending p in the intervals [fi, 5”1), shrinking ép ; only above
£+1, and deciding how p [jgi+1 )" (€, €, €7) decides the statement £ € élgw for every j > i+1;
By our construction, it actually decides the statement & € égj(g), since the large sets were shrinked
only above £ + 1.

This produces the desired condition p (5) >* p. Now we define the conditions r (5) € P\¢ as
above.

Step 2: Construction of the conditions r (f, £, ,fj) € P\ ¢ for every j < m. Given j <m
and (&,&%,...,&7), let—

T(§7£17"'7€j) = |:<§j+17"'7£m> HT(5)517"'7§ja§j+1a"'a€m) rngrl]UjJrleXUm

Fix such j and (£, &1, ..., &7). Since all the measures U¥, k < j, are normal measures on x, there are
sets Xj+1 (&,&,....¢0) e UItt, X (&¢Y,...,87) € U™ such that for every increasing sequence
(€, emy € XD (6,6, €0) x . x XY, (6,61, 6),

r (57517 e 7§j) fg.7‘+1: r (67517 v 7§m) f§j+1

Define, for every k < m,

X = ﬂ < A X (5,5%...,@)) e U*

ik \(E£0,...67)

Namely, ¢¥ € X if and only if, for every j < k and increasing sequence (&,¢',...,&7) below ¢F,
FexjEd, ... ¢).
Then X, € U°,...,X,, € U™ satisfy that for every j < m, and for every increasing sequence

<£’§1"”7§m> € (XO X )(Xm)ﬂ[l-{]m7
@ em e X, (&8 ) xox XD, (668, €)
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and thus—
r(§7€17"'7€j) r§j+1:r(£agla"'a§m) rgﬁl

as desired.

Step 3: Construction of the sequence p <* p® <* ... <* p™.

We first construct p° >* p. Recall that for every & € Xg, a condition 7(¢) € P\ ¢ is defined such
that r(£) >* p\ & By the Fusion lemma we can choose p® >* p such that for every & € X,

PP Tel- p° \ € > q(§).
Assume that i < m and p® has been constructed such that, for every (£, £1,... &%) € Xgx...xX;

which is admissible to it,

i i i —¢ i
Pl () (660 €0\E) T = (&eh .8
We now construct p*™! >* pi. We will define, for every ¢! € X; 1, a direct extension ¢ (¢7!) >*
p\ &L pit >* pi will be generated from the conditions (g (¢!) : €' € X, 1) using the Fusion
lemma Fix ¢! € X, ;1 and work in the quotient forcing P\ £F1. For every ¢ € Algzﬂ N Xo,
we define a direct extension—
((€), Be) "se >* ((€), ALuan \ (€ + 1)) 70"\ (€71 + 1)
such that, if—
1. The increasing enumeration of d=1{&} N &L is a sequence (€1,..., &%) of length i;
2. <§1,...,§i> € Xy X...x X;;
3.7 (&,€h, ..., €, &) Jeisr belongs to the generic extension up to coordinate £7+1;

then ((€), Be) " se > 7 (&, &Y, ..., €, )\ €L Such Be,r¢ can be chosen since 7 (¢,&%, ..., &)\
€71 is an extension of p \ €1 which is obtained by direct extending after appending & to t’giﬂ (if

possible). Finally, take—

q<£i+1) — <<>7é§i+1 n ( AN B§>>A5d(§i+1)
f<gitt
This concludes the construction of p*1. Let us show that for every (£,&1,..., &) € X x...x

X;+1 which is admissible for pi*?,

P ()T (6 e\ )T S (el et
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Pick such a sequence (£, &Y, ... €0 €. By induction, since pitt >* pi and (€,&1,...,¢Y) €
Xo X ... x X; is admissible for pi*t!,
i i1y i —¢ i i i
p+1 f&”‘ ((p+1) <£v£17"',§> f[5751+1)) 27’(5,51,...,5) r£i+1:r(£a£13"'7£7£+1) f5i+1
Now, work in a generic extension Ggi+1 C Pei+1 which contains (p™) ™ (£,¢%, ..., &) [gvr. By
. . L _gitt . .
fusion, p"*! [¢i+1 forces that (p™**\ &) €7 extends q (§"T1). By the above formula, 7 (&, &,..., &) g€
Ggi+1. Thus, by the choice of ¢ (£7F1),

i+1

it ~ i i B i i
(40, 4™ e+ TP (€ 1)) T 2 (6€h )\ 61
This is true for every generic Ggir1 which contains (p'™1) ™ (£,&1, ..., &) g, so-

_gitl

P Tl (7)) (€€ 6T\ ) > (€.,

as desired.
Step 4: The "furthermore” part in the formulation of the theorem. Denote p* = p™ and assume

that p* € G. p* satisfies that for every increasing sequence (£,¢1,..., ™) € Xo x ... x X,,, and for

(@)

every 1 <1 < m,

Eear (3.4)

Let us argue that—
{€ < k1 ({i5(€)) is admissible for p*} € W

Take X € W such that X C XoNd"X;N...Nd"X,,. For every £ € X, i(§) € Xo x X1 X ... %
X,,. Then X can be shrinked to a set in W for which the decisions in equation are positive
when substituting € = ji5(¢): Indeed, otherwise, in M [H], it would not hold that d~'{x} =
(ugts - 1g™)-

Let us verify that {£ < k: p* (fi5(§)) € G} € W. We need to verify that for a set of &-s
in W the following holds: for every 1 < ¢ < m and for every measurable u € (u*i_l(f),u*i(g)),
d(p) > p=1(€).

Recall the following property from the proof of lemma If d’A € W (namely m > 0;
if m = 0 there is nothing to prove), then there exists a finite subset b C x such that for every

measurable p > sup(b),

dip) ¢ |J d©),¢

EeEANp
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from now on, we consider values of ¢ above sup(b), such that d=1{¢} contains only measurables
for which the above holds (the set of such &-s is clearly in W). Let p € (u*=1(§), u**(€)). First,
note that p < pf’, and thus-

E=d(p(€) ¢ (d(p), 1]

so d(p) > &, and thus d(u) > €. This also proves the desired property for ¢ = 1. Assume now that
i > 1. Then p > p**~1(¢) and thus—

d(p) ¢ (d (=€), 1™ HE)] = (&7 H(9)]
since we already proved that d(u) > &, it follows that d(u) > p**=1(€), as desired. O

Recall that, given f < «, pg appears as an element in the Prikry sequence of kg (15). Also,
tg is the initial segment of this sequence, consisting of all the ordinals below 1g; we also denote
ng = lh(tz). Finally, there exists a natural number mg < w and a corresponding sequence of
measures,

0 1 mpg—1
Uuy QUL <o QU

each of them belong to Mg.

3

We would like to construct, in V, functions which represent ug, tg, UZB (0 <j<mg)inUlt (V[G]
To do this, we first need to understand how the same objects are represented in the iterated ultra-

power jg: V — Mg, in the sense of the following definition.

Definition 3.4.11. Fiz 0 < a < k*. An increasing sequence 0 = ag < a1 < ... < g below « is

called nice, if the are functions g;, fi, Ff for every 1 <i <k and 0 < j < mg, such that-

far = Jar (91) (100 ([d)p))
tar = o (£1) (it (1)
Uh, = oo (F) (rn () (0 < <)
and, for every 1 <i <k,
Haies = Javs (9i41) (an (dl) s Jaraisn (Tdla,) s+ Jasai ([dl,))
s = Joes (1) G (T13) sdosiccs (1)) s (1FL,))
Ul = Jawss (Flia) Grw (U)o (Tdla,) oo () (0 < )

Finally, denote by n; the length of the sequence t,,.
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The main application of nice sequences is to construct functions representing the cardinals in
the sequences /i, in Ult (V' [G], W), using only functions in V" and partial information about Prikry

sequences added in V [G]. We demonstrate this, working by induction.

1. For every & < k with |[d=!(¢)| = m, recall the sequence (ug'(€),...,pu5™(€)) which is the

increasing enumeration of d~!(¢). Denote—

Ao () = (€ 16" (€), -, g™ (€))

Then in M [H], the sequence [§ — [i§(&)]y, is—
(k= po, gty oo ™ ™) = (Udyy s )y s s Td) gy Td] gy )

2. Given £ < R, let p1q,(€) be the (ng + 1)-th element in the Prikry sequence of g1 = g1 (ji§(§))
(typically, this is the element which appears in this sequence after the initial segment f (F5(€)),
Moy —1

which represents to, in Ult (V [G], W) ). Let (u!(€), ..., fta, (€)) be the increasing enu-
meration of d=! (fia, (€)) below g1. Denote pin, °* (€) = g1 and—

i (€) = (ptay (€), 112 (), - i 7H(E))
Then in M [H] ~ Ult (V [G], W),

*m171>

[5 '_)ﬁzl(g)]w = </U'041huzllv'~->ﬂal

namely, this sequence starts with pa,, concatenated with the increasing enumeration of
d Y ia,} in M[H]. Let us verify this. Assume for simplicity that t,, is empty, namely
ny = 0, or, in other words, (i, is the first element in the Prikry sequence of ko, (pta,) (the
fact that o, appears in this Prikry sequence, follows from property (C) of k,,). The first

element in [£ — ﬁ;’;l(f)]w is—

d([§ = g1 (Ao (E)]w) = d Giw (91) (Tdly , Ul s - Hd]yym)) = d (Kay (Hay)) = pa

From this it is implied that the rest of the elements in [{ — 1(5)] are the increasing

w
enumeration of ™' {/iq, } below ko, (fa, ), which is exactly (u%!, ... ,MZT“fl}

3. Assuming that 0 < j < k and the functions [, (£), ..., fis, (§) have been defined, let pq, ., (£)
be the nj;1-th element in the Prikry sequence of g;41 ([jé(f), [, () i, (f)) in M [H].
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Let (uiﬂ(é), e ,uZfol_l(fw be the increasing enumeration of d=! (pia,,, (§)) below—

s (€) = g1 (75, (8), o 15, (6))
Also, denote—

ity (€)= (2L ()i 7H(E))
Then in M [H] ~ Ult (V [G], W),

_ *1 *mjp1—1
- <,UJaj+17,UJo(j+17"'7.uaj+1 >

(€ fin,., (©)

w

namely, this sequence starts with p,,,,, concatenated with the increasing enumeration of

d""{pa,., } in M [H]. This is proved similarly to the previous point.

Denote piq = crit (ko). Write po = jo(h) (K, agy - - - s Pay ), Where apg < ... < ap < « is a nice
sequence. Let mg, ..., my be such that m; = m,,. Denote m = my. Let g;, fi,Fij be functions as
above.

Note that, by induction, |£ — FZJJr1 (& thag(€)y oy P (5))} _— [g — Uiaiﬂ(&)} . for every 0 <

i <kand 0 < j < mg,,, (Recall that, for a measurable € A, Ug is the j-th measure in the system
U,? <... < U,:n” associated with n). Thus, for a set of &-s in W,

Fyy (6 t0p(©), o0 (©) = TUs g

Definition 3.4.12. Fiz a nice sequence 0 = ag < a1 < ... < ag below . Given a condition p € Py

and a sequence of increasing sequences—

(&1, .. Tg) = ((5,51, &MY, <V1,U11, .. .,u{"o_1>, <V27V21, .. .,V;”l_l), ...... s (Vs V,i, A qu’rl))
we define whenever (f_; V1y..., V) is admissible for p, and in this case, we define an extension
p/\<£aﬁl7"'7ﬁk> Zp

1. An increasing sequence 5: (€,&1,...,€™) is admissible for p if it is admissible for p in the
sense of definition . If it is, the extension p~ (£, &1, ... ™) is defined the same as in
[5.4.9

2. Let 1 < i < k. Assume that (E, Vi,...,V;) is admissible for p and q = p“(f_; Vi,...,U;) has
been defined. Denote—

gi+1 = Gi+1 (57171, cees 171')

98



tiy1 = fiy1 (57171, . ﬁz‘)

Fi, =F/ (g,ﬁh N .,ﬁi) (0<j < ma.,)
We say that (5, Uly. .., Uig1) is admissible for p if, in the forcing P [, ., the sequence Uiy =

Vig1, Vs -, Vﬁif’ﬁl) is admissible for q [4,., in the sense of deﬁm’tion and if-

(¢ Tgiss) (Figr) F(tiga ™ (vig1), Ad,,,) extends q(git1), and (F)\y: j <ma,,,)
. i X
is the system of measures (U, :j <m (Ugi+1>>.

Assuming this holds, let—

—~

p (&, Vi) = ((q ng+1)A <ﬁi+1>) (tit1™ (Vig1)s AZHJA‘]\ (9i+1+1)
Given i < w and a condition p which forces that—

We define, similarly to above, whenever a sequence

=1 1
<<V7l+17l/7;1+17"'7y1’,‘r111+1 >7 """ ’<Vk7yky7 7V]1<;nk >>
1s admissible for p above <§_; Viy...,0;). If this is the case, we can define similarly the condition
—~ i1—1 —1
P ((1/1»_|_1,1/l-1_~_1,...,Z/ZL;I+1 ) ,(Vk,yé,...,y;cn’“ ).

Theorem 3.4.13 (Multivariable Fusion). Let p € P, be a condition and, for every sequence—

(€01, T) = (6, €Y, .. €™ (v, vd, o ™YY (k)

let e (E, Dlyenny D’k) be a P, -name for a subset of P\ vy, which is <* dense open above any condition
which forces that (fi5(§), ii5, (§), ..., fin, (§)) = (€., ...,0:). Then there exists p* >* p and a set

X e 5(;, such that for every sequence of increasing sequences,
(&, .., Ok) = ((f,fl, e &MY (e, Vll, . V{nﬁl}, ooy Uk, 1/,1, ol 1/;"’“71>>
which is admissible for p*, and such that (€,&',..., ™) € X,

P TE T, ) Tl p T E T, ) \ v E e ({,ﬁl,...,ﬁk)
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Furthermore, there exists p* € G, for which—

(€ < ki (€ iy (6),... s Hoy (£)) is admissible for p*,
P E i (€)1, (€) € G and

PTG iy Fit) TP 0T E s B0 Nty € € (€ 7Ty, i, )} EW

Proof. For every 1 < i < k and a sequence (f_: ..., U;), we define a set e (5, Dlyenny D’i), which is <*

dense open above conditions which force that—

(d™HEY (o (&), i (€)s -y i THEN) s (s (€), i (€), -y i TH(E))) =

<<§1,...,§m), (Vl,ull,...,ufnl_1>, cey <VZ',VZ-1, .. .,Vimi_1>>
as follows:

e (E, Viyeon, Z) ={r € P\ y;: for every (V;11,...,V)) which is admissible for
r above (&, 1,...,U;), " (Uig1, -, k) [ulF

P Dign, - D) \ i € € (551,...,ﬁk)}
Lemma 3.4.14. Ife (5, Uiy Vs, 171-4_1) is <*-dense open above conditions which force that—
() 5, (€)s s i, () = (€ Py, By D)
then e (5, Dlyeon, ﬁi) is <*-dense open above conditions which force that—
(5 (€), in, (6), - 1o, (€)) = € 7, )
Proof. Fix <E, V1y...,7). Let r € P\ v; be a condition which forces that—
(3(€), fi5, (€), -, 15, (€)) = (&7, ., )
Denote for simplicity m = m;41 and-
gi+1 = Jit+1 (5171,-~-7V7‘) y tig1 = fit1 (5171,---,51') ; FZJH = F1J+1 (éﬁl7~--,ﬁi) (0<j<m)

We apply theorem|3.4.10f For that, consider the forcing P [ y and the sequence FZ-O_s_1 < Fil_H <

Vi gi+1

. < Ffjfl of measures on g;11. We describe a set d(Vi+1’V}+17...,Vﬁzl) C P [(vigisy) \Vit1
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which is <* dense open above conditions which force that d='{v;41} = (v} 4, ..., v "):
AVig1, Vi, - Vﬁ;l) ={8€ P lisr.g:i): I sIE i1 (Vit1), Ay, ) = 7(gi+1), then there

exists a direct extension ¢ >* (117 (vit1), Ay, )" 7\ (git1 + 1)

~

such that s "¢ € e (5, .. .,ﬁi,ﬁiﬂ)}

By theorem [3.4.10} there exists 7* [4,, ,>" r | and a set X which belongs to the product measure

git1=— gi+1
— 0 1 m—1 : : 1 m—1
Eiv1=Fl | x Fjyy x ... x F{{7", such that for every increasing (viq1,v,4,...,7, ) € X,
* * 1 m—1 1 m—1
Tyl (i, vig g, v ) \ i €d (l/i+1,yi+1, R 2 )
Let us define 7*\ g; 1. Assume that we work in the generic extension for Py, ., and r* [, ., which

T

is already defined, belongs to it. For every v;4; € A above maxt;. 1, we denote d~! (v;11) =

git1
Wi, vt Let q(vigr) 2% (tigr ™ (vig1), A5, )77\ gig1 be a condition such that-
(’I“*r\<l/i_i_17 ey Vﬂ;1> \ Vi-i—l)’\ q (Vi+1) ce (g, ceny 171‘4_1)

(and take g (vi41) =7\ gi+1 if such ¢ does not exist).
We can now define r* (g;41). Generate from the set X € &1 a corresponding set Y € W,,_,.
Just pick Y to be a set such that every increasing sequence from Y x 7y éY X ... X 7r;L17 1,0Y belongs

to X. Let—

7 (gig1) = ((),A;i+1 N (Y Umaxt;y1) N ((AVHK%HAE%H)) U maxti+1)>

Finally, let us define 7*\ (gi41 + 1) to be ¢ (#i11) \ (gi+1 + 1), where here, v;11 = d(gi41) can
be read from the generic up to g;11 + 1. This concludes the definition of r* € e (5, ey 17}-). O

—

Inductively, it follows that for every increasing sequence 5 = (&€ ...,€™), the set e(€), defined
similarly as above, is <*-dense open above conditions which force that d=*{¢} = (£%,...,€&™).
Apply theorem [3.4.10| one more time to obtain, from the condition p given in the formulation of

the theorem, the required direct extension p*. O

3.4.4 Proof of Properties (B)-(E)

Lemma 3.4.15. p, = crit(ky) is measurable in M,
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Proof. Write po = jo (h) (jlya ([Id];)) s Jon+1.a ([Id]al) sy Jar+la ([Id}ak)). We can assume

that for every E, Ulyeooy U,
h(é’,ﬁl,...,ﬁk) > U
since 1o > [a, (this can be done by modifying the value of h (E, ﬁl,...,ﬁk) to 0 whenever
h (5, Dlyoon, ﬁk) < vg). We can also assume similarly that h (5, Vlyeons ﬁk) is a regular cardinal.
Let f € V[G] be a function such that po = [f]y;,. Let us assume, for contradiction, that for
every (f_; V1. Uk), h (5, Diyeens ﬁk) is non-measurable.

