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0.1 Introduction

Let P be a forcing notion, and assume that G ⊆ P is generic over V . Assume that a cardinal κ is

measurable in V [G]. Consider the following questions:

1. What are the normal measures carried by κ in V [G]? Does every such measure extend a

normal measure on κ in V ?

2. Given such a normal measure on κ, W ∈ V [G], let–

jW : V [G] → Ult (V [G] ,W ) ' M [jW (G)]

be its ultrapower embedding1. Is jW �V an iteration of V (by its measures or extenders)? Is

jW �V a definable class of V (possibly with parameters)?

The first question is part of a larger body of work regarding the characterization and possible

structure of the normal measures, carried by a cardinal κ, in forcing extensions which preserve its

measurability. A very partial list of landmark results in this area include the works of Kunen-Paris

[17], where the maximal possible number, κ++, of normal measures on κ, is obtained; Friedman-

Magidor [6], where it is proved that any intermediate value 1 < λ < κ++ can be obtained as the

number of normal measures on κ; and Ben-Neria, [4], [3], where it is shown that every well-founded

order can be realized as the Mitchell order on κ.

The second question is motivated by key results and ideas from inner model theory. Assume that

the core mode K exists and j : V → N is an arbitrary elementary embedding, where N is transitive.

Under limitations on the variety of large cardinals available in the universe, the restriction j �K is

an iteration of K by its measures and extenders. For instance, if there is no inner model with a

cardinal α of Mitchell order o(α) = α++, then, by results of Mitchell [20], j �K is an iteration of K

by its measures; assuming that there is no inner model with a strong cardinal, j �K is an iteration

of K by its extenders [16]. In our context, assuming that V = K is the core model and G ⊆ P is

generic over it, the ultrapower embedding jW : V [G] → M [H] restricts to an iteration of V = K,

provided that there is no inner model with a Woodin cardinal (see [21]).

The inner model theoretic approach has two major shortcomings. First, it limits the strength

of the large cardinal properties available in the universe. Second, it imposes severe limitations on
1By elementarity, Ult (V [G] ,W ) is isomorphic to a model of the form M [jW (G)], where jW (G) is generic for

jW (P ) over some ground model M .
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the ground model (namely, assuming that it is the core model). This raises the question, to what

extent the inner model theoretic assumptions can be weakened while providing similar results.

An example for an approach which demonstrates this was given by Hamkins in [13]. Assuming

that the forcing P has a gap below κ (see theorem 1.0.2 and the remarks preceding it), every

normal measure W ∈ V [G] is amenable to V , namely extends a normal measure W ∩ V ∈ V in

V ; furthermore, the embedding jW �V is definable in V . However, this method does not apply to

substantial class of forcing notions, iterations of Prikry type forcings; such forcings might not admit

a gap.

The iteration scheme for Prikry type forcings was first introduced by M. Magidor in his cele-

brated paper [18]. Its earliest application was to produce a model where the least strongly compact

cardinal is the least measurable cardinal, settling a question of Tarski.

In this work, we would like to explore new tools for dealing with questions 1, 2 above, while

minimizing - usually completely omitting - any inner model theoretic assumptions. We concentrate

mainly on iterations of Prikry forcings, for which the current tools do not necessarily apply. We

believe that the same tools could be implemented in other forcing arguments, and provide a viable

solution whenever large cardinals beyond the scope of inner model theory are used.

Similarly to any forcing construction which involves iterated forcing, iterations of Prikry type

forcings can be done with respect to various supports. We concentrate on the main three supports

in this context, which are the Full-support iteration (Magidor iteration), Easton support iteration

(Gitik iteration) and Nonstationary support iteration. It turns out that the situation changes

drastically between different supports.

In chapter 1 we present some tools for dealing with question about amenability of W to V and

definability of jW �V in V , laying the foundations for the next chapters, where the focus will be on

iterations of Prikry forcings.

In chapter 2, we concentrate on the nonstationary support iteration of Prikry forcings below a

measurable limit of measurables κ. Assuming GCH≤κ, we prove that the normal measures carried

by κ in the generic extension are in bijection with normal measures of Mitchell order 0 on κ in V .

We prove that the restriction of any ultrapower embedding from V [G] to the ground model, is an

iteration of V by normal measures only, and provide a sufficient condition for its definability in V .

As an application, we prove that it is consistent that a strongly compact cardinal carries a unique

normal measure, starting from a model where a supercompact exists, GCH holds and the Mitchell
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order is linear (the assumptions that GCH holds and the Mitchell order is linear can be weakened,

see [8]). The results in this chapter are based on joint papers with Gitik, [8] and [9].

In chapter 3, we deal with the Full support iteration of Prikry forcings (Magidor iteration)

below κ. As above, we characterize all the normal measures on κ in V [G], proving that the set of

all such measures is in bijection with the set of normal measures on κ in V . This result was first

observed by Ben-Neria in [2]; we replace the inner model theoretic assumptions in the argument

with the assumption that GCH≤κ holds in V . We then prove that every normal measure on κ in

V [G] restricts to an iterated ultrapower of V by its normal measures, and study its definability.

The results in this chapter are base on [15].

In chapter 4, we study the Easton support iteration of Prikry-type forcings. It turns out that the

situation is radically different from the Nonstationary and Full support iterations. We prove that,

regardless of the number of normal measures in V , the number of normal measures on κ in V [G] is

the maximal possible number, (2κ)+. We show that the restriction of an ultrapower embedding from

V [G] to V is not necessarily an iteration by normal measures only, as it might involve extenders.

Nevertheless, we isolate a class of normal measures on κ in V [G] (”simply generated measures”)

which behave similarly to the nonstationary support iteration. The results in this chapter are based

on a joint work with Gitik, [10].
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valuable guidance during my graduate studies. Aside from being a truly great teacher, he is a
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Chapter 1

Background

Let P be a forcing notion over the ground model V . Assume that G ⊆ P is generic over V , κ is a

cardinal which is measurable in V [G], and W ∈ V [G] is a measure (not necessarily normal) on κ

in V [G].

Consider the ultrapower embedding jW : V [G] → Ult (V [G] ,W ). By elementarity, Ult (V [G] ,W )

has a transitive collapse of the form M [H], where H = jW (G) is jW (P )-generic over some ground

model M which has the form–

M =
⋃

α∈On
jW (Vα)

M is not necessarily a definable class of V ; furthermore, it doesn’t have to be the case that M ⊆ V .

The embedding jW �V : V → M is clearly elementary. Similarly to the above,

jW �V =
⋃

α∈On
jW �Vα

jW �V is not necessarily a class of V ; W = U ∩ V is not necessarily a measure on κ in V - possibly,

κ is not even measurable in V . Even in the case this holds, and U = W ∩ V belongs to V , it is not

necessarily the case that jW extends the ultrapower embedding of U , jU : V → M .

Let us sketch some of the main tools for dealing with questions 1, 2 presented in the introduction.

We begin with the following theorem, which deals with the case where M ⊆ V holds. The

statement of the theorem below was brought to the author’s attention by Schlutzenberg. The proof

presented below, is mainly due to Goldberg. An independent argument is due to Schlutzenberg

(see lemma 2.2 in [22]).
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Theorem 1.0.1. Assume that P is a set forcing and M ⊆ V . Let j : V [G] → M [H] be an

elementary embedding definable in V [G] (possibly from parameters). Then M and j �V are definable

classes of V (with parameters).

Proof. We first argue that M is a definable class of V (with parameters). Indeed, by the remarks

above,

M =
⋃

α∈On
j (Vα)

Since M ⊆ V , it follows that M is an increasing union of sets in V . For each ordinal α, let pα ∈ P

be a condition which decides the value of j (Vα). Since P is a set forcing, there exists p∗ ∈ P such

that, for unboundedly many ordinals α, p∗ decides j (Vα). Thus p∗ forces that M is definable as

the union, along a class of ordinals (ordinals α ∈ ON for which pα = p∗), of the decided values of

j (Vα). Such p∗ can be found above any condition p ∈ P , so we can assume that p∗ ∈ G and thus

M is definable in V from p∗.