By changing f on a set outside of W, we can also assume that for every £ < k,

J©) < (6 7iar (), o (€)) (3.5)

Indeed, this can be done since—

[f]W = o < ka (Ha) = [f —h (5ﬁa1(€)7 e 7/20%(5))}

w

Let p € G be a condition which forces that for every £ < k, equation holds. From now on, work

with conditions in P = P, above p. We define, for every—

(01, D) = (6, €Y, €™ (v, vd, Y (e v )
a set—
6(51717"'717k> gp\yk
which is <* dense open above conditions which force that (fi,, (£),. .., o, (&) = (F1,...,Uk):

e({,ﬁl,...,ﬁk) :{reP\yk:3a<h(€ﬁl,...7ﬁk>, rik () < &)

The <*-density of e (E, Vlyenny ﬁk) essentially uses the fact that h = h (E, Dlyenns ﬁk> is not mea-
surable; employing this, IJ (&) can be reduced to a Py-name, and thus be evaluated by less then h
many possibilities by lemma [3.2.8]

Let us apply now the Multivariable Fusion Lemma. There exists p* € G and sets Xy €
U° ..., X,, € U™ such that for every sequence of sequences <§_; 7,...,U,) which is admissible
for p*,

(p*“@, ﬁl,...,ﬁk>) o, IF (p*“@, 7,.. .,ﬁk)) \ v € e (5 7. .,ﬁk)

whenever £ € Xg X ... X,, is increasing.
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For every such <5, Viyeony Ug), let—

A& o) ={(r<h(Em,. . m) 302 (0 E ) T
qll-’y:g(g,ﬁl,...,ﬁk)}
where o (E, Uiy, D’k) is the P,, -name for the ordinal o which witnesses the fact that p*A@: Ui, ﬁk>)\
v, €e (E, ﬁl,...,ﬁk). Then A (f_: Ui,.. .,D’k) is a bounded subset of h (f_: D’l,...,ﬁk>, since v, <
h (E 7. .,ﬁk) and GCH<,, holds in V.
For a set of &-s in W,
P L€ € A (€75, (€)1 15, ()

In particular, in M [H],
flw €iw (<5ﬁ0,...,ﬁk> »—>A(€,z70,...,ﬁk)) (R, i, L) =
ko (ja ((5 Uiy ) A (57 Viyo.o, ﬁk)) (jl,a ([Id];)> ortta (Hdly,) - Jaxt1.a ([Id}ak)»

But-

i ((5’, Dy ) s A (5 ﬁl,...,ﬁk>) (jl,a ([Id];) ortta (Tdl,) s s o 1.0 ([Id]ak))‘ <

ja (1) (v (1)) G tra (Tdla,) oGt ([T, ) ) =
and thus pio = [f]y, € Im (k,), a contradiction. O

Corollary 3.4.16. p, is the least measurable u in M, such that p > sup{pe : o’ < a} and
(ef ()" > .

Proof. Assume for contradiction that there exists a measurable A in M, such that sup{pa : o/ <
o} <\ < fia. Let us argue that (cf(\)" < k.

First, A = kq (A), since crit (ko) = o, and thus A is measurable in M. Note that A < po <
K* = ja (K), 0 A < jw (k) and thus X has cofinality w in M [H]. Thus, (cf()\))V[G] = w, and, in
particular, (cf(\)" < &. O

Lemma 3.4.17. p, appears as an element in the Prikry sequence of kq (fia)-

Proof. In M [H], denote by t* the initial segment of the Prikry sequence of k,, (1) which consists
of all the ordinals below .. Denote by n* the length of t*. Let (f_; Viy.ooo, D) tF (E, Diye.ns D’k)
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be a function in V such that—

t* = ja (@ Ulyenn, V) = t° (5 ﬁlwu,ﬁk)) (jl,a ([Id];> JJertta (Hdly,) s s Japtt.a ([Id]ak)>

(this can be done by modifying the nice sequence (@q,...,d), if necessary, so that t* can be
represented by it). We can assume that for every <{, Viy..., Dk, t* (f_: Viyeons D’k> is a sequence of
length n*. Since k,, (t*) = t*,

€t (€78, i, ©)] =t

w

In V [G], denote, for every £ < k,
1o (€) = the (n* +1)-th element in the Prikry sequence of h (E, Ho, (§) -+ vy [, (5))

Clearly [£ — pa(&)]yy > pa. We argue that equality holds. We will prove that for every n <
€ = 1a(E]y, 1 < pa. Assume that such 7 is given, and let f € V [G] be a function such that

[fl =n. Then we can assume that for every & < &,

f(€) < pal)

and let p € G be a condition which forces this.

Let us apply now the Multivariable Fusion Lemma. For every <E, V1,...,Vk), consider the set—

e@ﬁl,...,ﬁk) —{(reP\uy: Ela<h<€,z71,...,ﬁk), ik if ¢ (551,...,17k)
is an initial segment of the Prikry sequence of h (5, Dlyenns D’k) ,

then i(g) < a}

then e (5, Piye.., ﬁk> is <* dense open above conditions which force that d=1{¢} = (£1,..., &™) and
Doy Vi) = (flap(€), - - - s flay (§)). This follows in several steps: First, use the <*-closure to reduce
i(ﬁ) to a Ppyi-name, where h = h (E, Pyeoey D’k). This can be done by taking a direct extension
of a given condition in the forcing P\ (h 4+ 1). Second, reduce Z (€) to a P, name, by applying on
the Prikry forcing at coordinate h the following fact: If t* = ¢* (5, Dlyonny D’k) is an initial segment
of the Prikry sequence of h, and a given an ordinal is forced to be below the successor of t* in this
sequence, then its value can be decided by taking a direct extension. Finally, apply lemma [3.2.10]

and direct extend in the forcing P, ), to bound the value of f(£) by an ordinal below h.
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Thus, there exists p* € G, such that for every <§_; 7,...,U) which is admissible for p*,
PER ) Ll T E T B\ € e (€71, )
in particular, p*“(f, Vi,...,Uk) [, forces that there exists a < h (f_; Dyeons ﬁk) such that—

P T\ f(6) <@ (3.6)
Let—
A(E7 . 7) = {7302 (E P .7 T gl @ =7}
(where, as in the previous lemma, ¢ is a P,,-name for the ordinal « in equation .

Thenp* Ik f(§) € A ({, g, (€), - - ,ﬁzk(é)), and A (5, Diyeons D’k) is a bounded subset of h (f_: Viyeons D’k>.
Arguing as lemma it follows that n = [f]y, € Im (ko) N ko (fta) = o, as desired. O

Lemma 3.4.18. Assume that for every measurable £ < K, Ue is a Pe-name for a measure on §
which belongs to V. Let U = jo (§ = Uc¢) (1a). Then there exists a set F € My of measures on jq
in My, with |F| < pa, such that, for some p € G,

Gw ()™ (o - - fig, ) IF ko (U) € ko F
In particular, there exists a measure F' € F such that ko (F') = (ko (U)) 4.

~

Proof. For every & < k, fix an enumeration s¢ of all the normal measures on ¢ in V. Apply

Multivariable Fusion. Define for every (£, 71, . .., 7) the set—

e (5, Doynes ﬁk) ={r € P\ vy there exists a set of ordinals A of cardinality

strictly smaller than h (E, Dlyeon, ﬁk) , such that
" rh(f,ﬁl,...,ﬁk)H— Qh(f,ﬁl,...,ﬁk) € 82(5,1,...,17,6)‘4}
As before, there exists p* >* p in G, such that for every <§, V1,...,U) which is admissible for p*,
P E T B Tl P T E R T \ vk E e (5 7, .. .,ﬁk)

Let A (5, Uiyens, ﬁk) be the set of ordinals, forced by some extension of p*“(ﬁﬂ7 ViyoooyUk) oy, tO
be an element of the set 4 above. Then A (5, Dlyenny ﬁk> is a set of ordinals of cardinality strictly

below A (5 ﬁh...,ﬁk).
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In V[G],

(€< mp  Ea O T ) F Uy e o) € e oA (b, @) e W

------

Now, in M,, denote—
F = o) o (€07 > A (€71, 7)) (e (H) s v () 1.0 ([T
Then |F| < pq, and, in M [H],
Gw @)™ (o o) - ke (U) € kg F
0

We now apply the above lemma on specific names for measures Ue. For every measurable { < k,
let We = Ug be the measure used to singularize ¢ at stage £ in the iteration P = P,. Each such

ng can be assigned to a sequence of Rudin-Keisler equivalent measures on &,
0 me _
We,. .. . W s =We
as defined in section 2. Denote Ug = Wg NV eV for every 0 < j < mg. Then-
0 1 me
Us QU Q... QU
Corollary 3.4.19. For every 1 < j < my, there exists a measure Uia € M, on g, such that—

o (UL,) = dw (€ UF) (ka (11a)) = {f ~ UZ(,:* (&), (©))
0 (8)r ity w

We consider the above corollary as the definition of the measures U ia for every 1 < j < mg.
Note that, by elementarity, U < U}, < ... < U™ ' Let & be the measure on [s]™* which
corresponds to the iterated ultrapower with U;’l“_l > ... D> Uﬁa in decreasing order. We argue

that &, is derived from k,: M, — M.

Lemma 3.4.20. USQ ={X C po: tta € ko(X)} N M,. Furthermore, if mq > 1, then for every
1<5<my—1,
Ul ={X C ot pg € ka(X)} N M,

Remark 3.4.21.
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1. Let us note that for every j as above, po < il < ko (f1a), 50 U;i is an ultrafilter which

concentrates on [iq-

2. We deliberately did not define, in corollary the measure U}'> - it is not derived from
ko and does not participate in jw [v. The exception is o = 0 where U™ = U is the first step

in the iteration.

Proof. We first provide the proof for U Sa. Assume that X € M, and p, € ko(X). Write—

X = ja (€70, .70 = X (€70, 7)) Gt (R) s g () -+ o ()

where, without loss of generality, the nice sequence (ay, ..., k) can be used to represent p, in M,

in the usual sense that for a function h € V,

Ha = ]a(h) (jl,oz ("Z) 7ja0,a (ﬁao) yoee ajak,oz (ﬁak))

Apply Multivariable Fusion. For every <§_: Uiy, Ug), let—

e (5,1717...,ﬁk) = {7" S P\Vk: r Fh(fjﬁhmﬁk)” X (E,ﬁl,...,ﬁk) S U:(Eﬁl %)7

if it decides positively, then r [h(

€71y 7 ) G

X (E, Ui,.. .,ﬁk> ; else, r [h(~ ~ )II— éz(éﬁl,...,ﬁk) is disjoint

&V, Tk

fromX(g,ﬁl,...,ﬁk).Moreover,r[h(~ )|| lh (t2<54 4)> >n*,

[FZ R 2" RZINN 7

and if it decides positively, then there exists a bounded subset

A(E,ﬁl,...,ﬁk) gh(f,ﬁh...,ﬁk) for which [, (2, yIF the n*-th

sV, VE

element of t" ... _\ belongs to A ({, lyenns ﬁk)}
h(f-,V17~»-,l/k>

Applying the same tools above, there exists a condition p* € G and a bounded subset A* (5, Dlyeon, D'k) ,
such that—

L p } B} Fif Th (¢ > n* then th
{&<np (36015, €.tz ©) 1 (h(ﬁ;(f),ﬁgl<s>,...,ﬁ;k(g)))—” en the

n*-th element in the Prikry sequence of

h (75(8), /e, (€), - -, (6)) belongs to A™ (fi5(€), /s, (€), - - -, /e, (6))} € W
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Since A (5(€)., it (€), - i3, (€)) is bounded in h (75(€)., it (€), . . T3, (€)). it follows that-

i p* F1h (¢" * 74
{§<H D fh( (€)uig, (8) iz, ( )) (h(ﬁ()#al(g) ,,,,, p;k(g))><n}€

By the choice of p*, it follows that for a set of &-s in W,

P s @y, )| X Eottan )10, (€)) € U (). (€)1, (9)

we argue that for a set of {-s in W, the decision is positive. Indeed, otherwise, it holds in M [H]
that—

pa = [§ = pa(©ly € [€ = h(A5(S), i, (€), -+ fia, () \ X (5 (€), e, (€): - - - fia, () ]y = ka(pa\X)

contradicting the choice of X. Thus, for a set of &-s in W,

P e, s, ) X (BT (€)1, () € U (B5(6). s ()., (9)

recall that UY = U* N V; hence-

P Lo, €t (0) X (500 (€)1 2, (€)) € U° (7€), 2y €)1, 6))

and thus, in M [H], ko (X) € ko (Uga). In particular, in M, X € Uga.
We now proceed to the proof for Uia for every 1 < j < m, — 1. Assume that p*’ € ko(X), and

recall that u/ is the j-th element in d—! (us). We repeat the same argument above. First, define—

.....

e(éﬁl,...,ﬁk):{TEP\VkZT[h(» )||X<£,1/1,.. )EU(EV1 )
if it decides positively, then r [ ( £ )IF AT (5 ) C
v Z I 7/

—1n

1" g A r . c ..
d'X <§,V1,...,Vk) ; else, r Fh(£911-~~717k)|l_ Tio éh(f,fi ﬁk) is disjoint

......

from X (E, ﬁl,...,ﬁk> - Moreover, r [, (51/1, )|| ( (5 o ,uk)> >n',

and if it decides positively, then there exists a bounded subset

A (E,ﬁl,...,ﬁk) - h({,ﬁl,...,ﬁk) for which 7 1, (¢, )l the n*-th

belongs to A (E, Diyeons D’k)}

element of " (_,7517..‘7l/k)

Now we argue as before, and claim that—

IF X (5(6), e, (€), - fi, (€)) € U (fi(€), fi, () - - -, e, (€))
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indeed, otherwise, there exists a set of £-s in W for which—

p(8) = i (1a(€)) & X (F5(€), 1, (€), -+ f15, (€))

contradicting the fact that p/, € ko (X). It follows that, in M [H], ko(X) € ko (U] ), and so
XeU),. O

Corollary 3.4.22. &, = {X C [ua]™ ¢ (e, pzt, .. 5= € ko (X))} N My,

Proof. 1t suffices to prove that—
Eo CHX C lpal™ ¢ (par s ™71 € ko (X)} N M,

Start from X € &,. Then there are sets Xo € Uy ,..., X, 1 € U;*~" such that the set
of increasing sequences in X X ... X X,,_1 is contained in X. Thus every increasing sequence in
ko (Xo) X ... xko (X,n_1) belongs to ke (X), and by the previous lemma, (g, . .., uime=1) € ko (X)),
as desired. O

This concludes the proof of properties (A) — (F) from the beginning of the section. We now
focus on the proof of theorem [3.1.2

Recall that k* = jy(k). Note that k* = ji« (k), since x is mapped to k* after the first
step in the iteration, and every step after it is taken on a measurable u/, below x*. Moreover,
sup{po: o < k*} = k* and thus crit (kx«) > k*. Let us use the above properties and argue that

the induction halts after x*-many steps.

Proof of Theorem[3.1.3 Since jw [v= jx» 0 kg, it suffices to prove that k.«: My — M is the
identity function. In particular, it will follow that jyw [v= jx, M = My and jw (k) = j.- (k) =

ju (k).
We argue that for every ordinal n, n € Im (k,~). Fix such n and let g € V' [G] be a function such
that [g],. = 7. Let g be a P = P,-name for it. For every £ < k, let—

e(§) ={re P\&: for some A C k with |A| <k, 7l g(&) € A}
e(§) is <*-dense open by lemma By Fusion, there exists p € G such that for every £ < k,

p lel for some A C k with |A| <k, (p\ &) * I g(&) € A
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Fix ¢ < k and let é be a P:-name for the above subset A C k. Let—

A)={y<kr:Ig>ple, ql-y € A}

Then for every & < k, |A(&)] < K, and p~¢ IF g(&) € A(£). Recall that for every p € G,
Giw (p)) %+ € H. Thus, in M [H],

[l € dw= (§ = A(§)) (Ld]yy.) = k= (= (€ = A(E)) (rn- (K)) )
but [j.- (£ = A(§)) (J1,k+ (K))] < Ju+ (k) = £* < crit (ke+), and thus [g]y,. € Im (ky-). O

Lemma 3.4.23. Fiz o < k* and denote m = mq. Let 0 < j < m. Then u}J is measurable in M,
and its Prikry sequence in M [H] is the sequence of critical points obtained by iterating the measure

i—1
Uﬁa over M.