The second step is the proof that j �ON is definable in V . In [12] it is proved that any pair of

elementary embeddings, i0, i1 : V → M agree on the ordinals (definability in V is not required).

In particular, j �ON is the unique restriction to the ordinals of an elementary embedding which

satisfies:

1. It is definable in any generic extension of V (with a generic set for P ), by the same formula

which defines j in V [G].

2. Its target when restricted to V is M .

Therefore, j �ON is definable in V . Let us argue now that j is amenable to V , in the sense that,

for every set X ∈ V , j �X∈ V . Fix a set X ∈ V . let f : µ → X be a bijection, for some cardinal µ.

Then j �X= j(f) ◦ j �µ ◦f−1 and thus belongs to V .

Amenability of j to V concludes the proof, since, arguing as above, there exists p∗ ∈ G which

decides j �Vα for a definable proper class of α ∈ ON. So j �V is definable from parameters in V .

Corollary 1.0.1. Assume that W ∈ V [G] → M [H] is a normal measure on a measurable cardinal

κ. Assume that M ⊆ V . Then W is amenable to V .
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Proof. By the previous theorem, jW �V is definable in V . Then–

W ∩ V = {X ⊆ κ : κ ∈ jW �V (X)}

and this definition is carried out in V .

The condition M ⊆ V above does not necessarily hold in general. By Hamkins [13], assuming

some structure on the forcing notion P ensures this condition. We say that a forcing notion P

has a gap at a cardinal δ if P can be factored to the form P1 ∗ P∼2, where P1 is nontrivial and of

cardinality strictly below δ, and–


P1 ”P∼2 is (δ + 1) -strategically closed.”

Theorem 1.0.2. (Gap Forcing Theorem, Hamkins, [13]) Let δ < κ be a cardinal, and assume that

P has a gap at δ. Let j : V [G] → M [j(G)] be an arbitrary elementary embedding such that–

1. crit(j) = κ.

2. V [G] � δM [j(G)] ⊆ M [j(G)].

3. M [j(G)] ⊆ V [G].

Then:

1. M ⊆ V . Moreover, M = V ∩M [j(G)].

2. If j is amenable to V [G] (namely, for every X ∈ V [G], j �X∈ V [G]) then j �V is amenable

to V (namely, for every X ∈ V , j �X∈ V ).

3. If j is definable (possibly from parameters) in V [G], then j �V is definable (from the names

of those parameters) in V .

Theorems 1.0.1 and 1.0.2 provide sufficient conditions for a vast class of forcing notions. How-

ever, they cannot be applied to iterations of Prikry-type forcings. In general, such iterations below

a cardinal κ do not admit a gap below it. Furthermore, given W ∈ V [G] and its corresponding

ultrapower embedding jW : V [G] → M [jW (G)], it is not necessarily true that M ⊆ V . Different

tools are required for dealing with such forcings, and this is the main subject of this work.
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We begin with a criterion for amenability of a measure W ∈ V [G] to V . The main idea behind

it is an analysis of the fresh1 subsets added in the extension from V to V [G]. Recall that a set

of ordinals A ∈ V [G] with supremum α is called fresh over V , if A /∈ V , but for every β < α,

A ∩ β ∈ V .

Proposition 1.0.2. (Gitik, K. [8]) Let V [G] is a generic extension of V by a forcing P . Suppose

that κ is a measurable cardinal in V [G] and W is a κ−complete ultrafilter over κ. Let U = V ∩W .

Then U ∈ V if the following hold:

1. all cardinals of V in the interval [κ, (2κ)V ] are preserved,

2. no fresh subsets are added to a cardinal λ, κ ≤ λ ≤ (2κ)V .

Proof. Let δ = (2κ)V . For every bijection f : δ ↔ P(κ) in V , set–

Xf = {α < δ | f(α) ∈ W}.

Clearly, if for some such f , Xf ∈ V , then also U ∈ V . Suppose that for every bijection f : δ → P (κ),

Xf /∈ V . For every such f , let αf ≤ δ be the least α such that Xf ∩ α 6∈ V . Set–

α∗ = min{αf | f : δ ↔ PV (κ), f ∈ V }.

Claim. α∗ < κ.

Proof. Suppose otherwise. By the first two assumption of the theorem, α∗ cannot be a cardinal in

the interval [κ, δ]. So, there is a cardinal η, κ ≤ η < δ such that η < α∗ < η+. Pick, in V , g : δ ↔ δ

such that g � η maps η onto α∗. Then Xf◦g ∩ η 6∈ V , and hence, αf◦g ≤ η. But η < α∗ ≤ αf◦g.

Contradiction.

So, α∗ < κ. Fix f : δ ↔ P(κ) with αf = α∗. So,

Xf ∩ α∗ = {α < α∗ | f(α) ∈ W} 6∈ V

Work in V [G]. Set A0 =
⋂

α∈Xf∩α∗ f(α) and A1 =
⋂

α∈α∗\Xf
κ \ f(α). Both sets are in W due to

κ−completeness. So, A = A0 ∩A1 ∈ W , as well. Pick ζ ∈ A0 ∩A1. Then–

{α < α∗ | ζ ∈ f(α)} = Xf ∩ α∗,

but clearly, {α < α∗ | ζ ∈ f(α)} is in V . Thus, Xf ∩ α∗ ∈ V . Contradiction.
1The notion of a fresh set of ordinals in due to Hamkins.
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Given W ∈ V [G], amenability to V , namely having U = W ∩ V ∈ V , provides a one-step

factorization of jW �V . Denote by MU the transitive collapse of Ult (V [G] , U). There exists a

natural elementary embedding k : MU → M ,

k ([f ]U ) = [f ]W

for every f ∈ V with dom(f) = κ.

Claim 1.0.3. The embedding k : MU → M defined above is elementary, and jW �V = k ◦ jU .

Proof. k is well defined, since, if [f ]U = [g]U , then {x < κ : f(x) = g(x)} ∈ U , and thus this set

belongs to W . So [f ]W = [g]W . Similarly, k respects ∈. Finally, assume that ϕ(a1, . . . , an) is a

formula and f1, . . . , fn are functions. Then:

MU � ϕ ([f1]U , . . . [fn]U ) ⇐⇒ {x < κ : V � ϕ (f1(x), . . . , fn(x)} ∈ U

⇐⇒ {x < κ : V � ϕ (f1(x), . . . , fn(x)} ∈ W

⇐⇒ M [H] � M � ϕ ([f1]W , . . . [fn]W )

⇐⇒ M � ϕ ([f1]W , . . . [fn]W )

Finally, we argue that jW �V = k ◦ jU . Fix x ∈ V , and let cx : κ → V be the function with constant

value x. Then–

k (jU (x)) = k ([cx]U ) = [cx]W = jW (x)

Remark 1.0.4. Assume that U = W ∩ V is a normal measure in V (This will typically be the

case in this work). Then the embedding k : MU → M above has critical point κ if and only if W

is non-normal. Indeed, k(κ) = k ([Id]U ) = [Id]W , which is strictly above κ if and only if W is

non-normal.

In the upcoming chapters, we consider iterations of Prikry forcings. We utilize proposition 1.0.2

and some basic properties of the embedding k, in order to characterize all the normal measures on

κ in the generic extension. We then factor k into an iterated ultrapower, proving that for every

normal measure W ∈ V [G], its restriction to V is an iterated ultrapower.

It turns our that the support used in the iteration has a substantial role in the characterization

of normal measures and the structure of their ultrapowers restricted to V . We consider the three
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main supports - the Nonstationary support, Full support and Easton support, devoting one chapter

to each one of them.
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Chapter 2

The Nonstationary Support

2.1 Introduction

We consider in this chapter the Nonstationary-support iteration of Prikry forcings. The use of the

Nonstationary-support in iterated forcings was introduced by Jensen ([1]), and was later utilized

in the celebrated work of Friedman and Magidor [6] for controlling the number of normal measures

on a measurable cardinal κ.