Proof. First, by lemma le appears in the Prikry sequence of uX/. Let A be the element
after it in this Prikry sequence, and let us argue that A\ = Juj- (ta) = pd~t. Since Juj= ()
is measurable in M, and has cofinality above x in V, there exists 8 > « such that pg = pl;
Also, kg (ug) = kg (jaﬂﬁ (ﬂfl)) = ka+1 (ufl) = pJ, and thus pg = pl, appears as an element
in the Prikry sequence of p*7. Thus, A < uf,, and it suffices to prove that A = pf. Assume for
contradiction that A\ < p~! = Jug- (fe)-

In M, write—

toe = Ga(h) (re (1d15) o v (L) s Ganra (1],

and-

A= jas1(9) (ra () sdarrra (Hdly,) s+ o dacra (dly, ) 1d],)
for some functions f,g in V. Recall that [Id], = (ta,...,p 1, ..., um>~1) so we can assume that
for every &, 7,..., s, 0 = (Vs - s Vim—1),

= = - 0 i—1 —1 : = - — i—1
g(f,ul,...,uk,<u7...,u] R e ))<m1n{h(f7ul,...7l/k),1ﬂ }

Let t* be the initial segment of the Prikry sequence of k, (1) which consists of all the ordinals
below p. Fix a function (5, Viyoo., k) > tF (5, Dlyonn, D’k) which represents t* in M, (as in lemma

EATY).
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For simplicity, we adopt the following notation below: whenever (f_: Vi,...,Uk) are fixed, let
h=h ({, Plyen., D’k). Also, for every v < h, we denote d~1(v) = (v!,...,v™71) (whenever m # 1).
We also denote 1° = v and 7 = (0,...,v™ 1), Let C = C ({, 7, .. .,ﬁk) be the club of closure
points of vy — g (E, Dlyeees Vg, 17) (this is a club in h. We remark that it is necessary in the proof
below only in the case where j = 1).

We now apply the Multivariable Fusion lemma. Fix (5: Vi,...,Uk), and let—

e(gﬁl,...7ﬁk) = {r e P\ v: for every v € A},
v S\ e (Ea,. )}
First let us consider the case where j > 1. There exists p € G such that for a set of £ < k in

W, the condition p™ <§, i (§), -y fin, (§)) forces that the element which appears after p,(£) in
the Prikry sequence of h (E, oo (§), o5 i, (5)) is strictly greater then p*/~1(¢). Thus, in M [H],

A>T > G (9) (R s o oy ) > A

which is a contradiction.
If j = 1, we use the club C' defined above: Since o < A, it follows that X > jw (g) (7, i@, .-, fi%, - ii5)

which is again a contradiction as above. O

Corollary 3.4.24. In M [H], recall the sequence—

d=Hr} = (g’ ie™) = (Tdlys s, Hd] )

For every 1 < j < m, the cardinal u* = [Id]y,; is measurable in M, and its Prikry sequence in
M [H] is the sequence of critical points in the iterated ultrapower, w-many times, taken with the

measure U~ =Wi-lnV e V.

Finally, let us prove Theorem and provide a sufficient condition for definability of jyu [v .

Denote—

—

U= (Us: < k)

Recall that for every £ € A, Uy is the measure on £ in V' such that W, = UEX. We will argue below
that if 1 € V', then jw [y is a definable class of V.
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Remark 3.4.25. The sequence u might be external to V, even though every measure in it belongs
to V. For instance, we may consider iterations where the measure used at stage o € A codes generic
information about Prikry sequences below .

More specifically, Let n = min A be the first measurable, and assume that there are unboundedly
many measurables ¢ < k which carry at least n measures of Mitchell order 0 (see section 5 in [8]
for a detailed construction of a model satisfying the above assumptions). Let ((¢: € < k) be an
enumeration of the set of such measurables, and let (U¢, o: a < m) be an enumeration of n-many
measures of order 0 on each (¢.

Denote by (n,: n < w) the Prikry sequence added to n in the iteration. For each £ < k, write

E=¢&"+n for & limit and n < w. In the Prikry forcing at stage (¢ in the iteration, use the measure

X

Con = Uq’"5 _— For every other measurable { € A, use the extension of an arbitrary measure of

order 0. Note that the forcing P = P,, generated this way uses only measures of order 0, so the

iterated ultrapower is taken with measures E, = U°

11 s Which are a single measure, and not a product

of several measures on L, for every a < K*.

Let G be a generic set for the above iteration over V. Clearly u ¢ V, as it codes the Prikry
sequence (N, : n < w) added to 7.

Let us argue also that jw [v is not a definable class of V. As usual, let jy: V [G] — M [H|
be the ultrapower embedding. Let (A,: n < w) be an enumeration of the first w-many measurables
of My = My which carry n-many measures. Then, by the analysis in this section, each A\, carries
a measure Ui‘iffnn, which is iterated w-many times in order to produce a Prikry sequence for a
measurable N = ji . (An) of M. So A\, remains measurable in My, (as all the steps in the
iteration (Mo : o < Ay,) are ultrapowers on measurables below Ay, ), and-

My, ©Jxn
Ansnn

Int1 =7,

Here, U;\\;[kgn is the n,-th measure in the enumeration j, ((— (Uco: o <n))(An) of n-many

normal measures of order 0 on A, in My, . Note that-

; My _ M,
JLAn (U)\n,ﬂ']n) - U>\n77]n

Now, Assume for contradiction that jw v is definable in V. Then the embedding k: My — M,

k([ﬂU) = [f]W* =Jjw lv (f) ([Id}w*)
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is definable in V as well. Fiz a set X C A\, in My. Then—

X eUMU = A €jym (X)

nsTn Anain

< Jia, (An) € Jia, (jUMU (X)>

An,nn

= A\ € Jia+1(X)

— A\ € k(X)

and thus Ui‘ﬁ’nn, and in particular n,, can be read from k. Thus, if jw v is definable in V, then
50 1s the sequence (n,: n < w), which is a contradiction.

Finally. let us remark that it is possible that jw [v is definable in V, even though u ¢V. As
above, let (n,: n < w) be the Prikry sequence added to the first measurable n. On the first w-many
measurables (C,: n < w), choose the measures (W, : n < w) as above, namely W, =U? . For
every other (¢ (w < & < k), use the measure derived from the least normal measure of order 0 on (¢
in V', with respect to a prescribed well order W of Vi;. In this case U ¢ V', but jw [v is definable:
For every a < k*, the normal measure U, is chosen least, among normal measures of order 0 on

Lo, with respect to the well order jo, (W) (the use of the generic Prikry sequence added to n is done

boundedly below k, and thus does not influence the value of Uy, ).

Proof of Theorem[3.1.3 We begin by proving the following claim:

Claim 3.4.26. Assume thatU € V. Then ((UEO, e U‘Emg_l,Ugms =U): £€A) €V as well.

Proof. We prove by induction on a € A that ((Ug, ol Ug%_l, U§m§>: ¢ € ANa) is definable over
V from U, and (Ue: & < ).

Fix a € A. If U, does not concentrate on A N «, then my = 0 and U = U,. Assume
otherwise. Denote m = jy, ((me: £ € ANa)) (o). We argue that mq = m. Consider the generic
extension V' [G,] up to coordinate o. U, concentrates on elements £ € A for which m = m.
Each such £ € A satisfies that £ is the m-th element in d~1{d(£)}. Thus, in Ult (V [G.],UY),
d=Y{x} = m and thus m (U}) = m. Thus indeed m,, = m.

By the analysis done in this section (more specifically, corollary and lemma applied
in V[G,]), for every 0 < j < m,

el

[
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(where Ug exists for a set of £-s in Uy, since j < m, and the function which maps each £ < a to Ug
is definable in V' by the induction hypothesis). Thus the sequence (U?,... UM~ UM = [J,) is
definable over V from ((U2,..., U™ U{): € € ANa) and U,. O

Now let us proceed to the proof of the theorem. We prove by induction on o < x* that
ja:V — M, is definable in V. Fix a < k* and assume that j,: V — M, has been defined in V.
Let us define the measure &,.

We use below the usual notations: for some a; < ... < ar <aand h eV,

oo = Ga(1) (1o (lly) o (Hd]) o1 (1))

(for sake of definability, we can use the least {ay, ..., ax) and h, taken with respect to a prescribed
well order of Vy for A high enough). For every & € A, let £(¢) be the measure on [¢]™¢" which
corresponds to the sequence—

0 1 me—1
Ug <1U5 <...<1U§

Since U belongs to V, the mapping £ — £(&) belongs to V as well, by the claim. By corollary
3.4.19] for every a < k¥,

Ea= o (€70, 7) = £ (£ 7)) (e (Hd10) sdarsria (Fd) oo ([Ed)))

and this definition can be carried inside V. O
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Chapter 4

The Easton Support

4.1 Introduction

In this chapter we consider the Easton support iteration of Prikry forcings. The situation turned
out to be radically different from the Nonstationary and Full support iterations. Namely, we show

the following:

Theorem 4.1.1. Let k be a measurable cardinal with 25 = k+. Let (P,, ggz a < k,f<k) bean
FEaston-support iteration of Prikry type forcing notions.

Assume that A C k is unbounded, such that for every a < K, QO‘ is forced to be trivial if and
only if « ¢ A. Let U € V is a normal measure on k with A ¢ U, and i: V — N is an elementary

embedding, definable in V', such that the following properties holcﬂ'
1. crit(i) = k.
2. "N CN.
3. k¢ i(A).
4. U={X Ckr:kei(X)}.
5. |i(k)] = kKT.
6. {i(f)(k): fEV, f: k= K} is unbounded in i(k).

Assume also that every element of N has the form i(f) (B1,...,01) for some f €V and p1 < ... <
B <i(k).

LA typical example of such N is an ultrapower of V by its x-closed extender, and i: V — N is its embedding.
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Then there exists a measure W € V [G] extending U, such that, denoting Ult(V [G], W) =~
Mw [jw (G)], there exists k: N — Myw with crit(k) > & such that jw [v=koi.

Furthermore, under mild assumptions on the forcings participating in the iteration, there are
(2%)* = kTt normal measures W as above extending U (see theorem . This generalizes the
Kunen-Paris theorem on the number of normal measures [17].

We then focus on the question what can be said about the embedding k: N — My. In
particular, ask whether it is an iteration of N by measures or extenders (without assuming that
V = K is the core model). We will prove in theorem that this is the case where P = P, is an
iteration of Prikry forcings (under some restrictions on the normal measures used; see subsection

4.3.2)). Furthermore, in this case, k is an iterated ultrapower with normal measures only.

4.2 The Forcing

Definition 4.2.1. An iteration (P,,Qs: o < k , 8 < k) 1is called an Easton support iteration of

Prikry-type forcings if and only if,

1. For every a < kK, the weakest condition in P, forces that (Qu,<q. Saa) is a Prikry type

forcing notion.
2. For everya < k and p € P,,

(a) p is a function with domain o such that for every f < a, p | f € Pg, andp | B+ p(B) €
9
(b) If a« < kK is inaccessible, then supp(p) N« is bounded in o (supp(p) C « is the set of

indices v on which p(vy) is forced to be non-trivial).
Suppose that p,q € P,. Then p > q, which means that p extends q, holds if and only if:
1. supp(q) € supp(p).
2. For every f € supp(q), p | BIF p(B) > q(B) (where >z is the order of Q).

3. There is a finite subset b C supp(q), such that for every B € supp(q) \ b, p | BIFp(B) =% q(B3)

(where >7% s the direct extension order of Qp).

If b =0, we say that p is a direct extension of q, and denote it by p >* q.
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The following properties are standard (see [7] for example):
Lemma 4.2.2. For every A < k, P\ satisfies the Prikry property.
Lemma 4.2.3. For every A < k which is Mahlo, Py has the A\ — c.c..

Let U be a normal ultrafilter over . Let (P,, Qg | @ < k, 8 < k) be an Easton support iteration

of a Prikry type forcing notions. Suppose that the following hold:

1. There exists an unbounded subset A C k, A ¢ U, such that, for every a < &,

(a) a € A — IFp, Q, is nontrivial.

(b) a ¢ A — IFp, Q, is trivial.

*) is a—closed.

2. For every a < &, IFp, (Qq, <k

3. For every a € A, IFp,

Qa| < min(A\ a+1).

Let G be a generic subset of P = P,. We would like to analyze the normal measures on &
in V [G] extending U. The standard way to do so appears in [7], we present it here for sake of

completeness.

Lemma 4.2.4. There exists a normal measure U* € V [G] on K which extends U.

Proof. Let (Aq: a < k%) be an enumeration, in V, of P = P,-names, such that every X €
(P(m))V[G] has the form (A, ) for some a < £*. Such list of names exists since P = P, is k — c.c..
Now, construct, in V [G], a <*-increasing sequence of conditions (g,: @ < k™), such that, over
NG, ga || 6 € ju (Aa). Such a sequence exists since V' [G] E 7(ju(P) \ K, <*) is k1 — closed.”

Let (gq: @ < k') be a P-name for the above sequence. Now, define U* D U as follows: For

every a < kT, (Aa)e € U™ if and only if there exists p € G and o < ™ such that—
pﬁgja Frei(da)

We argue that U* defined above is a normal measure which extends U.

Assume that 0 < x and (X,: a < §) is a P;-name for a partition of x in V' [G]. For every a < 4,
define—

Ya:{/@<“+53pepmp“_)~(a:{g6}
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Since P is k — c.c., |Y,| < k. Denote—

Y:UYa

a<d

Then Y C ™ is a bounded subset. Pick a* < k™ high enough which bounds Y. Let us argue that

there exists p € G and a unique S < § such that—

pﬁgja* -k € ju (ég)

and thus (45), € U*.
Work in N [G]. Note that (Ag: 8 € Y) covers the sequence (X, : a < 8). Since go- is <* above

any gg for B €Y,
VE < a, qo-

K € i(Xe)

Since (i (X¢) : £ < 0) is a partition of i(x), there exists a unique £* < ¢ such that g~ I- K € i (Ae-).
Let p € G be a condition forcing this. Then p™ g o+ IF Kk € i (X¢+), as desired.
A similar argument shows that U* is normal. Indeed, given a P,-name for a regressive function

f: Kk — K, define, for every a < k,

Xo={{<r: f(§) =a}

and proceed as before to find a unique o < k such that X, € U*. O

In particular, U can be extended to a normal measure U* € V [G], such that the ultrapower
embedding jy-: V [G] = M [ju~(G)] satisfies that jy« [v=k o jy, for an embedding k: My — M
which satisfies crit(k) > . Indeed, define k ([f];;) = [f]y. for every f: K =V in V.

A natural question here is whether this is the only way to generate a normal ultrafilter on x in
V[G]. In [8, 9] it was established that this is the case when considering the Nonstationary support
iteration. However, this is not true anymore once full support iterations are considered: in [2] and
later in [15], iterations of the standard Prikry forcing were considered. It was proved that every
normal measure U € V on x with A ¢ U can be extended to a normal measure U* € V [G] similarly
as above, but not every normal measure extending U is generated this way; nevertheless, all the
normal measures on x in V [G] were characterized, either as extensions U* of measures U € V with
A ¢ U, or as the projections to normal measure of extensions U* of a normal ultrafilter U € V

with A e U.
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It turns out that the picture in the Easton support iteration of Prikry type forcing notions
(and even of the standard Prikry forcings) is radically different. Given an elementary embedding
i: V — N with critical point &, definable in V', the normal measure derived from it, U = {X C
k: k € i(X)}, can be extended to a normal measure W € V [G] such that jw [v= k o4, for some
k: N — M with crit(k) > k. In the case of iterations of the standard Prikry forcing, k is an iterated
ultrapower of N by normal measures only (see section , while ¢: V' — N can be an embedding
derived from an extender (as in the formulation of theorem .

Let us demonstrate that, in the Easton support iteration, there are many more possibilities to
get normal measures W € V [G]. We show that an arbitrary embedding i: V' — N can be used to

extend the normal measure U derived from it.

Lemma 4.2.5. Assume thati: V — N is an elementary embedding definable in V| with crit(i) = &,

such that |i(k)| = kT, Kk € i(A), NCV and "N C N. Denote—
U={XCk:rei(X)}
Then G is i(P) .= P-generic over N, and:

1. For every q € i(P) \ k, there is H € V |G| with ¢ € H, which is (i(P) \ k, <* )-generic over
NI[G].

2. Given such H € V' [G], define—

U ={(A)s : A is a P — name for a subset of k, and there exists

p € G+ H such that plkr €i(A)}

Then Uy is a normal, k—complete ultrafilter on k which extends U.

Proof.

1. We can enumerate, in V [G], all the maximal antichains in (i(P) \ k, <*) with order type x*,
by i(#)-c.c. of the forcing, and since V' [G] F |i(k)| = k. Note that x ¢ i (A), so in the sense
of N [G], the forcing (i(P) \ &, <*) is more than k-closed. Moreover, since V. E "N C N,
and P = Py is k—c.c., V[G] F <®N[G] C N [G]. Therefore, every sequence of length  of
conditions in i(P) \ k which belongs to V' [G] belongs to N [G] as well. Thus, in the sense of
V' |G], the forcing (i(P) \ k, <*) is £T-closed.
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Starting from any condition in i(P) \ k, we can construct (in V [G]) a sequence of direct
extensions of it, meeting every maximal antichain. This sequence generates a <*-generic over

N [G] for i(P) \ k, which belongs to V [G].