Our first goal in this chapter is to analyze all the normal measures carries by a measurable limit

of measurables κ, after forcing with the nonstationary support iteration of Prikry forcings below

it. We denote this forcing by P and assume that G ⊆ P is generic for it over V . For every normal

measure U on κ in V of Mitchell order 0, we will define a normal measure U∗ ∈ V [G] which extends

it (using the standard methods of [7]), and prove–

Theorem 2.1.1. Assume GCH≤κ. Every normal measure W ∈ V [G] on κ has the form U∗ for

some normal measure U ∈ V of Mitchell order 0. Furthermore, U∗ is the unique normal measure

in V [G] which extends U .

We then proceed and prove that, for every normal measure on κ, W ∈ V [G], the restriction

jW �V is an iterated ultrapower of V .

Theorem 2.1.2. Assume GCH≤κ. Then for every normal measure W ∈ V [G] on κ, jW �V is an

iterated ultrapower of V by normal measures.

We also describe the iteration and provide a sufficient condition for its definability as a class of

V . For instance, we prove the following:
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Corollary 2.1.3. Assume that the Mitchell order is linear (or even, uniqueness of normal measures

of Mitchell order 0) and that GCH≤κ holds. Then there exists a unique normal measure W ∈ V [G]

on κ, and jW �V is a definable class of V .

This chapter is structured as follows: In section 1, we present the forcing and its basic properties.

We rely on the work of Ben-Neria and Unger in [5], where a framework for the nonstationary support

iteration of Prikry type forcing was developed. In section 2, we characterize all the normal measures

W ∈ V [G] on κ, using and extending results from [5] and [8]; more specifically, we prove that every

such measure is the unique extension of some normal measure of Mitchell order 0 on κ in V . In

section 3, we present the structure of jW �V as an iterated ultrapower, and provide a sufficient

condition for its definability in V . In section 4, we study iterated ultrapowers of V in general,

developing tools for computation of cofinalities, in V , of ordinals which become inaccessibles at

some stage in an iteration; we apply those tools to simplify the presentation of jW �V as an

iteration of V . Finally, in section 5, we apply the above tools and construct a model where the least

strongly compact κ is the least measurable and carries a unique normal measure, starting from a

model where κ is supercompact, GCH≤κ holds and the Mitchell order is linear.

We assume throughout this chapter that GCH≤κ
holds in V .

2.2 The Forcing

Definition 2.2.1. An iteration 〈Pα, Q∼β : α ≤ κ , β < κ〉 is called a nonstationary support iteration

of Prikry-type forcings if and only if, for every α ≤ κ and p ∈ Pα,

1. p is a function with domain α such that for every β < α, p �β∈ Pβ, and p�β 
 p(β) ∈

Q
∼β and 〈Q

∼β ,≤∼Q∼β
,≤∼

∗
Q∼β

〉 is a Prikry-type forcing.

2. If α ≤ κ is inaccessible, then supp(p) ∩ α is nonstationary in α (where supp(p) ⊆ α is the

complement of the set {β < α : p�β 
 p(β) is trivial}). In other words, there exists a club

C ⊆ α such that for every β ∈ C, p�β 
 p(β) is trivial.

Suppose that p, q ∈ Pα. Then p ≥ q, which means that p extends q, holds if and only if:

1. supp(q) ⊆ supp(p).

2. For every β ∈ supp(q), p �β
 p(β) ≥β q(β) (where ≥β is the order of Qβ).
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3. There is a finite subset b ⊆ supp(q), such that for every β ∈ supp(q) \ b, p �β
 p(β) ≥∗
β q(β)

(where ≥∗
β is the direct extension order of Qβ).

If b = ∅, we say that p is a direct extension of q, and denote it by p ≥∗ q.

We consider a nonstationary support iteration of Prikry forcings, 〈Pα, Q∼β : α ≤ κ , β < κ〉.

Throughout this chapter, we denote the forcing Pκ by P . Let ∆ ⊆ κ the set of measurable cardinals

below κ in V . Assume that α ∈ ∆ and Pα has been defined. Assume that U∼
∗
α is a Pα-name for a

normal measure on α in V Pα (we will prove that at least one such measure exists). Let Q
∼α be the

Prikry forcing with U∼
∗
α. If α is not measurable in V , Q

∼α is the trivial forcing.

We did not specify the normal measure U∗
α which is used at stage α. As we will prove, each

such measure in V Pα is the unique extension of a normal measure Uα of Mitchell order 0 in V .

Let U∼ = 〈U∼α : α ∈ ∆〉 be a sequence of names, such that, for every α ∈ ∆, U∼α is forced by the

weakest condition in Pα to be U∼
∗
α ∩ V . Given G ⊆ Pκ generic over V , let U = 〈Uα : α ∈ ∆〉 be the

interpretation of the names in U∼. Then U is a sequence of measures in V , but U itself does not

necessarily belong to V . Since U depends on G, a more accurate notation would be UG, but most

of the time G will be clear from the context.

We adopt the following notation: For every p ∈ Pκ and α ∈ ∆, let t∼
p
α, A∼

p
α be Pα-names such

that p �α
 p(α) = 〈 t∼
p
α, A∼

p
α〉.

An iteration of Prikry-type forcings with nonstationary support was studied in [5]. The following

key property was proved:

Lemma 2.2.2. P = Pκ satisfies the Prikry property.

The proof relies on a fusion property which holds in our iteration. We will use the formulation

of this property as it is stated and proved in [5]:

Lemma 2.2.3. (Fusion Lemma) Let λ ≤ κ be a limit ordinal, and assume that p ∈ Pλ. Suppose

that e : λ → V is a function such that for every α < λ, e(α) is a Pα+1-name, such that,

p �α+1
”e(α) is a dense open subset of Pλ \ (α+ 1) above p \ (α+ 1) ,

with respect to the direct extension order.”

Assume also that ν < λ is an ordinal. Then there exist p∗ ≥∗ p which satisfies p∗ �ν= p �ν , and a

club C ⊆ λ, such that for every α ∈ C,

p∗ �α+1
 p∗ \ (α+ 1) ∈ e(α)
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The Fusion Lemma will be applied repeatedly in this paper, and is standard in nonstationary

support iterations. For sake of completeness, we provide the proof.

Proof. As in [5], we focus first on the case where λ is an inaccessible cardinal. The other case is

simpler since an inverse limit is taken at λ.

We construct a sequence 〈pξ : ξ < λ〉 of conditions in Pλ, a sequence 〈νξ : ξ < λ〉 of ordinals

below λ and a sequence of clubs 〈Cξ : ξ < λ〉, such that,

1. The sequence 〈pξ : ξ < λ〉 is increasing with respect to direct extensions.

2. The sequence 〈νξ : ξ < λ〉 is increasing, continuous and unbounded in λ.

3. For every ξ < λ, Cξ ∩ supp (pξ) = ∅.

4. For every ξ < λ, {νη : η < λ} is disjoint from the support of pξ.

5. For every ξ < λ, pξ �(νξ+1)
 pξ \ (νξ + 1) ∈ e (νξ).

6. Whenever η < ξ < λ,

(a) µξ ∈ Cη.

(b) pξ �νη+1= pη �νη+1.

(c) pξ �νη+1
 pξ \ (νη + 1) ≥∗ pη \ (νη + 1).

Take p0 = p, C0 a club disjoint from supp (p0), and ν0 > ν in C0.

Successor stages: Suppose that the construction is done up, and including, some ξ < λ, and

let us construct pξ+1 and νξ+1. Define–

νξ+1 = min

 ⋂
η<ξ+1

Cη \ (νξ + 1)


Let us construct pξ+1. First, we require pξ+1 �νξ+1+1= pξ �νξ+1+1. Now, there exists a Pνξ+1

-name

for a direct extension of pξ \ νξ+1 which is forced, by pξ �νξ+1+1, to belong to e(νξ+1). Let σ be

this name, and take pξ+1 \ νξ+1 = σ. There exists a Pνξ+1
-name C∼ for a club in λ disjoint from

supp(σ); Since λ is inaccessible, Pνξ+1
is λ-c.c., so there exists a club in λ, C ′ ∈ V , which is forced

to be a subset of C∼. Hence pξ+1 has a club Cξ+1 ∈ V disjoint from its support, and is a legitimate

condition in Pλ.
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Limit stages: Suppose that ξ < λ is a limit ordinal. Set νξ = ∪η<ξνη. For every η < ξ, νξ
is a limit point of Cη, and thus νξ /∈ supp (pη). Let us construct pξ. We construct it such that

νξ /∈ supp(pξ). First, we set–

pξ �νξ
=
⋃
η<ξ

pη �νη+1

note that 〈νη : η < ξ〉 is disjoint from the support of pξ �νξ
, so pξ �νξ

∈ Pνξ
holds even if νξ is

inaccessible. Also, pξ �νξ+1 forces that 〈pη \ (νξ + 1) : η < ξ〉 is an increasing sequence with respect

to direct extension in P \ (νξ + 1), which is forced to be |νξ|+-closed (so it’s definitely more than

ξ-closed). Thus, there exists an upper bound. Take pξ \ (νξ + 1) to be a name, which is forced, by

pξ �νξ+1, to be a direct extension of the upper bound which belongs to e(νξ). Pick Cξ ⊆ λ as a club

disjoint from supp (pξ).

This finishes the construction. Finally, set–

p∗ =
⋃
ξ<λ

pξ �νξ+1

Let C = {νξ : ξ < λ} ⊆ 4ξ<λCξ. Then, by our construction, C ⊆ λ is a club disjoint from supp (p∗).

Therefore, p∗ is a legitimate condition in Pλ. Also, given α ∈ C, let ξ < λ be such that α = νξ.

Then p∗ �α+1= pξ �α+1, and thus it forces that p∗ \ (α+ 1) ≥∗ pξ \ (α+ 1) ∈ e(α), as desired.

Now, let us adjust the proof to the case where λ is not inaccessible. Fix in advance an increasing,

continuous and cofinal sequence 〈νξ : ξ < cf(λ)〉 in λ, such that ν0 > cf(λ). Now construct a ≤∗-

increasing sequence of conditions 〈pξ : ξ < cf(λ)〉. In successor steps, assuming that pξ has been

constructed, pick pξ+1 such that–

pξ+1 �νξ+1+1= pξ �(νξ+1+1)

and pξ+1 �νξ+1+1
 pξ+1 \ (νξ+1 + 1) ∈ e (νξ+1) . In limit steps, say for limit ξ < cf(λ), choose pξ

such that–

pξ �νξ
=
⋃
η<ξ

pη �νη+1

and pξ �νξ
forces that pξ \νξ is a ≤∗-upper bound of 〈pη \νξ : η < ξ〉 (this is the main difference from

the case where λ is regular. Note that the direct extension order of Pλ \ νξ is more than ξ-closed,

since νξ > ξ). Then, direct extend further above νξ + 1 such that pξ �νξ+1
 pξ \ νξ + 1 ∈ e(νξ).

Finally, set p∗ =
⋃

ξ<cf(λ) pξ �νξ+1.
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The following claim takes care of dense open subsets of Pκ (not necessarily with respect to direct

extensions).

Claim 2.2.4. Let λ ≤ κ be a limit ordinal and let D ⊆ Pλ be a dense open subset of Pλ. Assume

that p ∈ Pλ and ν < λ. Then there exist p∗ ≥∗ p and a club C ⊆ λ, such that p∗ �ν= p �ν , and, for

every p∗ ≤ q ∈ D,

q �γ+1
_p∗ \ (γ + 1) ∈ D

where γ ∈ C is the first coordinate for which–

q �γ+1
 ”q \ γ is a direct extension of p∗ \ γ”

Proof. Fix a non-measurable ξ < λ and Gξ ⊆ Pξ generic over V such that p �ξ∈ Gξ. Given

p �ξ≤ q ∈ Gξ, we define a subset of Pλ \ ξ which is ≤∗-dense open above p \ ξ:

eq(ξ) = {r ∈ P \ ξ : q_r ∈ D or (∀r′ ≥∗ r, q_r′ /∈ D)}

Since ξ is non-measurable, the direct extension order of Pλ \ ξ is more than |Gξ|+-distributive.

Let e(ξ) be a Pξ-name for the set–

e(ξ) =
⋂

q∈Gξ

eq(ξ)

Then p �ξ forces that e(ξ) is ≤∗-dense open above p \ ξ.

Apply lemma 2.2.3. Let p∗ ≥∗ p be such that p∗ �ν= p �ν , and there exists a club C such that,

for every α ∈ C,

p∗ �α+1
 p∗ \ (α+ 1) ∈ e(α)

Assume now that p∗ ≤ q ∈ D. Let γ ∈ C be as in the formulation of the claim. Then–

p∗ �γ+1
 p∗ \ (γ + 1) ∈ e(γ + 1)

In particular,

q �γ+1
 p∗ \ (γ + 1) ∈ e(γ + 1)

Finally, since there exists a direct extension r′ = q\(γ + 1) ≥∗ p∗\(γ + 1) such that q �γ+1
_r′ ∈

D, it follows that q �γ+1
_p∗ \ (γ + 1) ∈ D, as desired.

Lemma 2.2.5. P = Pκ preserves cardinals. It also preserves cofinalities ≥ κ+.
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Proof. P clearly preserves cardinals and cofinalities ≥ κ++, since it has cardinality κ+.

Let us prove by induction that every cardinal µ ≤ κ+ is not collapsed. For limit µ it’s clear.

Suppose that µ = λ+ is a successor. Split P = Pλ ∗Q
∼λ ∗ P \ (λ+ 1). The direct extension order of

P \(λ+ 1) is more than µ-closed, so it preserves µ. Qλ preserves cardinals, whether λ is measurable

or not. Thus, it suffices to prove that Pλ preserves λ+ = µ, for every λ ≤ κ. Suppose that f∼ is

a Pλ-name for an increasing function from λ to µ, and this is forced by an arbitrary condition

p ∈ Pλ. We will prove that there exists an extension p∗ of p in Pλ which forces that the image of

f∼ is bounded in µ.

For every ξ < λ, define the following Pξ+1-name for a dense open subset of P \ (ξ + 1),

e(ξ) = {r ∈ P \ ξ + 1: ∃δ < λ+, r 
 f∼(ξ) < δ}

We claim that e(ξ) is ≤∗-dense open. First, let us argue that this suffices. Indeed, by fusion, there

exists p∗ ∈ G and a club C ⊆ λ such that for every ξ ∈ C,

p∗ �ξ+1
 ∃δξ < λ+, p∗ \ (ξ + 1) 
 f∼(ξ) < δξ

and set–

δ∗ = sup

⋃
ξ∈C

{δ : ∃r ≥ p∗ �ξ+1, r 
 δξ∼
= δ}


Then δ∗ < λ+ and, since f∼ is increasing, p∗ 
 Im (f∼) ⊆ δ∗ + 1.

Let us prove that e(ξ) is indeed ≤∗-dense open. Fix ξ < λ. Let G′ ⊆ Pξ+1 be generic over

V , and work in V [G′]. Denote P ′ = P \ (ξ + 1). Apply claim 2.2.4 for the dense open set D of

conditions in P ′ which decide the value of f∼(ξ). Given a condition q ∈ P ′, there exists q∗ ≥∗ q and

a club C ⊆ λ such that for every q∗ ≤ p ∈ D,

p �γ+1
_q∗ \ (γ + 1) ∈ D

where γ is the least coordinate in C above the non-direct extensions. Let–

δ∗ = sup

⋃
γ∈C

{δ : ∃s ∈ P ′
γ+1, s_q∗ \ (γ + 1) 
 f∼(ξ) = δ}


Then q∗ 
 f∼(ξ) < δ∗.

The following lemma is a minor modification of lemma 3.6 from [5].
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Lemma 2.2.6. Let λ ≤ κ be inaccessible. Let p ∈ Pλ and assume that f∼ is a Pλ-name for a function

from λ to the ordinals. Then there exist p∗ ≥∗ p, a club C ⊆ λ and a function F : λ → [Ord]<λ in

V , such that for every ξ ∈ C, p∗ 
 f∼(ξ) ∈ F (ξ).

Proof. For each ξ < λ, consider the Pξ+1-name for the following set–

e(ξ) = {r ∈ Pλ \ ξ : ∃A ∈ [Ord]<λ
, r 
 f∼(ξ) ∈ A}

It suffices to prove that for every ξ < λ, e(ξ) is forced to be ≤∗-dense open subset of Pλ \ (ξ + 1).