2. First, we prove that W = Upg is a normal, x-complete ultrafilter on x which extends U. It is
not hard to verify that W is a filter. We prove that W is a k-complete ultrafilter. Assume
that (X,: a < ) is a partition of &, for some 6 < k. Work in N [G]. Let D C i(P) \  be the
<*-dense open set of conditions which decide the unique a < ¢ for which x € 7 (X,). Then
such a statement is forced by some r € H. Let p € G be a condition which forces that r has
this property, and also decides the value of a. Then p™r IF k € i (X,) and thus X, € W.
Normality of W follows by a similar argument, using the dense set of conditions deciding the
value of i( f)(k) for a given regressive function f: k — k. The argument works since we don’t

~

force over k in N.

Remark 4.2.6. M. Magidor pointed out the following: Assuming that N CV and i:V — N
is definable in V [G], it follows that N is already a class of V. Indeed, pick a formula ¢ and a
parameter a € V [G] such that for every x,y in 'V, o(x,y,a) holds in V [G] if and only if i(z) = y.
For every ordinal o pick a condition p, € G which decides the value of the set (V;(a))N, which
is the set y for which ¢ (Vy,y,a) holds. Since P is a set forcing, there exists p* € G such that,
for unboundedly many ordinals «, p, = p*. Then N can be defined as a class of V' using p*,

N =U{y: 3o € ON, p*IF ¢ (Va,y, )}

In general, the settings of lemma are not enough ensure that jy, [v= k o for some k
with crit(k) > k. For instance, given a normal measure U on k in V with A ¢ U, the embedding
1 = jy2 satisfies the settings of lemma but cannot be used to extend U to a measure Uy for
which jy,, = koi for some embedding & with crit(k) > . This follows since 4 fails to satisfy clause

3 in the next claim:

Proposition 4.2.7. Assume that U € V is a normal measure on k, W € V' [G] is a normal measure
which extends U, i: V. — N is an elementary embedding and jw [v= ko for some k: N — M

with crit(k) > k. Then—
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1. {XChr:rei(X)}=U.
2. li(k)] = xT.

3. {i(f)(k): f €V, f:k— K} is unbounded in i(k).

Proof.

1. {X Ck:k €i(X)} =U: Indeed, let X C k in V with k € i(X). By applying k: N - M
it follows that x € jy (X) and hence X € W. Since X € V and U = W NV, it follows that
Xel.

2. |i(k)| = k*: This holds since, in V [G], |jw (k)] = 2F = kT (since, in V, 27 = k), and

i(k) < jw (k).

3. {i(f)(kK)|f : K — Kk} is unbounded in i(k): Given 8 < i(k), let f € V[G] be a function
such that [f]y, = k(B). Since k (8) < k (i(k)) = jw(k), we can assume that f: x — . The
Easton support ensures that there exists g: kK — x in V which dominates f. Thus i (g) (k) >
(indeed, by applying k: N — M on both sides, this is equivalent to jw (¢9)(k) >k (8) = [flw»
which holds, since g dominates f. Note that, when applying k, we used the fact that crit(k) >

K).

O
Theorem will be proved by a sequence of lemmata, concluded in lemma The main
idea in the proof of theorem [£.1.1]is to add representing functions for all the generators of i above

k. This is needed since jw [v has a single generator k.

Definition 4.2.1. An ordinal 8 is called a generator of i: V. — N if there are no n < w, ordinals

Bi,...,Bn below B and a function f € V such that 8 =1(f) (B1,--.,0n).

In the next lemma we construct a function a — 6, in V [G], which will be utilized, alongside

functions in V, to represent the generators of ¢ in Ult (V' [G], W).

Lemma 4.2.8. There exists a P.-name for a sequence of ordinals, (0,: o < k), such that the

following property holds:
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1. For every B < k and p € P, there is ag < Kk such that for every a > aq there exists p* >* p
such that p* IF 6, = 5.

2. For every a < k and condition p € Py, there exists a condition p* >* p which decides the

value of 6 4.

Remark 4.2.9. When iterating Prikry forcings, the natural candidate for the function o — 6, is
the function which maps every a € A to the first element in its Prikry sequence (this function does
not have domain k, but this can be fixed by defining the function of elements outside of A as the
value of the first element of A above them). The main problem with such a function is that it fails to
satisfy clause 2 of the lemma (from density, every <*-generic set has some o € A for which it does
not decide the first element in its Prikry sequence). However, we can base the function o 6, on
«a +— the first element of the Prikry sequence of a. There will be still many places of disagreement
between them, but for every given B < k there will be o < Kk such that B is the first element of the

Prikry sequence of «.

Proof. For every a < k, let 7, < k be the least ordinal such that P [(, ) is not a — c.c.. We will
argue below that such 7, < k exists, but first, let us show that this suffices: Pick an unbounded

subset X C k, such that, for every a, o’ € X,
a<d = 74 < T

(for instance, let X be the club of closure points of the function a — 7). Enumerate X = (2,: a €
A). For every a € A, let (gz, ¢: £ < 7o) be an antichain in P, ., ) of cardinality a. Define ¢, to
be the unique ordinal { < z,, for which ¢, ¢ € G [(4, 7, ) (if there is no such &, which is possible
since the antichain is not necessarily maximal, set 6, = 0).

Now, given 8 < k and a condition p € P,, pick first & € A for which z, bounds the support
of p. Direct extend p to p* such that p* [, r, )= u.,8- Thenﬂ by our definition, p* forces that
0, = B.

Let us prove now that for every o < x and condition p € P, there exists p* >* p which decides
the value of 0,.

We will direct extend p is the interval (z4,7s,), To-many times, to decide whether ¢, ¢ €

G (20,7, )s for every £ < z,. Note that this is possible since (P [@arren)r < ) is more than x,-

21t is crucial here that the Easton support is used.
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closed. Let p* >* p be the obtained condition. Then either there exists £ < x4 such that p* forces
that g, ¢ is in the generic, and then p* |- 0, = &; or, there is no such §, and then p* I+ 6, = 0.
Let us argue now that indeed, for every o < s there exists 7, < s such that P [ ) is not
a—c.c.: Pick 7, such that there are a-many elements of A in the interval (o, 7). Let (Ta¢: € < )
be an enumeration of the first a-many elements in («,7,) N A. For every £ < a, let e Ye be
P, .-names, forced by 0 P to be pair of incompatible elements of gm, ¢+ Such a pair exists since
Qm, ¢ is nontrivial.
Now, for every o € 2%, let p, € P [(4,r,) be the condition which satisfies, for every § < a, that—
ze 1fo(§)=0
Po el po (§) = {%5 If o (€)= 1
Note that 7 is the limit of the first & many elements above o in A, and thus 7, is singular, so the
support of a condition in P = P, may be unbounded in 7.

Then (p,: 0 € 2<%) is an antichain in P [, ) of cardinality at least o. O]

Remark 4.2.10. Given a function o+ 0, as in lemma[{.2.8, we slightly abuse the notation and
denote i (a— 04) by (0o a <i(k)).

Lemma 4.2.11. Under the assumptions of theorem there exists H € V' [G] which is (i(P) \
K, <*)-generic over N [G], with the following property:

(x) For every generator B €i(k)\ (k+1) of i, there exists a function f = fg €V,

fi k= Kk and a condition ¢ € H such that qIF 5 =1 (a — Qf(a)) (k).
where (0 o: o <'i(k)) is as in remark[{.2.10

Proof. In V [G], let (A¢ | € < k™) be an enumeration of maximal antichains in i(P). Let (8¢ |
¢ < k1) be an enumeration of all the generators of ¢ below i(k). Define in V[G] a <* —increasing
sequence (r¢ | € < k). Assume that (r¢: € < £*) has been constructed for some £* < x*. Pick a
condition 7 which <* extends all the conditions (r¢: £ < £*) constructed so far, and, by extending
it, assume that r extends a condition in A¢+. Finally, let oy < i(x) be such that for every a > oy
there exists 7* >* r which forces that ¢ (§ — 6¢) (o)) = B¢-. Pick any o > «g below (k) which

has the form i (f) () for some f = fs.. € V, and let 7¢« >* r be a condition which forces that
(& 0¢) (@) = PBe-.
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Finally, let H be the <*-generic generated from (r¢: § < ¢*). O

Remark 4.2.12. Repeating the above argument, we can construct or " -many distinct generic sets
H satisfying property (x), by constructing a binary tree (r,: o € 2<”+> of conditions, which are <*-
increasing in each branch, and for each o € 2<"+, To~(0y and ro~ are <*-incompatible. Assuming
25" = tt, this provides the mazimal number of generic sets H in V [G] for (i(P)\ k,<* ) over
N[G].

Below we will define for every such H a measure Uy € V [G] on k which extends U; under
mild assumptions on the forcing notions QO" we will prove that for H # H' satisfying property (*),
Uy # Uy (see theorem . Assuming GCH, this produces the mazimal number K™+ of normal

measures on k, generalizing the well known result of Kunen and Paris [17].

Remark 4.2.13. Not every generic set H € V [G] for (i(P) \ k,<* ) satisfies property (x).

Indeed, assume that A consists only of inaccessibles and i: V. — N has a nonempty set of
generators in (k,i(k)) which is bounded by some ordinal n = i(f)(k) below min (i(A) \ k), for some
f € V. This holds in the typical case where A consists of measurables below k and i is a (k,xkT)-
extender (the length of i is kT since i has to satisfy the requirement |i(x)| = k™ of theorem ,
Let o: My — N be the embedding which maps each element [g],, of My to i(g)(k) (here g € V is
any function with domain k). o has critical point strictly above k™, since (/{*‘)N =rT.

In V|G, let Hy C ju(P) \ k be <*-generic over My [G]. Let H C i(P) \ k be the generic
set generated from o”Hy. We argue that H is indeed <*-generic over N. Let D € N [G] be
a <*-dense open subset of i(P)\ k. Write D = i(F)(k,p1,...,5) for some function F' € V,
l < w and generators B1,...,0 < i(f)(k) of i. We can assume that for every & nyi,...,m < f(£),
F(&m,...,m)C P\ is forced to be <*-dense open subset of P\ €. Define, in My,

Dy = ﬂ jU(F)(K7’Yla"'a7l)
Y15 <iu (f) (k)

and note that, since the amount of sequences y1,...,v < ju(f)(k) in My is below min (A \ k),
and (ju(P)\ k, <* ) is more than min (jy (A) \ k)-closed, Dy is <*-dense open subset of ju (P)\ k.
Pick any q € Hy N Dy. Then o(q) € DN H, since o(Dy) C D.

Since 0" GxHy C GxH, the embedding o: My — N can be lifted to an embedding o*: My |G * Hy] —
N [G * H].
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Pick now any generator 8 of i in the interval (k,i(k)). We argue that there is no f € V such
that HIF 3 =1 (a — Qf(a)) (k). Indeed, otherwise, by elementarity of o*, there exists 8* < ju (k)
such that—

Hy - 8 = ju (@ = 0 ) (K)
Let g € V be a function such that 8* = juy(g9)(k). Then-
B=0"(8")=1ilg) (k)
contradicting the fact that B is a generator of i.
Given ¢, N,U as in theorem and a generic set H € V [G] for (i(P) \ k, <*) over N [G],
define—
Un ={(A)s: Aisa P —name for a subset of x, and there exists
p € G+ H such that pl-x €i(4)}
Then Upg is a normal, k-complete ultrafilter which extends U. This follows by repeating the
argument of lemma 4.2.5

The model My, ~ Ult(V [G],Uy) is of the form M[G*], where M is the image of V and

G* = ju, (G) is ju, (P)—generic over M in sense of My,,. We conclude the proof of theorem [1.1.1]

by defining an elementary embedding k: N — M and proving that crit(k) > «.
In the next lemma we continue the abuse of notation as in remark and denote—

jUH ((95 g € A>) = <9§ 5 € jUH (A)>

Lemma 4.2.14. Assume the settings of theorem [[.1.11 Suppose that H is a generic set for
(t(P) \ k, <*) over N [G] with the property (x). Define then k : N — M as follows:

k)(i(f)(lﬁ,ﬁl,...,ﬁl)) :jUH(f) (I{,e[fﬂl}UH,...,e[fBL] )

Un

For every l < w, p1,...,0 < i(k) generators of i and f € V (the functions fg,, 1 <i <1, are as

in lemma|4.2.11]).

Then k: N — M is elementary, crit(k) > k and jy, [v=Fkoi.

Proof. Denote W = Up. Let us prove that the embedding k defined above is elementary. Assume

that x,y € N. There are functions f, g in V| generators 51 < ... < f§; < i(k) such that—

I:Z(f) ("ﬁﬂh--wﬂl)a y:Z(g) (Kﬂﬂla"'a/@l)
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Assume now that k(z) = k(y), namely—

3w () (5B )00+ O (1) 09) € 009 (BB )00+ i (1))

Then—
E<n: f (5’%1(5)’ .- ~v9fﬂl(£>) €yg (5’%1(5)’ .- '70fﬁl(§))} €W

and by the definition of W, there exists p € G and r € H such that—

pori k€ i<{€ <r:f (fvg,fﬁl(ﬁ)""7g,fﬁl(£)) €9 (faﬁf;al(f)w~-vﬁfﬁl(£)>})

By extending r € H finitely many times, p~7r It 0 (i(s; )(x)) = Bm holds for every 1 < m < k.

Thus, the last equation can be replaced with—

pori- Z(f) ("{751,“'761) € Z(g) (Hvﬁla”'aﬂl)

but the forced statement above is entirely in N, and since a condition forces it, it is true in N.

Thus—
i(f) (K, B1,...,0) €ilg) (K, B1,...,5)

as desired. The implication in the other direction is proved similarly.
Clearly crit(k) > . We finish the proof by showing that jyw [y= koi. Let € V and let

¢z : kK — V be the constant function with value x. Then—

k(i(z)) = k(i (cx) (r)) = jw (cz) (8) = jw (2)

as desired. OJ
Let us now study the properties of the embedding k: N — M. We assume the settings of

theorem [.1.1]

Lemma 4.2.15. If <=<*, or at least <,=<},, for a final segment of o < K, then k is the identity

and M = N.

Proof. Fix an ordinal 7, and let f € V [G] be a function such that n = [f],;,. We will prove that
n € Im(k). Indeed, consider the set—

{pei(P)/G | Ir(pl-i(f)(k) =)}
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It is < —dense in N[G]. So, if <=<*, then H meets it. Thus, there exists a condition ¢ € H, a
function g € V and generators S, ..., 5; of i, such that ¢ I- ¢ (f) (k) = i(g9) (k, B1,...,5:). Thus,
by the definition of W,

{{<r: f€) =y (579f31<s>7~-~,9fa,<5>)} ew

and thus n = [f]y, =k (i(g9) (k, B1,. .., B1))-
0

In general, M should not be equal to N. Thus, for example, they will differ if the Prikry forcing
was used unboundedly often below k.

However, we do not know whether the assumption of 2.15 is necessary.
Question 4.2.16. Suppose that for unboundedly many o < k, <o#<’. Is then M # N?

We do not know what are the requirements on the forcings @, for a € A which imply M = N.
We conjecture that the requirement should be that there is § < x, such that every set of ordinals

x of V[G] can be covered by a set y € V of cardinality < |z| + 4.
Lemma 4.2.17. k"H C G* \ k.

Proof. Let g be in H, and let p € G be a condition such that p IF ¢ € H (recall that H € V' [G]).

Clearly,
p’\g I q € '\ k

where I is the canonical i(P)-name for the generic set for i(P) over V.
Pick f: [k]" = K, f € V and 1 < ... < B < i(k) such that ¢ = i(f)(B1, ..., Bn). For every
m,1 < m < n, there are fp, : £ = K, fm € V such that g, \(x),5,, € H, namely, Bm = 01, )(x)-

Let us argue that the set—

Aq = {V <K | f(efl(,,), ...,an(,,)) S Q\V}

is in W. Pick any ¢ <* ¢* € H which <* which forces that 8, = 0y, (x), for every 1 <m < n.
Recall that—

q=1(f)(Brs - Bn) = () Oscr)(r)s -+ i) (x))
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and thus p~ ¢* IF k € i(4,).
O
The next lemma generalizes a Kunen-Paris result (see remark [4.2.12]).

Theorem 4.2.2. Let H,H' € V [G] be generic sets for (i(P)\ k,<* ) over N [G]. Suppose that H
and H' satisfy (x). Assume that for every B < &, if q,q4' € Qs are incompatible according to the
order <*, then—

Dg(q) ={r € Qs | r is < —incompatible with q}

is <* —dense above ¢, or
Dgs(q") = {r € Qs | r is < —incompatible with q'}

is <* —dense above qE|
Suppose that H # H', then Uy # Ugy.

Remark 4.2.18. Note that if the (Q3-s are taken to be Prikry forcings, then the above property holds.
Indeed, assume that ¢ = (t, A) and ¢’ = (t', A" are <*-incompatible. Then t #t'. Assume without
loss of generality that t is an end extension of t'. Then D(q) = {r: r,q are <* -incompatible}
is <*-dense open above ¢'. Indeed, pick a condition (t',B) >* (t', A). Shrink B to the set B* =
B\ (max(t) +1). Then (t', B*) >* (t', B) and is incompatible with ¢ = (t, A).

Proof. Suppose otherwise, i.e. H # H', but Ug = Ug, := W.
Let k : N — M be the elementary embedding defined from H and k' : N — M from H'.

Claim 4.2.19. k # k'

Proof. Assume for contradiction that k = k’. Thus, by Lemma every pair of elements from
H, H' are <-compatible. We will argue that this implies that H = H’. It suffices to prove that
every pair of conditions g € H,q' € H' are <*-compatible.

Assume otherwise. Let o < k be the least ordinal such that there are pair of conditions
g € H,q' € H' for which q [, ¢ [o are <*-incompatible. a cannot be limit, since <*-compatibility
of all the initial segments of ¢, ¢’ below « implies that ¢ [, and ¢’ [, are <*-compatible themselves

(if « is inaccessible, this is clear since the support of ¢, ¢’ is bounded in «; if the supports of ¢, ¢’

3This type of condition usually holds. For example, if we iterate Prikry forcings, then just shrinking sets of
measure one will produce such type of incomparability.
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are unbounded in «, just intersect sets of measure one to find a common direct extension). Thus
a =+ 1 is successor, and ¢ (8), ¢’ (8) are <*-incompatible. By the property of the forcing Qg,
without loss of generality, Dg (q) is <*-dense open above ¢'. Since ¢’ € H' (8), ¢’ can be extended
to a condition r € H’, such that 7(3) € Dg(q). In particular, ¢ € H, r € H' are <-incompatible,
which is a contradiction. O of claim

Since k # k', there exists a generator 8 of ¢ such that k(8) # k'(8). Pick the least such generator
B.
Claim 4.2.20. For every generator 5/ < [ of i, there exists a function fg € V such that each

generic Hy H' has a condition which forces that 3/ = Bi(fa)(m)-

Proof. Let f, f' be functions such that some condition in H forces that 3 = 6 ;.f)(.), and some
condition in H' forces that 3’ = 0 ;4. Let ¢ € H be a condition which decides the statement
Qi) = Bi(r)(x) and assume for contradiction that it is decided negatively. By applying k,
k(q) € jw(QG) forces that—
e # Lirw
namely k(8') # k' ('), contradicting the minimality of 5. O of claim
Recall now that k(8) # k'(8). Thus, there are two distinct functions f, f’ in V' such that—

1. Some condition in H forces that 8= 0 ;(s)x)-
2. Some condition in H' forces that 8 = 0 ;(s)(x)-
3. Without loss of generality, {§ < r: 0 ey < Op)} € W.

By property (2) of the names (f,: a < ), presented in lemma[£.2.8] there exists an ordinal 3’
such that some condition in H forces that € ; ;). = A’. By the above assumptions, 5" < 3.

We argue that 3’ is a generator of 7 as well. This will finish the proof: once we prove that 5’ is a
generator of i, it follows from claim that 64/ (.) represents 3’ in the sense of both generics,
H, H'. However, in the sense of H’, it represents 3, which is a contradiction.

Assume for contradiction that 8’ is not a generator of . Then there is a function g € V and
Bi,..., B below 3, such that 5" =i(h) (x,B1,...,B). Since H forces that 5" = 0 ;(f/)(x), it follows
that—

{E<r:yg (Ea‘)fﬂl(f)amv@fal(s)) =0y €Un =W
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Thus the same set belongs to Ug.. Therefore, H’ forces that—

B = 0ipryw) = i(9) (K, Brs - -+, B1)

contradicting the fact that [ is a generator of ¢ (note that we used claim |4.2.20| when arguing that

the generators §;, 1 < i <, are represented the same way in the sense of H, H'). O

Definition 4.2.3. A measure W € V [G] is called simply generated if W = Uy for some U € V,
where H is generic for (ju(P)\ k, <*) over My [G].

Remark 4.2.21. Given a simply generated normal measure W € V [G] as above, with A ¢ W,
the parameters U and H are uniquely defined from zﬁ Indeed, we will prove in the next lemma
that U = W NV belongs to V, and is a normal measure there with A ¢ U, Now, assume that there
are H,H', generic over My [G] for (ju(P)\ k,<*), with W = Ug = Uy,. Then H,H' satisfy
the conditions of lemma (since ju has no generators other than k). Thus, by the theorem,
H=H'.

Given W € V [G] normal on x (which is not necessarily simply generated), we can say the

following:

Lemma 4.2.22. Every normal measure W € V' [G] on k extends a measure U =W NV € V.

Proof. First, let us argue that U = W NV belongs to V. By [§], it suffices to prove that there are
no new fresh unbounded subsets of cardinals in the interval [n, (2’“”)‘/] = [k, xT]. Thus, it suffices

to prove the following pair of claims:

Claim 4.2.23. P = P, does not add fresh unbounded subsets to k.

Proof. The fact that there are no fresh unbounded subsets of x follows essentially from the facts
that 2¢ = k', and that there exists a normal measure on x in V [G]: Given a normal measure
U €V with A ¢ U, take any U* € V[G] which extends it. Given a fresh unbounded A C &,
A = juy~ (A) Nk and thus, by elementarity, A belongs to the ground model M of Ult (V [G],U*).
Now set ky: My — M to be the function which maps [f];; to [f];.. Then ky is a well defined

elementary embedding since U C U*, and crit (ky) > x by normality of U*. Since 2¢ = ™ holds

4Note that when iterating Prikry forcings, A ¢ W holds for every normal measure W € V [G] on &, since every
such W concentrates on regulars.
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in M, ky maps the sequence of subsets of « to itself, and thus every subset of k which belongs to

M, already belongs to V. So the above set A belongs to V', which is a contradiction. [J

Claim 4.2.24. For every measurable (in V) X < k, Py doesn’t add fresh unbounded subsets of \T.

In particular, P, does not add fresh subsets to \T.

Proof. Let f € V [G] be the characteristic function of a fresh unbounded subset of AT. Let ;i be a
Py-name and assume that p € P forces that i is fresh.

Let G C Py be generic over V. For every £ < AT, let ps € G be a condition which decides i e
For every & < AT there exists ag < A such that the support of pg is bounded by a¢. Let A C AT
and a* < X be such that |A| = AT and a¢ = o* for every £ € A.

By shrinking A C AT even further (to a set of cardinality A"), we can assume that there exists
q* € Py such that, for every £ € A, pe [a+= ¢* [ax, and ¢" [[o+ ) is trivial.

Let h={g: I <A ¢*IF i le=g}. Clearly, h: AT — 2 is a function and ¢* I+ i =h. O
O of lemma [42.22

4.3 The Structure of jy [y
4.3.1 Properties of k

We continue and use the notations of theorem We first state the following lemma.

Lemma 4.3.1. Let P = P,; be an Faston support iteration of Prikry type forcings, and i: V — N,
ACk, UeV,WeVI[G] and k: N — M be as in section[{.3
Assume that there are no elements in (k, crit(k)) Ni(A). Then crit(k) € i(A), namely, it is the

least element above k in i (A).

Remark 4.3.2. The assumption (k, crit(k)) Ni(A) = 0 holds in the typical case where P = Py is
an iteration of Prikry forcings. Indeed, assume, by contradiction, that there exists p € (k, A\)Ni(A).
Then =k (1), and thus in M [jw (G)], 1 changes cofinality to w. Therefore, in V [G], cf (1) = w,
and, inV, c¢f(u) < k. The sequence witnessing this belongs to VN (*N) and thus, by our assumption
on N, belongs already to N. This contradicts the measurability of u in N.

Proof. Denote \ = crit (k). Then for some h € V and Kk = 8y < f1 < ... < B,
A= Z(h) (Kﬂﬁla v 7Bk)
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By the definition of k, A > k.
We first prove that A € i (A). Assume otherwise. We can assume without loss of generality that

for every &, v, ..., v below k, h (&, v1,...,v;) > & does not belongs to A: this can be assumed by

n+1

replacing the function h with the function h': [] — k defined as follows: For every &,m1,. .., Nk,

R (& m,...,ne) equals h (&1, ...,nk) if h(&m,...,nk) > & is not measurable in V; and else,

' (&,m1,...,m%) is an arbitrary non-measurable above £. By our assumption,

'L(h) (Hvﬁl,u'aﬂk) :Z(h/) (Kaﬁlv"‘,ﬁk)

so we can replace h with h’. Since X is regular (as a critical point of an elementary embedding), we
can assume, using a similar argument, that each h (§,vy,...,vy) is regular.
We can assume that for every &, i1, . . ., Vg, there are no elements of A in the interval (£, h (§,v1,...,Vk)).

Let f € V[G] be a function such that [f],;, = A. Then—

By the definition of W, there exists p € G and r € H such that—

pﬁr H_ 'L(IJ)(K/) < Z(h) (/‘f, 97;(fﬁ1)(1’1)’ vy Ql(fﬁk)(ﬁ))

Recall that, for every 1 < i < k, there exists a condition in H forcing that ai(f,; )(k) = Bi. Thus by

extending r inside H,
prik z(i)(m) < i(h) (K, B1y---»Pk)

Since there are no measurables of N in the interval (k,i(h) (s, Bo,...,Bk)], we can find v/ >* r

inside H such that—
plk 3a <i(h) (k,B1,-.., k), ¥ IFi(f)(k) < a

and since P = Py is k-c.c. and i(h) (k,B1,...,0%) is regular, there exists a < i(h) (s, B1,-- -, Bk)
such that—
p rFi(f)(k) <«
Now apply k£ on both sides. By lemma |4.2.17]
M [jw (G) EX=[fly <k(®)

but a < i(h) (K, B1,...,Bk) = A and thus A < k(o) = @ < A, which is a contradiction. O
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Remark 4.3.3. Assume that P = P, is an iteration of the one point Prikry forcings. A one point
Prikry forcing on a measurable o is a forcing, which depends on a normal measure U on «, and is
defined as follows: Conditions are of the form A where A € U or & for some ordinal £ < . The
latter kind of condition cannot be extended. A condition of the form A for A € U can be extended
in two ways: A direct extension is a condition B where B € U and B C A; a non-direct extension
is of the form & where £ € A is an ordinal.

We argue that in this case, the question whether (k,crit(k)) Ni(A) # 0, and, as a result, the
value of crit(k), depend of the choice of H:

1. Denote by u the first element above k in i(A). Assume first that H is chosen such that
the condition on coordinate p is a measure one set. In this case, p = crit(k). Indeed,
crit(k) < p cannot hold, since then (k, crit(k)) Ni(A) = O which implies, by the last lemma,
that i = crit(k). And p < crit(k) cannot hold since then k(u) = . Denote by po < 1 the one
point added below p in jw (G). Then H at coordinate p has a condition which is incompatible

with po (by shrinking the large set and applying a density argument). Thus p = crit(k).

2. Denote now by p the least element in i(A), for which H does not specify the one-point element
added to it. We arqgue that crit(k) = u, even though pu doesn’t have to be the least element

above k in i(A).

Repeat the proof of the last lemma, and note that the <* forcing in the interval (k, p) is trivial,
since no condition in this interval can be non-trivially extended. This replaces the assumption
that there are no elements of i (A) in the interval (k,i(h) (k,B1,...,0k)). Therefore, u =
crit(k).

Let us deal here with an Easton support iteration P of the Prikry forcings over a set A of a
measurable length k. Let U be a normal ultrafilter over s in V with A ¢ U. Let G C P be a
generic and W be a normal ultrafilter in V[G] which extends U.

Let i: V — N be an elementary embedding as in theorem [£.1.1] and assume that W = Uy and
k: N — M are as in lemma [£2.174]

In the setting of iteration of Prikry forcings, much more can be said about the embedding
k: N — M. From remark it follows that crit(k) is the least element in i(A) above . In
particular, by elementarity, k(u) € jw (A) in M, and thus a Prikry sequence is added to k(u) in

Jw (G).
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Lemma 4.3.4. Denote p = crit(k). Then pu appears in the Prikry sequence of k(u).

Remark 4.3.5. p is not necessarily the first element in the Prikry sequence of k(u). The initial
segment of this Prikry sequence below u depends on the choice of H. For every finite sequence

}<w

t € [u]~", we can choose H C i(P) \ k such that t is an initial segment of the Prikry sequence of

w. This way, in M [jw(G)], t will be an initial segment of the Prikry sequence of k(p) below pu.

Proof. Let t be the finite initial segment of the Prikry sequence of k(u) below p, and assume that
& m,...,m)y—t&m,...,m) is a function in V, such that—

t:i(<€’n17"'anl> Ht(&anlw"?nl)) (’ﬁﬁlw"aﬁl)

for some generators £, ..., 3 of i. For every £ < &, let s(§) = min{A\({ + 1)}, so [{ = s(§)]yy, = p-
In V [G], define, for every £ < k&,

w(&) = the first element above ¢ (5, Ofs () efﬂk(f)) in the Prikry sequence of s(§)

and, if ¢ (f, Ofs () - s ofﬂk@)) is not an initial segment of the Prikry sequence of s(§), set u (§) = 0.

It suffices to prove that [§ — u(€)]y,, = p-

Assume first that n < p. Work in N [G]. Since H is <*-generic, it meets an element ¢ € i(P)\ %,
for which Af, C pu\ (n+1). Since ¢ € H, we can assume that t{, is an initial segment of ¢: Indeed,
t,t}, are compatible sequences, since, for any p € G which forces that ¢ € H and decides the value
of t%, the condition k(p™¢q) = p~k(q) belongs to jw (G), and decides an initial segment, below
i, of the Prikry sequence of k(u). By our assumption, this initial segment is contained in ¢, and
p~k(q) forces that every possible extension of it is above 7. Thus, in M [jw (G)], each element in
the Prikry sequence of k(u) after ¢ is strictly above 7.

The argument given in the previous paragraph also shows that for every ¢ € H, t} is either
empty or equals to t: As mentioned, it must be an initial segment of t. Let us argue that if it is
proper, then it is empty. Apply the above paragraph for n = max(¢). Then by direct extending
q inside H, it forces that the element after ¢{ in the Prikry sequence of y is strictly above 1. By
applying k: N — M, there exists a condition in jy (G) which forces that the Prikry sequence of
k() has an initial segment %, followed only by elements above 7. So ¢ cannot be a proper initial

segment of ¢.
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Assume now that n < [§ — u(€)]y,,. Write n = [f],;, and assume that for every £ < &,

f(&) <€) < s5(8)

Let p € G be a condition which forces this. Work in N [G]. Take ¢ € H such that ¢] =t. Then
i(p)"q = p—q forces that z(i) (k) is below the first element above ¢ in the Prikry sequence of u.
Thus, its value can be decided by taking a direct extension. So, by direct extending ¢ inside H we
can assume that—

plF Ja < p, qIFi(i)(n)<a

and thus there exists oo < p in V, such that—
pqlFi(f)(k) <o

Thus, in M [jw (G)], n = jw (f)(k) < k() = a < p, as desired. O
In the next subsection we will decompose the embedding k to an iterated ultrapower of N. We

now demonstrate the first step in the iteration:

Lemma 4.3.6. Let u = crit(k) and let U, ={X Cpu: p € k(X)}NN. ThenU, € N.

Proof. For every £ < k, denote by W the measure in V [G¢] used to singularize £ in the Prikry
forcing at stage £ in the iteration. Let U = We N V. We first argue that there exists a set 7 € N

of measures on p, with |F| < p, such that, for some p € G and ¢ € H,

pTqlFi(§— Ug) (p) €F (4.1)

Indeed, let o be a jy(P)-name for the index of i (§ + Ug) (1) in a prescribed well order of the
normal measures 4 carries in N. Work in N [G]. For some ¢ € H, there exists an ordinal 5 such
that ¢ IF @ = . Thus, by s — c.c. of the forcing i(P), = Py, there exist p € G and a set S C 22"
of ordinals with [S| < p, such that p~¢ I- ¢ € S. In particular, p~q forces that i (§ — Ug) (1)
belongs to F, where F is the set of measures on p indexed in S.

Now apply k on equation ([L.1)), and work in M [jw (G)]. Since |F| < p, it follows that there

exists a measure F' € F such that—

gw (€= Ue) (k (1)) = k (F)
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so it suffices to argue that F = {X C pu: p € k(X)}NN. Fix X € F. Write X = i(g) (x, Bo, - - -, Bk)-
Then—

jw (9) <K70[fﬁl]w’ a -aa[fﬁk}w> € jw (€= Ue) (k(w))

Recall the function £ — s(§) = min (A \ (£ + 1)), for which [§ — s(£)]y, = k(p). We can assume

that for every & < k,
g (5,%1(9’ SRLATN (s)) € Us)

and let p € G be a condition which forces this. Then for strong enough g € H,

phq |F Z(g) (Haﬂh'"aﬂk) € ’L(f — QE) (:u‘)

and thus by direct extending ¢ further, we can assume that g forces that the first element after ¢
in the Prikry sequence of p belongs to i(g) (s, 51, .., 0k) = X. Thus k(q) € jw(G) forces that the
first element after ¢ in the Prikry sequence of k(u) belongs to k(X). By the previous lemma, it
follows that p € k(X), as desired. O

4.3.2 Description of jy [y

We now generalize the previous subsection, in order to completely decompose jy [v. We continue
to assume that P = P, is an iterations of Prikry forcings. For technical reasons, we will assume
that the measures used in the iteration P = P, to singularize the measurables in A are all simply
generated; this is needed only in the proof of claim which will be presented in the next
subsection.

At each stage a € A, let QO‘ be the P,-name for the Prikry forcing on «, using a simply
generated normal measure W, on a. Denote Uy = W, NV € V. Let Hy C (jy,, (Pa) \ @, <%),
Hao € V[Ga], be <*-generic over My, [Go], such that Wo = (Ua) g -

Let G C P, be generic over V.

Our goal is to prove the following theorem:

Theorem 4.3.1. Let H € V [G] be a generic set for (i(P)\ k, <*) which satisfies (x). Let W = Upy
be the corresponding normal measure on k extending U, and denote its ultrapower embedding
Jw: VI[G] = M [jw(GQ)] = Ult(V [G],W) for some model M. Then jw [v factors to the form

Jjw Tv=koi for some elementary k: N — M.
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Moreover, if P is an Easton support iteration, where at each step B € A, Qg 1is forced to be
Prikry forcing with a simply generated normal measure on 3, then k is an iterated ultrapower of N

by normal measures and jw (k) = i(k).