Indeed, once we prove this, there exist p∗ ∈ G above p and a club C ⊆ λ such that for every ξ ∈ C,

p∗ �ξ+1
 ∃Aξ ∈ [Ord]<λ
, p∗ \ (ξ + 1) 
 f∼(ξ) ∈ A(ξ)

and then, for every ξ ∈ C, we can define–

F (ξ) = {γ : ∃q ≥ p∗ �ξ+1, q 
 γ ∈ A∼ξ}

Then |F (ξ)| < λ for every ξ ∈ C, and p∗ 
 f∼(ξ) ∈ F (ξ).

Let us prove that e(ξ) is ≤∗ dense open. Fix ξ < κ. Let G′ ⊆ Pξ+1 be generic over V , and work

in V [G′]. Denote P ′ = Pλ \ (ξ + 1). It suffices to prove that given a condition q ∈ P ′, there exists

a direct extension q∗ ≥∗ q and a set A ∈ [Ord]<λ such that q∗ 
 f∼(ξ) ∈ A.

Let D ⊆ P ′ be the dense open set of conditions r ∈ P ′ such that, for some A ∈ [Ord]
<λ,

r 
 f∼(ξ) ∈ A. By claim 2.2.4, there exists q∗ ≥∗ q and a club C ⊆ D, such that for every

q∗ ≤ p ∈ D, p �γ′+1
_q∗ \ (γ′ + 1) ∈ D, where γ′ = min (C \ (γ + 1)), and γ is the maximal

coordinate in which a non-direct extension is taken in the extension q∗ ≤ p.

Let us construct a direct extension q∗∗ ≥∗ q∗ with the same support as q∗. Let µ ∈ supp (q∗)

be a measurable, and assume that q∗∗ �µ was constructed. Take an arbitrary generic Gµ ⊆ P ′
µ with

q∗∗ �µ∈ Gµ. Denote µ′ = min (C \ (µ+ 1)). In V [G′, Gµ], shrink the set A∼
q∗

µ to a set A such that,

for each n < ω, exactly one of the following holds: Either for every s ∈ [A]
n, there exists direct

extension rs ≥∗ q∗ �(µ,µ′] and a set of ordinals As with |As| < λ, such that–

〈tq
∗

µ

_
s,A \max(s)〉

_
rs

_q∗ \ (µ′ + 1) 
 f∼(ξ) ∈ Ǎs

or, there is no such s ∈ [A]
n.

Let us prove now that q∗∗ has a direct extension which belongs to e(ξ). Assume otherwise. Let

p ≥ q∗∗ be a condition which decides the value of f∼(ξ), and is chosen with the least number of
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non–direct extensions. Let γ ∈ supp(q∗) be the maximal coordinate in which a non-direct extension

is taken, and let γ′ = min (C \ (γ + 1)). Clearly p ≥ q∗, and by the choice of q∗,

p �γ′+1
_q∗ \ (γ′ + 1) ∈ D

In particular, for some A ∈ [Ord]<λ,

p �γ
 p �[γ,γ′]
 q∗ \ (γ′ + 1) 
 f∼(ξ) ∈ A

Now, let Gγ ⊆ P ′
γ be generic over V [G′] with p �γ∈ Gγ . Then in V [G′, Gγ ], there exists A ∈ [Ord]<λ

such that–

〈tpγ , Ap
γ〉

_
p �(γ,γ′]

_q∗ \ (γ′ + 1) 
 f∼(ξ) ∈ A

Let n < ω be such that lh
(
tpγ
)
= n + lh

(
tq

∗

γ

)
. Then p �γ extends q∗∗ �γ , and thus forces that for

every s ∈
[
A∼

p
γ

]n, there exists rs ≥∗ q∗ �(γ,γ′] and a set As bounded in λ, such that–

〈tq
∗

γ

_
s, A∼

p
γ \max(s)〉

_
rs

_q∗ \ (γ′ + 1) 
 f∼(ξ) ∈ As

Let r be a Pγ+1-name for the direct extension of q∗ which is forced by–

〈tq
∗

γ

_
s, A∼

p
γ \max(s)〉

to be rs, for every s of length n. Then r ≥∗ q∗ �(γ,γ′], and by direct extending r inside the support

of q∗, we can assume that r ≥∗ q∗∗ �(γ,γ′] (note that the coordinates in which a non-direct extension

is taken in the extension r ≥∗ q∗ �(γ,γ′] does not lie inside supp (q∗)).

By taking a union of the sets As above, there exists a set of ordinals A ∈ V [G′, Gµ] with |A| < λ

such that–

〈tq
∗

γ , A∼
p
γ〉

_
r_q∗ \ (γ + 1) 
 f∼(ξ) ∈ A

Gγ was an arbitrary generic set with p �γ∈ Gγ ; thus, in V [G′],

p �γ
 ∃A ∈ [Ord]
<λ

, 〈tq
∗

γ , A∼
p
γ〉

_
r_q∗ \ (γ + 1) 
 f∼(ξ) ∈ A

Let A∼ be a P ′
γ-name for the above set A, and let A∗ ∈ V [G′] be the set of all possible values of

elements in A∼ as forced by extensions of p �γ . Then A∗ ∈ [Ord]<λ, and–

p �γ
_〈tq

∗

γ , A∼
p
γ〉

_
r_q∗∗ \ (γ + 1) 
 f∼(ξ) ∈ A∗

This contradicts the minimality of the number of non-direct extensions in the choice of p ≥ q∗∗.
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Let us mention several immediate corollaries of the last lemma, all of them were introduced in

[5]:

Corollary 2.2.7. Let λ ≤ κ be a regular cardinal and p ∈ Pλ. Assume that α∼ is a Pλ-name for

an ordinal. Then there exist p∗ ≥∗ p and a set of ordinals A of cardinality |A| < λ, such that

p∗ 
 α∼ ∈ Ǎ.

Proof. If λ is a limit of measurables, then it is inaccessible, and then the proof is included in the

proof of lemma 2.2.6. Else, let λ′ < λ be the supremum of the set of measurables below λ. Then

Pλ = Pλ′ . We can now repeat the argument in the proof of lemma 2.2.6 for the forcing Pλ′ , with

minor changes: first define D = {r ∈ Pλ′ : ∃A ∈ [Ord]<λ such that r 
 α∼ ∈ A}. Direct extend

p∗ ≥∗ p and find a club C ⊆ λ′ such that for every p∗ ≤ q ∈ D, q �γ′+1
_p∗ \ (γ′ + 1) ∈ D, where

γ′ ∈ C is a above the finite set of non-direct extensions taken in the extension q ≥ p∗. Then, direct

extend p∗∗ ≥∗ p∗, without changing the support, as in the previous lemma. Arguing as above, p∗∗

has a direct extension which decides α∼ up to < λ-many possibilities.

We remark that if λ > λ′+, a simpler argument exists: by GCH, Pλ′ is λ − c.c.. let A ∈ V be

the set–

A = {ξ : ∃q ≥ p, q 
 ξ = α∼}

then |A| < λ and p 
 α∼ ∈ A (here a direct extension of p is not required).

Corollary 2.2.8. Let λ ≤ κ be inaccessible, and assume that Gλ ⊆ Pλ is generic over V . Then λ

is still regular iv V [Gλ]. Moreover, every function f : λ → λ in V [Gλ] is dominated by a function

g : λ → λ in V .

Proof. Assume that λ is singular in V [Gλ]. Let µ = cf (λ). Let f : µ → λ be an increasing cofinal

sequence in V [Gλ]. Let p ∈ Pλ be a condition which forces this. We argue that there exists δ < λ

and p∗ ≥ p such that p∗ 
 Im(f) ⊆ δ, which is a contradiction. Assume without loss of generality

that p is the weakest condition in Pλ.