This, in contrast to Full-Support and Nonstationary-Support iterations of Prikry forcings, where,
assuming GCH<«,, jw [v is an iteration of V' by normal measures only.
If all the measures considered, including W, are simply generated, jy [y is an iterated ultra-

power by normal measures only:

Theorem 4.3.2. Assume that P is an Easton support iteration, where at each step B € A, Qg is
forced to be Prikry forcing with a simply generated normal measure on 3. Then for every simply
generated measure W € V [G] on &, jw v is an iteration of V' by normal measures. Moreover, if

U=WnNV then jw(k) = ju(k).

We will prove theorems and simultaneously. Assume that H € V [G] is a generic for
(i(P)\ k,<*) over N [G] with the property (). In the case where i = jy and N = My, any generic
for (i(P) \ k), <*) is such. Let W = Uy € V [G] be the corresponding normal measure on %. Let
Jw: V[G] = M [jw (G)] be the corresponding ultrapower embedding.

Denote by B C (k,i(k)) the set of generators of i. By property () of H, for every 8 € B, there
exists a function fg in V' such that H forces that 3 = 0;(4)(.). The mapping 8 + fs is available in
VIG].

Recall the embedding k: N — M defined in lemma [£.2.14}

B (5 B 50 = G (D) (.00, eesip )

for every f € V and f31,...,8r € B. Then k is elementary, crit(k) > k and jw [v=k o 1.
Denote k* = i(x). Define by induction a linear directed system ((My: a < £*), (ja,5: @ < <
k*)) such that:

1. My =N, jo =1i.

2. Successor Step: Assume that o < k* and M, has been defined. We will define an elementary

embedding k. : M, — M, such that jy [v= ks 0 jo. We denote p, = crit (k,) and define—

U, = {X C pia: o € ko (X)} N M,
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We will prove that U, € M, and take M1 ~ Ult (M, U,,). We also take jo,at1: My —

My 41 to be the ultrapower embedding j%‘* , and Jat+1 = Ja,a+1 © Ja-

3. Limit Step: For every limit o < x*, the system (Mg: 8 < ), (jgr: 8 < v < «) is linearly
directed, and we take direct limit to form the model M, and the embedding j,: V — M,.

For every a < k*, define k,: M, — M as follows:

ka (ja (f) (HajO,a(ﬂl)a cee 7j0,0¢ (Bl) s Moy s - - 7ﬂak)) = .7W (f) (K’a[f/h]w’ . ~70[fﬁl]wa,ua17 .. ,/iak)

for every f € V, B1,...,8; generators of i and a1 < ... < af < a.

Our goal is to prove by induction on a < k* the following properties:
(A) ko: My — M is an elementary embedding, and jw [v= kq © ja-

(B) o is measurable in M,. Moreover, it is the least measurable in j, (A), which is greater or

equal to sup{pg: f < a}, and whose cofinality is above x in V.
(C) pp,, appears in the Prikry sequence of kq (fta).

(D) Let U, be defined in V' [G] as above. Then U,,, € M, is a normal measure which concentrates

on fe \ jo (A). Moreover,

ko (U,ua) = jw (5 — U5) (ka (,uoc))

where, for every § € A, Us = Ws NV, for W5 which is the measure used in the Prikry forcing

at stage ¢ in the iteration P.

After that, we will prove in lemma [4.3.20} that k.- : M« — M is the identity, and thus jy [y =
Jw=- This will conclude the proof of theorems and

Remark 4.3.7. We remark that k,, is well defined is the sense that there is no o' < « and generator
B of i, for which jo.o(B8) = po. Indeed, assume otherwise. Note that piar = jo,a (8) = oo (B).
Strict inequality is not possible here, since if jo,o (8) < ftar then jo o (8) = jo,o(8) = par, which is
a contradiction. Thus, jo.o (8) = par (which is, by itself, possible for o/ < a - see remark ,
but then, applying jor.o on both sides, we get—

jO,a(ﬂ) = ja’,oz (Ma’) > o

where the last inequality follows since por = crit (o o).
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Remark 4.3.8. It is possible that a generator [ of i is measurable in N and belongs to i(A). In
this case, there exists o < k* such that o = B = jo,o(8). Such § will appear as an element in the

Prikry sequence of ko (B) € jw(A), which also has the form 0}z, .

Properties (A) — (D) of k,, presented above, will be proved by induction on o < x*. The
proof of the inductive step at stage o < x* will be carried out in subsection using the tools
presented in [9] and [I5]. Fixing o < k*, we can assume by induction that k. : M, — M and
pars Uy, , for o/ < a, satisfy properties (A) — (D). Denote by ¢, the initial segment of the Prikry

sequence of kq (11o’) below g .

Definition 4.3.9. Fiz o < k* and a sequence of generators (B1,...,[0) for i. An increas-
ing sequence {ai,...,ax) below « is called a (B1,...,0;)-nice sequence if there are functions

Glse- s Gist1, ..., tr in V, such that-
/‘l‘al = joq (gl) (Hajo,ozl (51) DI 7j0,a1 (ﬁl))
tal = jal (tal) ("iij,ocl (51) PR ij,ozl (Bl))
U;Aal = Jay (Fl) (ijO,oq (ﬁl) yee e ajO,cn (/81))
and, for every 1 <i <k,
,LLOéi+1 = jai+1 (gi+1) (K/vjo,al (51) g e 3j(),a1 (ﬁl) 7/140117 .. aﬂai)
tai+1 = jai+1 (tiJrl) (va(),al (61) P 7j0,a1 (5l) 7,“/041 gy 7,“/041-)
Uﬂai+1 = j(X11+1 (Fi+1) (’%7.].07051 (Bl) P 7j0,041 (Bl) 7/"LC¥1 3. 7/1(%)

Fix now a < £*. Assume by induction that properties (A) — (D) above hold for every o/ < a.
Fix also a sequence of generators (81,...,05;) for i, and a (f1,...,[;)-nice sequence (ay,...,a)
below . We define, in V' [G], functions which can be used to represent fiq;, ta;, Us;. Assume that
o, is the n;-th element in the Prikry sequence of kq, (tta;)-

First, set—
ta, (§) = the ni-th element in the Prikry sequence of g1 (€, Ofs () QfBl ©)
By induction, define, for every i < k,

Paii: (&) =the n;yq-th element in the Prikry sequence of

gi+1(£a gfgl (&)r > ofgl (5)7#041 (5)3 ey Hay (g))
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and U, &) = Wi, NV. Here, given 0 € A, W;s is the measure on § used in the Prikry forcing

which was applied at stage ¢ in the iteration.

Claim 4.3.10. [ fia, )]y = fta, and [g s U, (5)} = ka, (Us,,)-

Proof. We begin by proving that [§ — fiq, (§)]y = tta,- We present the argument for ¢ = 1. Higher

values of i < k are proved similarly, using induction. Recall that—
fay = Jai (91) (K5 Jo,ar (B1) 55 Jo,ar (B1))
and by applying k., on both sides,
kay (Har) = gw (91) (5,055, 01,0+ 0155, 001,

By induction, pi,, is the nq-th element in the Prikry sequence of kq, (tta, ), and thus it is represented
as the ni-th element in the Prikry sequence of ¢y (5, Hf/fl(@’ ceey 9fm (£)>.
As for [5 = Uy, (5)} W ka, (Uuai), this follows since, by induction,

kai (Uuai) = jw (6 — U5) (kai (/’I’ai))

O

Let us argue that k,: M, — M is elementary.

Lemma 4.3.11. k,: M, — M is elementary.

Proof. Assume that x,y € M,, and let us prove, for example, that « € y if and only if k(x) € k(y).
Let f,geV, B1,...,0;and a1 < ... < ai < « be such that—

z :ja(f) (K:ij,oc (ﬁl)w"a.jo,a (6l) 7”@17"'7”6%) Y :ja(g) (ﬁ’joﬂl (61)"' '7j0,0¢ (ﬁl) 7/J'a1a'~-7,uozk)

Assume that o = o/ + 1 is successor (the limit case is simpler). For simplicity, we assume also that

ar = «'. Then z € y if and only if-

Ha! € ja',a ({E < Ha’: jo/ (f) (Ha.jo,a' (51)7 e aj0,0l/ (Bl)7/~‘60¢1’ et 7“0&1@7175) €
jo/ (g) (Kjij,a’(ﬁl)a s 7j0,a’(ﬂl)aﬂala ey ,uockflag)})
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which is equivalent to—
{5 < Ha’ - ja’(f) (’%ajo,a’(ﬁl)7 s ajO,a’ (ﬁl); Moy 7ﬂak,1a€) S
ja’ (g) (Hajo,a’ (ﬁ1)7 s 7j0,o¢’ (ﬂl)7ua17 B 7Mak_17£)} el, o
which, by the definition of U, ,, is equivalent to—
Ko’ S ka' ({5 < Ha' - ja'(f) (K/7j0,oc'(ﬁl)a SRR 7j0,o¢’(6l)7 Hoaqgye-- ;/J/ock,nf) S
ja'(g) (Ka jO,a’ (ﬁl)a s ajO,a’ (51)7 Maqy--es Mag_q5 g) })

namely kq(z) € kq(y).
O

Let us describe now the main ideas behind the proof that u, = crit (k) is measurable in M,,.
Note that this is not trivial since k,: M, — M is not definable in M,. The full argument will be
presented in lemma but will require a technical theorem (theorem . Mainly we would
like to follow the methods developed in [9] and [I5], which deal with nonstationary and full support
iterations of Prikry forcings, respectively.

We consider the function f € V' [G], for which u, = [f]};,. We will prove that if u, is not
measurable in M, then po = [f]y;, € Im (K, ), contradicting the fact that p, = crit (k,). For that,
we first fix a function h € V such that, for some sequence (1, ..., §; of generators of 7, and for some

nice sequence (a1, ...,ax) below «,
Mo = .]Ot (h’) (K:ij,Oé (ﬁl) P a.j0,0z (Bl) y Moy s -+ ,,Uak)
since p, = crit (k. ), we can assume that for every £ < &,

f(g) <h (gagfgl(f)a e 70f5l(§)alu’041 (5)7 coey Moy, (5))

Pick a condition p € G which forces this. For every & < k, 7= (n1,...,m) and 7 = (v1,...,Vk),

denote—
e(&,7,7) ={r € P\ v;: there exists a bounded subset A C h (§,7,7) such that r |- f(§) € A}

This set is <*-dense open above conditions which extend p and force that—

<0fﬁ1(f)’ Tt ofBl (5)7#01 (f)a e ’lu’@k (€)> = <ﬁ7 ﬁ> (42)
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We would like to follow [9] and [15], and construct a condition p* € G above p, such that, very

roughlyﬂ for every &, 17, 7 as above, and for every extension r of p* which forces (4.2)),

r [ IFr\.,,. €e(& 7, 7D)

Essentially, such p* will have the following property: every extension r of it which forces that
equation holds, forces also that f(£) belongs to a bounded subset A (&,7,7) C h(&,7,7)
(which depends only on p* and (&, 7, 7), and not on the choice of the extension of p* which forces
(4.2))). In [9] and [I5] the construction of such p* was done by a Fusion argument which allows, in a
sense, to absorb a lot of data into a single direct extension p* of p. Such a method is not available
in the Easton support iteration. We bypass this problem by constructing, for every sequence

(& m,...,m), a system of non-direct extensions of p,

D&M,V Vg) i < oo < Vg < R)

and sets—
(A, M, ey Ve ey V) i < oo < Vg < K)

such that the following properties hold:

1. Itp(&m, ... ,m,v, ..., vg) Torces (4.2), then it also forces that f (&) € A (€, 7, 7), which is a
bounded subset of h (§,7, V).

2. For aset of {&-sin W, p (5, Ors,(6)>- -+ 08s,(0) o (§)y -y Hay, (f)) belongs to G.

This suffices, since, by combining the above properties,

VIGIE € < 8 £(€) € A (&85 0002051y Mo (§)s- s 10 (€)) } €W

and thus, in M [jw (G)],

ua:[fWE[é‘HA O (©1r- -+ 012, (0 Har () -+ (9))]
( (<§ ﬁ l7> HA(&?ﬁ’ﬁ)) (H’ﬁlr"aﬂlaula"'vﬂk) ) gIm(kOC)

where the last inclusion follows since j,, ((£,7,7) — A (&,7,7)) (K, B1,- .., Bi, fi1, - - -, g ) is a bounded
subset of o, = Jo (B) (Ky By« <5 Bls o s - - - s Pay)-

We will complete the missing details in the proof in lemma Before that, we present the
proof of theorem

5We omitted some of the details in the version described here, for sake of simplicity.
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4.3.3 Theorem and its proof

We devote this subsection to the proof of the following theorem:

Theorem 4.3.3. Letp € G be a condition. Assume that for every increasing sequence (§,v1, ..., Vg),

and for every i = (m,...,m) above £, the set—
6(57”15"'a77l71/17"'ayk) g P\Vk
is <* dense open above conditions in P\ vy which force that—

<7717"'777l7yl7"'ayk> = <9fﬁ1(§)a79fﬁl(6)7/1/a1(§)77,uak(€)>

Then there are s < w, a new sequence of generators f3),. .., 5. of i which contains f1, ...

system of extensions of p,
PN, Ny Ve s VR) My s < By < oo < Vg < K)

with the following properties:

1. There exists a set of €-s in W for which—

p (f’ af[eg (&)= of;s; (€)r Hay (&), Hay, (6)) ruak(é)‘F
p (ga efﬁi (&)r- > efﬂg(i)v Moy (6)7 sy Moy (g)) \ 227" (5) €

€ (579&%(5)7 ey 0fﬂ§(f)7ﬂ0&1 (5)7 “e 7/140%(5))
2. There exists a set of £-s in W for which—
p (ga afﬂzl(f)a ceey afﬁé(i)vual (g)ﬂ s nU’Oék(g)) €eG

(Intuitively, for the majority of values of (¢, m1,...,7ns,v1,..., V), the condition

p(&n,. .. Ns,V1,...,v) which we will construct, forces that—

<9f61(§)7"‘70fﬁ5(5)’:u0¢1(€)7'"7Mak<§)> = <7717-~-a7757V1;~~-7Vk>

and its final segment belongs to e (£, 11, ..., s, V1,...,Vg)).
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Remark 4.3.12. When we extend a sequence of generators (B1,...,5;) to a sequence (31,...,[5%)

we will naturally identify the set e (§,m1,...,m), with—

e/(é-anlw'wns) :e(§>ni17~--»77il)

where ; is the index for which BZ’J = By, for every 1 < j <.
Similarly, whenever a function g € V is given, whose variables are £, m1,...,M,V1,..., Vg, We

abuse the notation and denote g (§,M1, ..., NsyV1y.-- Vi) to mean g (§,Miyy vy Miys Viy- oy Vi)-
The proof of theorem [4.3.3 goes by generalizing the given sets e (&, n1,...,m,v1, ..., Vg):

Definition 4.3.4. For every ny,...,m < k, 1 <1i < k and an increasing sequence (&, v1,...,V;),
we define a set e (E,n1,... M, V1,...,v) C P\ y.

For i =k this is the set e (§,m1, ..., M, V1,..., V) given in the formulation of the theorem.
Assume that 1 < i < k. Work by recursion. Assume that for everyv < giy1 (&, 101, -, M, V1, .-+, Vi),

the set e (§,m1,. .. My V1, ...,V V) is defined. Denote giv1 = giy1 (&, 101, M, V1,-..,v;). Let us

define the sete (§,m1, ..., M, V1, .. .,V;), as follows: A condition g € P\v; belongstoe(§,m,...,n,v1,. ..

if and only if the following properties hold:

1. (A technical requirement) q | decides the statements—

gi+1
Fi+1 (57771;-"7771’1/17"%Vj) :ng+1 ﬂV, tgi+1 =tit1 (§a7717~--»77laV1a~-~7Vi)

Also, if q 1g,,, decides that t] =~ # tit1 Emy.eoosmi, v, ..., 1), it also decides whether one

of the sequences is an initial segment of the other, and if so, which one it is. Finally, if it

forces that t] . is a strict initial segment of ;11 &My ey, - -, 1), it also forces that

Al C givr \max (g1 (§mus o ms v, 1)

2. (The essential requirement) If both statements in the technical requirement are decided posi-

tively, there exists a sequence—

(qw):v<gipz1(&m,eomuve, s v) )

such that, for every v < gi11 (&, 1, ..., M, V1, ..,V;) above v;, q(v) € P\ v extends ¢\ v, and-

qlF if’;iaiﬂ(f) =v, then q(v) € G\ v and q(v) € e (&1, M, V1y- .y Viy V)

144



Similarly, given (§,m,...,m), define e(§,m1,...,m) to be the set of conditions g € P\ § which
decide whether Fy (§,m1,...,m) = W ey OV, 1 (§m1, 00 ,m) = tgl(i,m,m,m)’ and, assuming

that it is decided positively, have a system of extensions—
<q(l/) V< g (537717"'77”»
such that, for every v < g1 (§&,m1,...,m), qv) € P\ v, and-

qIFif pro, (§) = v then q(v) € G\ v and q(v) € e (&5 5 v)

If it is decided negatively, then q |4, knows how to compare t] —and ty (& my...,m) as in the second

point above.

By induction, we will argue that for every i < kand &, n1,...,m,v1,...,v;, thesete (&, m1,...,m, 01, ...