Work in an arbitrary generic extension of V with the forcing Pµ+1. We argue that every condition

q ∈ Pλ \ (µ+ 1) has a direct extension q∗ ∈ Pλ \ (µ+ 1) and function α 7→ F (α) such that for every

ξ < µ, F (ξ) is a bounded subset of λ, and–

q∗ 
 f∼(ξ) ∈ F (ξ)
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Indeed, given ξ < µ , f∼(ξ) is a Pλ \ (µ+ 1)-name for an ordinal below λ. By corollary 2.2.7, every

q ∈ Pλ \ (µ+ 1) can be direct extended to q∗ ∈ Pλ \ (µ+ 1) such that for some set of ordinals

Aξ ⊆ λ with |Aξ| < λ, q∗ 
 f∼(ξ) ∈ Aξ. Since the direct extension order of Pλ \ (µ+ 1) is more then

µ-closed, we can find a single q∗ ∈ Pλ \ (µ+ 1), and, for every ξ < µ, a bounded subset Aξ ⊆ λ

such that q∗ 
 ∀ξ < µ, f∼(ξ) ∈ Aξ; then, set F (ξ) = Aξ as desired.

Since we worked in an arbitrary generic extension above (µ+ 1) and gave a density argument

in Pλ \ (µ+ 1), we can assume that there exists p∗ ∈ G such that–

p∗ �µ+1
 there exists a function ξ 7→ F (ξ) such that, for every ξ < µ,

F (ξ) is a bounded subset of λ and p∗ \ (µ+ 1) 
 f∼(ξ) ∈ F (ξ)

Finally, define, in V ,

δ = sup

⋃
ξ<µ

{β < λ : ∃q ≥ p∗ �µ+1, q 
 β̌ ∈ F∼(ξ)}


and note that δ < λ and p∗ 
 Im (f∼) ⊆ δ.

Let us argue now that every function f : λ → λ in V [G] is dominated by a function g : λ → λ in

V . First, in V [G], f is dominated by an increasing function f ′ : λ → λ. By 2.2.6, f ′ is dominated

on a club C ⊆ λ by a function g′ : λ → λ in V . Given ξ < κ, let cξ = min (C \ ξ + 1). Finally,

define g : λ → λ,

g(ξ) = g′ (cξ)

Then for every ξ < κ, f(ξ) ≤ f ′(ξ) ≤ f ′ (cξ) < g′ (cξ) = g(ξ).

Corollary 2.2.9. Let λ ≤ κ be inaccessible. The forcing Pλ preserves stationary subsets of λ.

Proof. It suffices to prove that for every club in κ, C ∈ V [G], there exists a club in κ, D ∈ V , such

that D ⊆ C. In V [G], let f : κ → κ be the increasing enumeration of C. By corollary 2.2.8, there

exists g ∈ V which dominates f . Let D be the set of closure points of g. Clearly, D is a club. Let

us prove that D ⊆ C. Given α ∈ D, α is a closure point of f , and thus a limit point of Im(f) = C.

Therefore α ∈ C.

Recall that a set of ordinals A ∈ V [G] is called fresh if A /∈ V and, for every ordinal ξ < sup(A),

A∩ ξ ∈ V . Every old measurable µ < κ clearly has a fresh unbounded subset: its Prikry sequence.
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So if sup(A) was a measurable cardinal below κ in V , A might be fresh over V . Let us address the

case where sup(A) is κ or κ+.

Lemma 2.2.10. P = Pκ does not add new unbounded subsets of κ or κ+ which are fresh over V .

The proof appears in [8]. Having no fresh subsets of κ, κ+, together with preservation of cardinals

and 2κ = κ+, leads to the following key property:

Corollary 2.2.11. Let W ∈ V [G] be a κ-complete ultrafilter on κ. Then W ∩ V ∈ V .

This follows from proposition 1.0.2 and lemma 2.2.10.

Corollary 2.2.12. Let W ∈ V [G] be a normal measure. Then W ∩V ∈ V is a normal measure of

Mitchell order 0 in V .

Proof. Denote U = W ∩ V . By corollary 2.2.11, U ∈ V . U inherits normality from W , since it

is closed under diagonal intersections. Finally, let us prove that U has Mitchell order 0. Assume

otherwise. Then U concentrates on the set ∆ of measurables below κ in V . Hence, ∆ ∈ W .

However, in V [G], each cardinal in ∆ is singular and has cofinality ω, and by normality of W , it

cannot concentrate on ∆.

2.3 Normal Measures in the Generic Extension

Our goal in this section is to prove theorem 2.1.1, namely, that there exists a bijection between

normal measures of Mitchell order 0 on κ in V , and normal measures on κ in V [G].

Let U ∈ V be any normal measure on κ of Mitchell order 0. After forcing an iteration of Prikry

forcings, with any standard support, one can define, in the generic extension V [G], a natural filter

which extends U : The filter consisting of sets (A∼)G, where A∼ is a name for a subset of κ, such that,

for some p ∈ G,

{α < κ : p 
 α̌ ∈ A} ∈ U

or simply jU (p) 
 α̌ ∈ jU (A∼), in MU .

Forcing with nonstationary support has the advantage, that this filter is actually a normal,

κ-complete ultrafilter.

Lemma 2.3.1. Let U be a normal measure of Mitchell order 0 on κ. Define U∗ ∈ V [G] as follows:

For every Pκ-name A∼ for a subset of κ, (A∼)G ∈ U∗ if and only if there exists p ∈ G such that

jU (p) 
 κ̌ ∈ jU (A∼). Then U∗ is a normal, κ-complete ultrafilter in V [G], which extends U .
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Proof. Denote for simplicity P = Pκ. Let us first check that U∗ is well defined. Assume that

A∼, B∼ are P -names for subsets of κ, and p ∈ G is a condition such that p 
 A∼ = B∼. Then

jU (p) 
 jU (A∼) = jU (B∼), and thus jU (p) 
 κ̌ ∈ jU (A∼) if and only if jU (p) 
 κ̌ ∈ jU (B∼), so

(A∼)G ∈ U∗ if and only if (B∼)G ∈ U∗, as desired.

It’s not hard to verify that U∗ is a filter. Let us prove that it’s κ-complete (thus, in particular,

it’s an ultrafilter). Assume that γ < κ and 〈A∼β : β < γ〉 is forced by the weakest condition to be a

partition of κ.

For every α ∈ (γ, κ), let e(α) ⊆ P \ (α+ 1) be the following ≤∗-dense open subset:

e(α) = {r ∈ P \ (α+ 1) : ∃β∗ < γ r 
 α̌ ∈ A∼β∗}

By lemma 2.2.3, there exists p ∈ G and a club C ⊆ κ such that for every α ∈ C,

p �α+1
 p \ α+ 1 ∈ e(α)

C is a club, so C ∈ U , and thus,

p_0Q∼κ 
 ∃β∗ < γ jU (p) \ (κ+ 1) 
 κ̌ ∈ jU (A∼β∗)

therefore, for some q > p, q ∈ G and β∗ < γ,

q 
 jU (p) \ κ 
 κ̌ ∈ jU (A∼β∗)

so jU (q) 
 κ̌ ∈ jU (A∼β∗).

Let us prove normality. Assume that f∼ is a name for a regressive function from κ to κ. Work in

MU . jU (f∼) is forced there to be a regressive function. There exists a Pκ+1-name for a dense open

subset D of jU (P ) \ (κ+ 1), consisting of all the conditions which force that jU (f∼)(κ) = β∗ for

some β∗ < κ. Let α 7→ e(α) be a function in V which represents D in the ultrapower construction.

We can assume that for every α < κ, e(α) is a Pα+1-name, forced by the weakest condition to be

a ≤∗ dense-open subset of Pκ \ (α+ 1). Now we apply fusion just as before, and find p ∈ G such

that–

p_0Q∼κ

 ∃β∗ < κ jU (p) \ (κ+ 1) 
 jU (f∼)(κ) = β∗

so for some q ∈ G, q > p, and for some β∗ < κ,

jU (q) 
 jU (f∼)(κ) = β∗

Therefore, {ξ < κ : f(ξ) = β∗} ∈ U∗ as desired.
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Now, given a normal measure W ∈ V [G] on κ, denote U = W ∩ V . By corollary 2.2.11, U ∈ V .

Our goal will be to prove that W = U∗. We start with the following observation:

Lemma 2.3.2. Let W ∈ V [G] be a normal measure on κ. Let jW : V [G] → M [H] be the ultrapower

embedding. Denote U = W ∩ V , and define k : MU → M as follows: k ([f ]U ) = [f ]W . Then:

1. k : MU → M is an elementary embedding.

2. k ◦ jU = jW �V .

3. k �µ= id, where µ is the first measurable above κ in MU . In particular, for every η < µ, there

exists f ∈ V such that [f ]U = [f ]W = η.

4. crit(k) = µ.

5. (Vµ)
M

= (Vµ)
MU .

Proof. 1. k is well defined, since, if [f ]U = [g]U , then {x < κ : f(x) = g(x)} ∈ U , and thus this

set belongs to W . So [f ]W = [g]W . Similarly, k respects ∈. Finally, assume that ϕ(a1, . . . , an)

is a formula and f1, . . . , fn are functions. Then:

MU � ϕ ([f1]U , . . . [fn]U ) ⇐⇒ {x < κ : V � ϕ (f1(x), . . . , fn(x)} ∈ U

⇐⇒ {x < κ : V � ϕ (f1(x), . . . , fn(x)} ∈ W

⇐⇒ M [H] � M � ϕ ([f1]W , . . . [fn]W )

⇐⇒ M � ϕ ([f1]W , . . . [fn]W )

2. Clear from the definitions.

3. First, let us note that for every η ≤ κ+, k (η) = η, using the canonical function which

represents η. Also, k (κ+) = κ+ since κ+ is represented by the successor cardinal function.

Thus, crit(k) > κ+.

Now, assume, for contradiction, that there exists η < µ such that k(η) > η. Take the minimal

such η. There exists g ∈ V [G] such that [g]W = η. Let h : κ → κ be a function in V such

that [h]U = η. So–

[g]W = η = [h]U ≤ [h]W
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and thus, by changing g on a set which doesn’t belong to W , we can assume that, for every

ξ < κ,

g(ξ) ≤ h(ξ) < the first measurable above ξ

For every ξ < κ, let e(ξ) be the Pξ+1-name for the following set–

e(ξ) = {r ∈ P \ (ξ + 1) : ∃α ≤ h(ξ), r 
 g(ξ) = α̌}

this set is ≤∗-dense open, since the direct extension order is more than h(ξ)-closed. Apply

fusion. There exist p∗ ≥∗ p and a club C ⊆ κ such that, for every ξ ∈ C,

p∗ �ξ+1
 p∗ \ (ξ + 1) ∈ e(ξ)

in other words,

p∗ �ξ+1
 ∃α ≤ h(ξ), p∗ \ (ξ + 1) 
 g(ξ) = α̌

Define F : C → V as follows: For every ξ ∈ C, set–

F (ξ) = {α : ∃a ∈ Pξ+1 a ≥ p∗ �ξ+1 and a_p∗ \ (ξ + 1) 
 g(ξ) = α̌}

Note that for every ξ ∈ C, p∗ 
 g(ξ) ∈ F̌ (ξ), and |F (ξ)| ≤ |ξ|+. Also, C ∈ U and thus

C ∈ W . Therefore, in M [H],

η = [g]W ∈ [F ]W = jW (F )(κ) = k (jU (F )(κ))

but, in MU , |jU (F )(κ)| ≤ κ+, which is strictly below the critical point of k. So η ∈ Im(k),

i.e., for some α ≤ η, η = k(α). But η was the minimal such that k(η) 6= η, so α < η and

α = k(α) = η, a contradiction.

4. It suffices to prove that k(µ) 6= µ. Since µ is measurable in MU , it suffices to prove that µ is

not measurable in M . Assume otherwise. Then in V [G], cf(µ) = ω would hold. Therefore,

in V , cf(µ) ≤ κ. By closure under κ-sequences, this is true in MU as well, a contradiction.

5. It suffices to prove that, for every α < µ, (Vα)
M

= (Vα)
MU . Indeed,

(Vα)
M

= k
(
(Vα)

MU

)
= k′′

(
(Vα)

MU

)
= (Vα)

MU
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We now have all the tools necessary for the proof of theorem 2.1.1

Proof of theorem 2.1.1. Assume that W ∈ V [G] is a normal measure. Denote U = W ∩ V . Let us

use the notations of lemma 2.3.2: Assume that jW : V [G] → M [H] is the ultrapower embedding

of W , and let k : MU → M be such that jW �V = k ◦ jU .

Let us prove that W = U∗. Since both are ultrafilters on κ, it suffices to prove that U∗ ⊆ W .

Assume that X ∈ U∗. Let X∼ ∈ V be a Pκ-name such that (X∼)G = X. There exists p ∈ G such

that jU (p) 
 κ̌ ∈ jU (X∼). By applying k,

jW (p) 
 κ̌ ∈ jW �V (X∼)

since crit(k) > κ. But jW (p) ∈ jW (G) = H. Hence, in M [H],

κ ∈ (jW �V (X∼))H = jW ((X∼)G) = jW (X)

so X ∈ W .

2.4 The Structure of jW �V

As usual, let W ∈ V [G] be a normal measure, and denote U = W ∩ V . Let κ∗ = jU (κ). Given

α < κ, recall that U∼
∗
α is a Pα-name, forced by the weakest condition in Pα to be the normal measure

on α used in the Prikry forcing Q
∼α. Let U∼ = 〈U∼α : α ∈ ∆〉 be the sequence of names, such that,

for every α ∈ ∆, U∼α is forced by the weakest condition in Pα to be U∼
∗
α ∩ V . Given G ⊆ Pκ generic

over V , let U = 〈Uα : α ∈ ∆〉 be the interpretation of the names in U∼ with respect to the generic G.

Our goal in this section is to factor jW �V to an iterated ultrapower of V , while revealing,

simultaneously, more and more information about the generic set H = jW (G).

By induction, we define for every α < κ∗ a model Mα, an embedding jα : V → Mα, a measurable

cardinal µα in Mα and a measure Uµα
∈ Mα on it. The definition goes by induction on α < κ∗,

such that the sequence of models 〈Mα : α < κ∗〉 is a linear iterated ultrapower of V with direct

limit Mκ∗ . The iteration is continuous, namely, for every α ≤ κ∗ limit, Mα is the direct limit of

the models 〈Mα′ : α′ < α〉.

Given α < κ∗, we define µα to be the least measurable µ in Mα, such that for every α′ < α,

µα′ < µ, and such that (cf(µ))V > κ. We will define a measure Uµα
∈ Mα on µα. We postpone

the definition of Uµα , but mention only that it will have Mitchell order 0. After Uµα is defined, we

take Mα+1 = Ult (Mα, Uµα) and jα+1 =
(
jUµα

)Mα ◦ jα.
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Our goal in this section will be to prove the following:

Theorem 2.4.1. M = Mκ∗ , jW �V = jκ∗ and κ∗ = jW (κ). If U ∈ V , then both M and jW �V are

definable classes of V .

Remark 2.4.2. Given α < κ∗, we will prove, in the next section, that every inaccessible λ of

Mα above µ̄ = sup{µα′ : α′ < α} satisfies (cf(λ))V > κ. So whenever µα is picked as the least

measurable above µ̄ with cofinality > κ in V , it is simply the least measurable above µ̄. The proof

appears in lemma 2.5.6, and a simpler characterization of 〈µα : α < κ∗〉 appears in corollary 2.5.7.

In order to avoid complications in the current section, we chose to provide those results, which

involve a detailed study of the iteration 〈Mα : α ≤ κ∗〉, in the next section.

The proof of theorem 2.4.1 goes as follows: By induction on α ≤ κ∗, we define an elementary

embedding kα : Mα → M , as follows:

kα (jα(h) (κ, µα0
, . . . , µαk

)) = jW (h) (κ, µα0
, . . . , µαk

)

for h ∈ V , k < ω and α0 < . . . < αk < α.

Note that for α = 0, k0 = k is the embedding defined in lemma 2.3.2. In general, it’s not trivial

that kα is a well defined elementary embedding. This will be proved in lemma 2.4.3. We denote

λα = crit (kα). We will prove that for every α < κ∗, the following properties hold:

(A) kα : Mα → M is an elementary embedding, and jW �V = kα ◦ jα.

(B) λα is measurable in Mα.