P\ v; is <*-dense open above conditions g € P\ v; for which—

qlF <9fﬁ1(§)""’efﬁl(ﬁ)’fial(g)’"",/ﬁo‘i(f» ={M,...,M,V1,...,V;), and for

every1§j§i7 Fj+1 (577]1,-~-7771a1/17---,Vj) :Ii/gj+1(§,n1 ..... NV seeey vj) and
_ 44
tj+1 (57 Msee s M VL ey Vj) - t9j+l(§s771:~~’77l’Vlwuvl’i)
The induction will be inverse: The basis, for i = k, is true, as it is known that the set
e(&m,-m,vi, . vk) © P\ v is <* dense-open above conditions ¢ € P\ v; which force

that—
(O, (@055 s O s B () = 1oy vt 1)
The inductive step is given in the following lemma:

Lemma 4.3.13. Fix ny,...,m < k, 1 <i < k and an increasing sequence (£,v1,...,v;). Denote

gir1 = Gir1 &My V1, -, V). Assume that for every viyy € (v4, giv1), the set—
e(my ety Vi Vig1) € P\ viga
is <*-dense open above conditions q € P\ v;y1 for which—

q I <9f31(§)7~-~,Hfﬁl(i)agm@%-~-af/ﬁai(f)v!ﬁai+1(f)> = <7717"'a77l7yla"'ayial/>7 and f07“
every 1 S] < v+ 17 Fj+1 (5’7717 e M V1, '7Vj) = ng+1(57n1,...,nl,u1 ..... vj) and

. N\ — 44
tivr (§m, o sm, v, ) tng(g’m,‘_”m,,,lw_,l,i)
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then e (&,m1, ..., M, V1, ..., V) 18 <*-dense open above conditions ¢ € P\ v; for which—

q Ik Oy, ) - - .,efﬁl(g),gal(g),...,gai(§)> =M,y My V1., Vi), and for
every 1< J <1, Fj+1 (577717 e NV, ~7Vj) = ng_H(E,nl,...,m,yl,...,uj) and

) A
t]+1 (fa7717~~7771,1/1,~~~a’/g) tgj+1(£7771 _____ n,v1

Proof. Let g € P\ v; be a condition which forces that—

gfﬁl(f)a-~-79f31(§)7,/i1(£)7---agi(f» =Ny My Vi e Vi)
and for every 1 S .7 S i7 Fj+1 (§>771a ey My V1, ’1/7) = I,./L/ngrl(ﬁ,nl,...,m,l/l,...,llj)

, N _ 44
and tj+1 (g’nl’ VL s VJ) tgj+1(5»771,~~~77717V1’~~~;Vi)

Denote—
9= git1 (&M, V)
Ug=Fi1 (&, omuvi, ., 1)
t=tiy1 (§m,- V1, Vi)
Assume that ¢ [, forces that—
W,NV=U, t=1t1
(if not, we are done since g € e (&, n1,...,M,V1,...,V;)). Denote n = lh(t). We will now apply the

following claim:

Claim 4.3.14. Assume that p € G is a condition, n < w and g € A is measurable in V. Assume

that Uy is a normal measure on g in 'V, t is a finite sequence below g of length n, and—
plEti=t WynV ="U,

For every v < g, assume that e(v) C P\ v is a P,-name for a subset of P\ v, which is <*
dense-open above conditions which force that v is the (n + 1)-th element in the Prikry sequence of
g. Then there exists a direct extension p* >* p and a sequence (p (v) : v < g), such that, for every

v<ug,

p* IFif v appears after t in the Prikry sequence of g, then p(v) € (G\v)Ne(v)

and p* [,IFp (V) =" p* g (@), AP \v) p*\ (g +1).
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Proof. For every v < g, consider the set—

dv) ={r e Pl g:r|veAl andif rl-v e Al then

rl-3s 2% (T (), AP\ v)"p\(g+1), s €e(v)}

Then d(v) C P [},,4) is <*-dense open above p [}, 5. Let H, be the Py-name, forced by p [, to be
the <*-generic subset of jy, (Py) \ g, for which—

I,}[\,/g = (Ug),@g

(such a generic exists since Wy is simply generated). Let ¢ € Ult (V,U,) be a P;-name, forced by
p to be a condition in [v — d(z/)]Ug NHgy. Let v q(v) € P[4 be a function in V' such that

[v— ¢ (l/)]Ug = ¢. Then we can assume that for a set of v-s in Uy,
p [IF g(u) ed(v) (4.3)
and, by lemma p [ forces that there exists a set C € Wy, such that for every v € C,

pl qv)eGl,

~ ~

By shrinking C' if necessary, we can assume that every v € C' also satisfies equation (4.3]). Now let

us define the extension p* >* p, and, for every v < g, the condition p(v) € P\ v. First, set—

and, in VF1, set—

pv) Iy= q(v)
Work in an arbitrary generic extension for P [,, where p* [ belongs. For every v € C'N A} (which
thus satisfies p F,,Ag(u) € G [y), there exists s(v) € P\ g, s(v) >* {t"(v), AP\ v)"q\ (g + 1),
such that p(v) [, s(v) € e(v). Set—

P (9) = (L5 AN CN (Bucy vecnaA™))

(the definition above is carried in V' [G [4], so C is available there).
Let p*\ (g +1) = s (v), where v is the (n + 1)-th element in the Prikry sequence of g. Finally,
let—

pW)\g={t"(), A \v)"p*\ (g +1)
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where the above definition is possible if p [, “p(v) [4lF v € ég*; if not, let p (v) \ g be arbitrary.
This completes the definition of ¢* >* g and (p (v) : v < g). Let us prove that for every v < g,

p* IHf v appears after ¢ in the Prikry sequence of g, then p(v) € (G \ v) Ne(v)
and p* Ik p (V) 2° 9" lg) (7 0) A7 \¥) "\ (g 4+ 1)

Fix v < g and let G be a generic set for P which includes p*, such that, in V' [G], v appears after
t in the Prikry sequence of g. In particular, v € C' and thus ¢(v) € G [[,,4). By the definition of
p(v), and since p* € G,q(v) € G I}, 4), it follows that p(v) € G\ v, as desired.

O of claim [4.3.14]

Apply claim with respect to the set e(&,m1,...,m,v1,-..,vi,v) € P\ v (recall that
Emy ..o M, v, .., v are fixed), and direct extend g further, to a condition ¢* >* ¢, which has a
system of extensions—

(aw):v<g)
as in the statement if the lemma.

It follows that, for every v < g,

q* I if ,U/Ozzdrl(f) = v then q(y) GG\Vi and q(V)\l/E6(5,’[’]1,.,.7’[’]1’1/17._.,Vi71/)

Therefore {g(v): v < g) witnesses the fact that ¢* € e (§,m1,..., M, V1, ..., Vi)
O of lemma £3.13

We now proceed towards the proof of theorem We use the same notations as in the
formulation of the theorem.
By induction, the following holds: For every &,m1,...,1n;, the set e(§,m,...,m) C P\ & is <*

dense open above conditions ¢ € P\ ¢ which force that—

(Of, €+ 055, 6)) = (M5 m)

and that—
Fy(&m,..om) = WN/91(€,1717~--,771) and t1 (§, 7, ..., m) = tg1(§ﬂ717~~-7m)

We would like to perform another step, and move from conditions in P \ £ to conditions in
P. This might require extending the sequence generators (1,...,5;. We do this in the following
lemma, which concludes the proof of theorem [£.3.3]
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Lemma 4.3.15. There exists s < w, a sequence of generators {B1,...,[0%) of i which extends

(B, ..., B1), and a system of conditions—

<p(£7771a"'777.;7V17-~-a1/k):77{[7"'777;<’{7 §<V1<-~-<Vk>

(all of them extend the condition p € G given in the statement of theorem , such that,

{€<k:p (ﬁyﬁfﬁi(g), . -,Gf%(g)wal(ﬁ),---,Mak(ﬁ)) i ©1F
p(gaefﬁzl(ﬁ)u70fﬁg(§)7ua1(£)77,uak(€))
e(€7Hfﬁi(£)7'"79f3é(§)nuoz1(€)a'",/Lak(g)) and-

p gaefﬁi(ﬁ)a"'aaf,.;g(ﬁ)?u’a1(£)a'--alu’cwc(g)

Proof. Recall that W = Uy is generated from the elementary embedding i: V' — N. Let us consider
the set—

i(<§an1a"'7nl>'_>6(577717'"’m))(’%aﬁlv"'vﬁl) gZ(P)\K

it is <*-dense open in i(P)\ k, and thus meets a condition r € H. Since r € N, it can be represented
using a sequence of generators (81, ..., 3%), on which we can assume that it contains (81,..., ).

Let—
Emseooms) = r(Em,...,my) € P\E

be a function in V', such that—
r :i(<£v771""’772> = T(ﬁaﬁiwwﬂé)) (57517"'7ﬂ;)

Now, for every (£,n1,...,7% V1,...,Vk), let us define the condition p (&,n1,...,7%v1,..., k) € P.
We do this recursively, and define, for every 1 < i < k, a condition p (§,n},..., 0% v1,...,V;) € P.

Simultaneously, we prove that—

{¢<kip (Eﬂfﬁi(sw b5 ()0 o (6) - ,uai(ﬁ)) Mo (©)IF
P (00,0000, @ Han (- i () \ b (6) €
e (579fﬂi(£), .. ,Gfﬂé(f),,um(f), ey Py (5)) and-
P (6050 01y (010 (), 1, () € G

This will complete the proof of the lemma, and thus, the proof of theorem [£.3:3]
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o First, fix&§,m1,...,ns, and let us define p (§,m1,...,ms). p felbr(E,m, ... oms) € e(§m, .. m),
set p(&,m,...,ns) =p e (& m,...,ns). Else, let p(§,m,...,ns) be an arbitrary condition
above p. We argue that—

{f < K:D [5 I+ r (5,9fﬁi(£),. .. 79f[3é(§)> ce (f,efﬁi(g),. .. 76./:[-3;(6)) and

p (579%1(5)7 . ,efﬁé(g)) € G} ew
Recall that » € H was defined such that—
p|FT’€ i(<£37717"'777l> He(ﬁ?”la'-'anl)) (K’aﬂlv"wﬂl)
applying the embedding k: N — M and reflecting down modulo W gives—
{6 < K:p fg I r (f,(gfﬁi(g), .. .,Ofﬂg(g)) ce (f,efﬁ,l(g), .. .,efﬁg(g))} ew

Finally, p IF r € H and thus p IF k(r) € jw (G), by lemma Reflecting this down gives—
{f < K:D (ﬁ,efﬁi(g),...,afﬁg(fo S G} cW

o Fix 5377/17' c ,n;7V1 and let us define P(fﬂ?lu s a77§71/1)~ Denote g1 = g1 (fanllv cee 777;)

pr(€7n/17"'777;) r&ll—p(é.’ni7"'7n;)\§ e 6(5?7737"'77];)7 thenp(f?n:’l?"')’r];) k:p [{

decides the statements—

Fl (f,’l’]l,...,’r]l,l/l,...,l/j):I,}\[/ngﬁv, tgl :tl (5,771’...7’[’”7V1’,,,7I/i)

and, if it decides them positively, it forces that there exists a sequence (g(v): v < ¢g1) witness-

ing this. Define—
pEnt, ) =p(Emt, e T q(n)

IEp (&7, ytl) T D (&, NE € e (€ ooy l) yor p (E,17 oy 1l) Telb p (&, - )\
Eee(&n,...,n.) but the statements—

Fl (6’7717"',7”)V1a"'7l/j):L}[{g1mv7 tgl :tl (55771’"'777%”1""’1/7;)

are decided negatively, let p (£,n1, ..., 7%, v1) be an arbitrary condition above p (§,7],...,7.).

150



We argue that—

{¢<r:p (570&31(5)7'"’gfg;(f)’fuoél €)> ual@)'F
P (57%1 ©) 2015 (6) Hon §)> \ s (€
e (60,5001, (612 e (§) ) and-
p (579f51(5>w~,%;(f)’ﬂm 5)> € G}

First, by the previous point,

{5 < K: p(gvefﬁ/l(ﬁ)77

e (5 1050 ©)

05, <5>) lel-p (5’%1 GIRERL (s)) \Ee

'79f5;(£))} ew

By the properties of the set e (5, F)fB, €)r-s Hfﬂ, (5)), the condition—

p(fﬂf%(s) ~79fe;<€>) £

decides the statements—

P (5»9@(5)» - w%;(f)) =WanV

and—

P(Eﬁfﬁ, IR <s))

tor 7 ’ =t1(€a9f,gi<s)v '79f3;(£))

Claim 4.3.16. For a set of &-s in W, the above statements are decided in a positive way.
Before the proof of the claim, let us proceed with our argument. By the claim and definition

454

—~

p(gaefﬁzl(gﬁ efB/ Moq(g)) :p(§70f5/1(§)”9f[3;(5)> Fual(f) q</’ca1(£))

and, by the properties of the set e (579%/ (€)r > Gfﬁ, (5)), the condition—
1 s

p (57 Opp )5+ 050 (5))

forces that—

—~

P (607,00 0100101 (©) =P (8070007, ©) Tno(e) 4 (b (€)) € G
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and—

P (605, @01+ 01,y © 110 () \ Ha (€) = (110, (€)) €
e (f, Hfﬁi(g), ceey efﬁ,s(g)7/fba1 (§)>

Thus, for a set of &-s in W,

(e <xe (6110 nc) 5 (S ) e
e (f,efﬁi(g), .. "efﬂg(f))} ew

Which finishes the second step. Thus, it remains to prove claim[{.3.16}

Proof. Let us prove first that—
(E<kip (g,efﬁi(g), N .79f5;(5)) el Fy (5,9,(51(5)7 . ,%é(g)) — W, NV}
Assume otherwise. Then in M [jw (G)],

jW (<€7771,"' 5775> = Fl (<§>771a-~-a773>)) (K”j07a (ﬁi)’ '7j0,0¢ (ﬁ.ls)) 75

[5»—>W

nv
g1 <€,9f6,1 (§)7"'79f/3‘ls <£)>

w

but both sides are equal to ky (Uy,, ), contradicting property of the embedding k,, .

Now let us prove that—
{f < K:D (f,efﬁ,l(g), S ’efﬁg('f)) Fg”‘

t, =t (57 PG (f))}

Assume otherwise. Then the condition s = jy (E —p (5, HfB, (€)r- > Ofﬂ, (5))) (k) forces
1 s
that—

tzal (Bay) # kOq (tal) =ta,

Note that s € jw(G) {kal(ﬂal) and to, is the initial segment of the Prikry sequence of
ko, (fta,) Delow pa, in M [jw (G)]. Thus, one of the sequences t; (ary) and t,, is a strict
oy (Hay

initial segment of the other. By the second requirement in definition ;ST ) decides

Koy (Hay

which one is an initial segment of the other. Now this yields a contradiction:
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L. If t,, is a strict initial segment of ¢; (o))’ Recall that s = k,, (s’), where—
ay

5" = Jay ((Em1s -y ms) = 2 (Ems -2 3m8)) (K, Jo,00 (B1)s -+ -5 Jo,an (B5))

Then s [y, forces that ¢,, is a strict initial segment of tf;al. Work over M,,,. Let v <

a

Lo, be an ordinal, forced by s’ [,

o

, to be a bound on the first ordinal in tf;ﬂl \tq, (sucha

bound exists since the forcing ja, (P) [, 18 ftay-c-C. in My, ). Applying ko, : Mo, — M,

7y < Ha, is an upper bound on the first ordinal in ¢; (hery) \ta,. However, in M [jw (G)],
a1 @1

this element is p,, itself, which is strictly above . A contradiction.

2. Else, t} (11a;) is a strict initial segment of ¢,,: Denote v = max (t,,). Then, by def-
ay \May

inition [4.3.4] s forces that the initial segment of the Prikry sequence of kg, (ia,) is

S

i

segment of the Prikry sequence of kq, (fta,) in M [jw (G)], which is a contradiction.

oy ) followed by an element strictly above ~; in particular, t,, is not an initial
ay

O of claim

Assume now that 1 < i < k is arbitrary, and for every &, n},...,n%, v1,...,v;, a condition

p(&n, ... 0, v1,...,v;) is defined. Denote git1 = giv1 (§;m1s--- 15, V1, ..., v;). For every
Vit1 < gi+1, let us define the condition p (£, 77, ..., 7% V1, vy Vit1). Up (&m0, .. 0 v, ...

p(57n/1)"'7ngayla"'ayi)\Vi S 6(5777/17-~-a77é7V1a-~-,1/i) and p(gan/17"'a77é7yla"'7l/i) fui

forces the statements—

Fi+l (§,7717"'a77l7yla"'ayi) ZWQHH mV7 tgi+1 :ti-i-l (fa7717~-~77717V1a--~7Vi)

then p (&, n%,.... 1. v1,...,v;) [, forces that there exists a sequence (q(v): v < g;+1) wit-

nessing this. In this case, define—

p(f?”iﬂ"'777;71/17"'uy’£7yi+1) :p(é-anllw"777;7V1u"'7y’i) [quA(Z(ViJrl)

Else, let p (§,74,...,m%, 11, ..., Vi, Vit1) be an arbitrary condition which extends the condition

p(£7n/15"'777;71/17'";Vi)~
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Let us argue now that—

{E<k:p (579@31(5), o 0p, (90 Hai (), e (§), Maw(ﬁ)) PGl
P (07,000 01y (@101 10, (€): Mo () \ Haiy (€) €
€ (605, @+ 105y @101 (), 10 () Hray (€)) and-

P (600,000 0100 s (€)1 () iy (6)) € G

We do this as in the previous point. First,

{5 <K:D (53 afﬁi &)y afﬁé(i),/ial (5)3 sy Hay (g)) ruai ({)“_
p (Ea Gfﬁi [CIEERRS] ofﬁg(ﬁ)vﬂal (E)a sy Mag (5)) \:U’Oéi (5) €
¢ (605, 0+ 05y @101 (), 110 (€) ) €W

Thus, for a set of £&-s in W, the condition—

p(5701‘31(5)7""efgé(f)’“oél(g)""7”%(5)) [, (6)

decides the statements—

Fiq (é-aafﬁll(g)"' efgl Ma1<§) ""lulli(f)> =

w
~ git1 (579f5i ()05 g, (€)sHas (&) sbtay (5))
and—

P(Eﬁfﬂ, (g)’m,@fﬂ, (©)sbaq ()5 sbay (5))
1 s

) =tit1 (579%(&)7 05, (9 Ha (6), - 7Mai(f))

gi+1 (570fﬁ, (g),-uﬂfﬁ, (&) sbaq (8) 5t (§)
1 s

arguing as in claim [4.3.16] both statements are decided positively for a set of &-s in W. Thus,

p (fa gfﬂi (&) ofﬁg (&) Moy (g)a sy Moy (5)7 Mo iq (g)) =

—~

P (f, PTG O, (&) ton (§); -+ fhay (5)) Meris () 4 (7 (3)

and the condition ¢ (ka,,, (€)) is forced, by—

p (f,efﬁi(é)a .. wafﬁl/g({)vﬂ’al (5)’ . ')/u’ai(g)>
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to be in—

G \ Haiiq (f) Ne (§7Hfﬁ/1 (&)s =+ afﬁg (5)7#011 (6)7 sy Moy (5)?”&i+1 (f))

Therefore,
{6 <k p(g Oty (€2 015 () Hon (§)s s Moy () Mo «S)) ua&l(a)'F
p(f efﬁ/ (&)a"'aafﬁ;(f)vﬂal(f)w"a/u'oq g Hoiqq g)) \/’Laz+1
€ < [_;/ M 70f/3g (ﬁ)? :uCtl (g)a e 7/”'061 E ,LLCKZ+1 g)) a‘nd_
p( efﬁ/(g)a-“ efﬁl Mal(g) ---a/Joc, MozL+1 E)) EG}

as desired.

O of lemma [.3.151 O of theorem [£.3.3]

4.3.4 Properties of k,

In this subsection we complete the proof of properties (A) — (D) of k.. After that, we will prove
in lemma [4.3.20 that k.« : M« — M is the identity, and conclude the proof of theorems and
E31

Lemma 4.3.17. p, = crit(k,) is measurable in M,. Moreover, u, is the least measurable above

sup{pg: B < a} which has cofinality above k in V.

Proof. Write pn = [f]y, and p = jo (h) (K, J0,a(B1)s- -5 0,0 (B) s fars - - - 5 fa,, ), for some f € V[G],
heV, pi,...,B generators of i and a1 < ... < o < .

Since p < kq (1), we can assume that for every & < k&,
f (E) < h (67 efﬁl [CIEERRS] efﬁl &) Hoy (6)7 sy Moy, (5))
and let p € G be a condition which forces this. Given &,n1,...,m;, 1, ..., Vg, consider the set—

e(&,m,. ..M, V1,..., V) ={r € P\ vg: for some bounded subset A C h (£, M1, .., My Viy-- -, Vk),
ri- f(§) € A}

Then e (&, m1,..., M, V1,...,V) is <*-dense open above conditions which extend p and force that—
<0fﬂ1(f)’ R afﬁl (&) Moy (5)7 cey Mak(£)> = <7717 e M V1, e Vk>

155



By Theorem the sequence (51, ..., ;) can be extended to a sequence (f1,...,S.), and p can

be extended to a system of conditions,

<p(§77717’"7”87”17"’71/16):gunla"’7ns<l€7l/1<-~-<Vk<H>

such that, for a set of £&-s in W,

p(E,t‘)fﬁi(s)’-~-79fﬂ;(5>7ua1(£),---’uak(é)) PRGL
P (607, @005 0 1o (€): - 1100 (€)) \ H (6) €
e (@@Bi(g), . ,Gfﬂé(g),,um(g), . ,uak(f))
and—
P (07,0001 @101 ()10, () € G

Assume now that (¢,n1,...,7ns,v1,..., V) are given, such that—

P&, s v, vk) TudEp (§m, o ms, v, v) \ vk €
(&, M,y Ny V1ye ey Vi)

Let A be a P, -name, forced by p(&,n1,...,Ms,V1,...,Vk) [, to be a witness to the fact that
p (&7, 0)\v € e(&,7, 7). Namely it is a bounded subset of h (€, 7, 7), and p (&, 77, V) \ vy IF i(é) €A

Let A(&,7,7) be the set of ordinals v < h (&, 7, 7) such that, some r > p (&, 7,7) [, forces
that v € A. Since vy < h(§,7,7), A(E,7,V) is a bounded subset of h (¢, 7, 7). The function
(&,7,0) — A(&7,V) liesin V.

By the results of theorem there exists a set of £&-s in W for which—

G 30 (6,05, (€111 05,y © e (€): - e (€)) IF
f(f) €A (gaefﬂi(f)a s 70fﬁé(f)nufoél (6)7 s Moy (5))

~

Thus, in M [jw (G)],

[flw € [5 = A (f’%i(e)’ ceiOry ()0 o (6), - ’Mak(@)}w =

koé (]a (<§7ﬁ7 ﬁ> = A(€7ﬁ7 ﬁ)) (’K'Jajo,a (/Bi) PR 7j0,o¢ (ﬁ;) y Moy y e -+ >Mak)) g Im (ka)

where the last inclusion follows since—

j(l (<§7ﬁaﬁ> — A(ﬁ?ﬁ’ 17)) (K’ajo,a (51)7"'7].0,(1 (ﬂ;) 7/J“Ot1a"'7'u’ak)
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is a bounded subset of—

Mo :.7(1 (<£’ﬁ7ﬁ> = h(faﬁ7ﬁ)) ('%7.]'0,04 (Bi)v"'ajo,a (ﬂg)uuoqa---nuak)

which is crit (k).

Thus we proved that . € Im (k,), which is a contradiction. OJ

Lemma 4.3.18. pu, appears in the Prikry sequence added to ko (pa) in M [jw (G)].

Proof. In M [H], denote by t* the initial segment of the Prikry sequence of k,, (11o) which consists
of all the ordinals below p,. Denote by n* the length of t*. Let (£, 1, 7) — t* (&,7, ¥) be a function
in V such that-

t* :ja (<§aﬁvﬁ> = t* (faﬁvﬁ)) (K:ij,Oé (51)»~~,j0,a (ﬁl) a;u'a()v”w//fak)

(we assumed here that ¢* can be represented using the same generators as p,. If this is not the
case, modify the set of generators).

We can assume that for every (£, 7, 7), t* (£, 1], 7) is a sequence of length n*. Since k, (t*) = t*,

[5 aal (5’%1(5)’ s 015, (6) 5 Haa (§), - -,uak(é))]w =t

In V [G], denote, for every & < &,

ta(§) =the (n* + 1)-th element in the Prikry sequence of

h (ga ef[gl (&)s+ > ef{.;l (5)7/”/&1 (g)a ey Moy, (5))

Clearly [§ — pa (&)l = Ha-

We argue that equality holds. We will prove that for every n < [£ — 1o (&)]y, 7 < fio- Assume
that such 7 is given, and let f € V' [G] be a function such that [f];;, = 7. Then we can assume that
for every £ < k,

f(&) < palf)
and let p € G be a condition which forces this.
For every &, 17, V, consider the set—
e, V) ={re P\vy: Iy < h(&7,V), rlk if t* (£, 7, 7)is an initial segment of the

Prikry sequence of h (§,77,7), then f(£) <~}

~
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then e (5, Dlyonns D’k) is <* dense open above conditions which force that—

<9f31(§)a"'aef/gl(ﬁ)?/’[’a1(£)7'"auak(§)> = <7717"'777l7V17"'7V’€>

This, since, given a name for an element i (&) which is forced to be strictly below pq(€), (which is
the element which appears right after t* (£, ], ) in the Prikry sequence of h (&, 7, 7)), the element
can be decided by taking a direct extension.

By Theorem the sequence (31, ..., ;) can be extended to a sequence (81, ...,3.), and p can
be extended to a system of conditions,

<p(£’7717"'7’r]3)l/17"'7Vk):£7n17"'7n3<li71/1<"'<l/k<li>

such that, for a set of £&-s in W,

P (605,000 01 @00 o (€ B0 (6)) Ty o)
P (600,00 0,y ar (€)1 (€) \ 1 €) €
e <§’9fﬁi(§)’ ... ,Gfﬁé(g),,um(g), .. ,uak(é))
and-
P (605, @01+ 0ryy @ o (€): - e (€)) € G

Assume now that (¢, 7,7) = (§,m1,...,0s, V1, ..., V) are given, such that—

p (&7, 7) Ty lrp (&7, 7) \ vk € € (&, 7, 7)

Let 7 be a P, -name, forced by p (&, m1,...,9s,1,...,Vk) [y, to an ordinal below h (&, 7, 7), such
that p (&,7,7) \ v IF ,Ji(f) < 7. Lety (&,17,7) be the supremum of the set of ordinals 7 < h (&, 7], V)
such that, some r > p(&,7,7) [, forces that Y= Since vy, < h (&, 7,7), v (&, 7, 7) < h (&7, D).
The function (£, 7, 7) — v (&, 7, V) lies in V.
By the results of theorem there exists a set of &-s in W for which—
G 3p (g,efﬁ,l(g),...,afﬁg(f),ﬂm(g),...,uak(g)) I

if t* (57 efﬁi &> 79f/3; (&) Moy (5)7 c ey Moy, (f))

is an initial segment of the Prikry sequence of
h (57 0f51 (&)s- > afﬁg (€)s Hay (5)7 <o Moy (5)) , then

i(g) < Y (57 efﬁxl [CIZERES] efﬁg &) Hoy (5)7 <oy Moy, (§)>
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Thus, in M [jw (G)], where indeed ¢* is an initial segment of the Prikry sequence of kg, (114,),

WWGFHW@@Mm~w%ﬁwm@%~M%@H =

w
kOt (]G (<€7ﬁa l7> — V(gaﬁa ﬁ)) (Hij,a (61) A 7j070£ (Bls) hualv' . hu“ak)) < Mo

as desired. O

Lemma 4.3.19. Let U,, = {X C pa: pta € ka(X)} N M,. Then U,, € M,. Furthermore,
ko (U,,) = jw (8 = Us) (ka (ta)), where, for every § € A, Us = Ws NV, for Ws which is the

measure used in the Prikry forcing at stage § in the iteration P.

Proof. We first prove that jw (6 = Us) (ko (ta)) € Im (ko). Then, we will prove that the measure
F € M, for which juy (6 Us) (ka (a)) = a(F) equals to Uy .

In order to prove that jw (6 — Us) (ko (1ta)) € Im(kq), we prove that there exists a family
F € M, of measures on p, with |F| < g, such that jw (6 — Us) (ko (ta)) € ka(F) = kLF.

Fix, in V, an enumeration W of all the normal measures on measurable cardinals below . For
every (£,7,7), let v (£,7,7) be the index of Uy (¢ 5,7 in this enumeration. Note that each measure
Uhe,ii,p) belongs to V, but the sequence (U 7,7 : &, 7,7 < k) might be external to V. So the
function (&,7, ¥) — v (&, 17, V) doesn’t necessarily belong to V.

Fix (¢, 7, V) and consider the set—

e (&1, 7) ={r € P\ vy: there exists a set of ordinals A of cardinality strictly smaller than

h (6, ﬁv 17) ) such that r rh(g,ﬁ,ﬁ)”_ v (57 ﬁ? ﬁ) € A}

Then e (¢,17,7) C P\ v, is <*-dense open, since P [ ) is h (§,7,v)-c.c..
Now apply theorem and argue as in the previous lemma: There exists (in V') a mapping
<£a 777 17> = A (ga 777 17) such thata in M [JW(G)]7

(627 (807, @ 1000 B (s 1 ()] €

(67 A (600000, e (€)1 (9)] =

kg (]a (<€7ﬁa 17> — A (€7ﬁa 17)) (Ha jO,a (ﬂi) PR 7j0,a (/B;) y Moy - - 7:“0%))

In M,, let F be the set of measures on u, which are indexed in the enumeration j,(W) by an

index in the set A = jo (6,77, 7) = A(€,7,7)) (5, joa (B1) - -+ Joa (B2) s fays - - -+ e ). Note that
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|A| < pro and thus | F| < pg. Then jw (6 — Us) (ko (fa)) is enumerated by the ordinal-

(627 (807,00 01 00 B ()10 ) | € KA

and thus jw (0 — Us) (ko (1a)) € ELF , as desired.
Let F € M, be a measure on p, such that—

Jw (8 > Us) (ka (Ha)) = ka(F)

Let us argue that F' = U, . It suffices to prove that /' C U, . Fix a set X € F. Assume that—

X :ja (<£aﬁ7ﬁ> = X(g,ﬁ,ﬁ)) (Kajo,a (61)7-~-aj0,a (Bl)alj/ala"'nuak)

(We assumed again that X can be represented using the same generators as p,. If this is not the
case, modify the set of generators of ji, ). Then ko(X) € jw (6 — Us) (ko (a))-
As in the previous lemma, let n* be the length of ¢*, the initial segment of the Prikry sequence

of ko (pta) below . For every (&, 17, 7), let—
e (&1, V) ={r e P\ vk: 7 [neqnl X (&7,7) € Upei.0),

if it decides positively, then r [1,(¢ 7,)/F év};(g,ﬁ,ff) C
X (&1, 7) 5 else, 7 [ne iqmlE Ahe i is disjoint
from X (&,17, 7). Moreover, 7 [4(¢ 7,7 | Ih <t2(§7ﬁ79)> >n*,
and if it decides positively, then there exists a bounded subset
A (& 1,7) C h(& 1, 7) for which 7 [¢ 75k the (n* +1)-th
element of ¢ ¢ - ) belongs to A (£,17,7)}

By theorem4.3.3] there exists a larger set of generators 1, ..., 5, and, for every (£, 7, ), a condition
p ((€,77, 7)), such that, for a set of £&-s in W,

p (ga efﬂll(&-)’ ceey efB;(E)v Mo (5)7 s Hay, (5)) fy%(g)”‘
P (605, @01+ 01y, @ (€ e (6)) \ 1 (€) €

€ (57 efﬁi &)s- - 79fﬁg &) Hay (5)7 <oy Moy (£)>

and—

p (E’afﬁll(f)’ e '70fﬁ;(§)7y’041(£)’ o 'a/u’Oék(g)) €G
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Let us argue first that for a set of £&-s in W,

p (57 efﬂi (&) -+ 70fﬁé (&) Moy (5)7 s Hag, (6)) r#ak(f)

decides that—

tp(&ﬂfﬂi(5),~~79f52(§)7ua1(5)7~-7uak(§)>
h(éﬁfﬁ, (g)’mﬁfﬂ, (5)5“&1(5)}‘“7/"]&)6(5))
Indeed, assume otherwise. Let A* (£,7,7) be the bounded subset of h (£, 7, 7) which consists of

lh <n*

all the ordinals, which are forced by some extension of p (£,7, 7) [, to be in A (&, 7, 7) (whenever
p (&, 1, V) forces that the length of tp(f f ﬂ)) is greater than n*). Then, in M [jw (G)],
Ha € ko (Jo (€77, 7) = A™ (&1, 7)) (K, Jo,a (B1) - - s Jo,a (B) s Hans - -+ Hay))

But this is a contradiction, since jo ((&, 7, 7) — A* (§,7, 7)) (K, Jo,a (BL) s -+ 70,0 (BL) s tans - - - > oy )
is a bounded subset of p.

Therefore, we can assume that—

P(éf’fﬁi(ov-~-,9fﬁg<s)’ﬂm(€)v~~vﬂak(5)) G

forces that—
(5 011 (€005, (€ ohar (€5 ay (€)

lh )
(579fﬁ/1(5)7---70fﬁ/g(§)7ﬂa1 ----- Hay, () )

Denote now p* = {5 —p (5’%;(6)’ ce afg; s i (§)s -+, Hay, (§)>}W Then p* [y, (u.) forces that

o € ék ()’ By the definition of the sets e (£, 77, /), the set éz () is forced to be either disjoint

or contained in k,(X). Since ko (X) € jw (0 — Us) (ko (4a)), it cannot be disjoint (again, by the
definition of e (¢, 7, 7)). Therefore p1o € ko(X) and thus X € U, , as desired. O.
Finally, let us argue that j.» = jw [v. Recall that x* = i(x), and note that * = sup{pa: o <

K*}.
Lemma 4.3.20. M = M-, jw(k) =i(k) and je = jw [v.

Remark 4.3.21. In particular, if i = jy (namely W is simply generated) then jw (k) = ju(k). On
the other hand, possibly ju (k) < i(k), and then jw (k) > ju (k).

Proof. Define, similarly to k. : M, — M, the embedding k- : M, — M as follows:

kn* (jrc* (f) (H, jO,n* (ﬂl), s aj(),n* (Bl) yMays - .- 7,“(1;9)) =

jW (f) (K’va[fﬁl(g)]wa s '79[fﬂl(§)]w7ua17' < 7/~‘L0¢m)
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for every f € V, 51,...,0 generators of ¢ and a3 < ... < au, < k™. Clearly crit (k<) > £*. It
suffices to prove that k.« is the identity function.

Let 7 be an ordinal, and let f € V [G] be a function such that [f],, = 7. By the s-c.c. of P,
there exists F' € V such that for every & < &, f(§) € F(§) and |F(§)| < k. Therefore, in M [jw (G)],

T = [f]W S [F}W = kn* (]n*(F)(H))

But—
e (F)(R)] < jix= (k) = K" < crit (K-

son € Im (k) as desired. O
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