(C) λα appears as an element in the Prikry sequence of kα (λα) in M [H].

(D) λα = µα.

(E) Let Uµα
= {X ⊆ µα : µα ∈ kα(X)} ∩ Mα. Then Uµα

∈ Mα, and is a normal measure

of Mitchell order 0 there. Moreover, jW (U) (kα(µα)) = kα (Uµα
), and, if U ∈ V , then

Uµα
= jα (U) (µα).

After we prove that properties (A)-(E) above hold for every α < κ∗, we will show that kκ∗ is

the identity function.
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Let us assume now that the Mβ-ultrafilter Uµβ
and the embedding kβ : Mβ → M have been

defined for every β < α, such that properties (A)-(E) hold. We first prove that kα is indeed

elementary.

Lemma 2.4.3. kα : Mα → M is an elementary embedding, and jW �V = kα ◦ jα.

Proof. We prove only that kα is a well defined injection (and the rest of elementarity follows

similarly). Assume that a, a′ ∈ Mα. Let k < ω, h, h′ ∈ V and α0 < . . . < αk < α be such that–

a = jα(h) (κ, µα0 , . . . , µαk
) , a′ = jα(h

′) (κ, µα0 , . . . , µαk
)

If α is limit, let α′ < α be high enough such that µα′ > µαk
. By induction, jW �V = kα′ ◦ jα′ , and

thus–

jW (h) (κ, µα0
, . . . , µαk

) = jW (h′) (κ, µα0
, . . . , µαk

)

⇐⇒ jα′(h) (κ, µα0 , . . . , µαk
) = jα′(h′) (κ, µα0 , . . . , µαk

)

⇐⇒ jα(h) (κ, µα0
, . . . , µαk

) = jα(h
′) (κ, µα0

, . . . , µαk
)

If α = α′ + 1 is successor, we can assume that αk = α′, and then–

jW (h) (κ, µα0
, . . . , µαk

) = jW (h′) (κ, µα0
, . . . , µik)

⇐⇒ µα′ ∈ kα′
(
{y < µα′ : jα′(h)(κ, µα0

, . . . , µαk−1
, y) = jα′(h′)(κ, µα0

, . . . , µαk−1
, y)}

)
⇐⇒ {y < µα′ : jα′(h)(κ, µα0

, . . . , µαk−1
, y) = jα′(h′)(κ, µα0

, . . . , µαk−1
, y)} ∈ Uµα′

⇐⇒ jα(h) (κ, µα0 , . . . , µαk
) = jα(h

′) (κ, µ0, . . . , µαk
)

Finally, we argue that kα ◦ jα = jW �V : For each x ∈ V , let cx : κ → V be the function such

that for every ξ < κ, cx(ξ) = x. Then–

kα (jα(x)) = kα (jα(cx)(κ)) = jW (cx)(κ) = jW (x)

Since α is fixed from now on, we denote simply λ = λα = crit (kα). Then λ is a regular

uncountable cardinal. Our goal will be to prove that it is measurable in Mα, and moreover, λ = µα.

There are several straightforward limitations on the value of λ:

Claim 2.4.4. sup{µα′ : α′ < α} ≤ λ ≤ µα.
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Proof. By the definition of kα, for every α′ < α,

kα (µα′) = kα (jα(id)(µα′)) = jW (id)(µα′) = µα′

Now, if x < µα′ for some α′ < α, then jα′,α(x) = x. Thus, for some h ∈ V , and α0 < . . . < αk < α′,

x = jα′ (h) (κ, µα0
, . . . , µαk

). Denote ~µ = 〈µα0
, . . . , µαk

〉. Then–

kα(x) = kα (jα(h) (κ, ~µ)) = jW (h) (κ, ~µ) = kα′ (jα′(h) (κ, ~µ)) = kα′ (x) = x

where the last equality holds since x < µα′ , and, by induction, crit (kα′) = µα′ .

This shows that crit(kα) ≥ µα′ for every α′ < α.

For the second inequality, recall that µα is measurable in Mα which satisfies (cf (µα))
V
> κ. If

kα (µα) = µα, then, by elementarity, µα is measurable in M . Therefore, in M [H], cf (µα) = ω, and

thus in V [G], cf (µα) = ω. Therefore, in V , cf (µα) ≤ κ, a contradiction.

Recall that for every β < α, µβ appears as an element in the Prikry sequence added to kβ (µβ)

in M [H]. Assume that it is the (nβ + 1)-th element in this Prikry sequence, and has an initial

segment tβ of length nβ below it. Note that, by induction, kβ (tβ) = tβ .

We now provide a useful way to represent elements in the model Mα.

Definition 2.4.5. An increasing sequence 〈α0, . . . , αk〉 of ordinals below κ∗ is called nice if, for

every 0 ≤ i ≤ k, there are functions gi, ti, Fi ∈ V such that–

µαi
= jαi

(gi)
(
κ, µα0

, . . . , µαi−1

)
tαi

= jαi
(ti)

(
κ, µα0

, . . . , µαi−1

)
Uµαi

= jαi
(Fi)

(
κ, µα0

, . . . , µαi−1

)
(for i = 0, µα0

= jα0
(g0) (κ), tα0

= jα0
(t0) (κ) and Uµα0

= jα0
(F0) (κ) ).

(We remark that the functions Fi used to represent Uµαi
will be relevant only in the next section,

so the third requirement, that includes them, can be omitted from the definition at the moment).

It’s not hard to prove that, given a pair of nice sequences, the increasing enumeration of their union

is nice.

Lemma 2.4.6. Every element in Mα has the form–

jα(h) (κ, µα0 , . . . , µαk
)

for some k < ω, (k + 1)-ary function h ∈ V and a nice sequence 〈α0, . . . , αk〉 of ordinals below α.
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Proof. We assume that the lemma holds for every α′ < α. Let x ∈ Mα.

If α is limit: There exists α′ < α and x′ ∈ Mα′ such that x = jα′,α (x′). By induction,

x′ = jα′ (h) (µα0
, . . . , µαk

) for a nice sequence 〈α0, . . . , αk〉 below α′. Then x = jα (h) (µα0
, . . . , µαk

),

as desired.

If α = α′ + 1 is successor: Let f ∈ Mα′ be a function such that x = jα′,α(f) (µα′). Let

h1, h2, h3, h4 ∈ V be functions, and 〈α0, . . . , αk〉, 〈β0, . . . , βl〉, 〈γ0, . . . , γs〉, 〈δ0, . . . , δr〉 be nice se-

quences below α′ such that–

f = jα′ (h1) (µα0
, . . . , µαk

) , µα′ = jα′ (h2) (µβ0
, . . . , µβl

)

tα′ = jα′ (h3) (µγ0 , . . . , µγs) , Uµα′ = jα′ (h4) (µδ0 , . . . , µδr )

The increasing enumeration of–

〈α0, . . . , αk〉 ∪ 〈β0, . . . , βl〉 ∪ 〈γ0, . . . , γs〉 ∪ 〈δ0, . . . , δr〉 ∪ 〈α′〉

is a nice sequence. Denote it by 〈ε0, . . . , εm, α′〉, where εm < α′.

By modifying the function h1 in V , we can assume for simplicity that–

f = jα′ (h1) (µε0 , . . . , µεm)

Define, in V , a function h, as follows:

h (〈ν0, . . . , νm, ν〉) = h1 (ν0, . . . , νm) (ν)

Then jα(h) (µε0 , . . . , µεm , µα′) = x.

We now introduce several notations. We fix those notations throughout the proof that properties

(A)-(E) hold at α. Recall that crit (kα) is denoted by λ. Let h ∈ V be a function such that–

λ = jα(h) (κ, µα0
, . . . , µαk

)

for a nice sequence 〈α0, . . . , αk〉 below α. Fix, for every 0 ≤ i ≤ k, functions gi, ti ∈ V as in the

definition of a nice sequence. In other words–

µαi = jαi (gi)
(
κ, µα0 , . . . , µαi−1

)
tαi = jαi (ti)

(
κ, µα0 , . . . , µαi−1

)
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Remark 2.4.7. 1. The functions gi might be more or less the same. For instance, set, for

every ξ < κ, g0 = s(ξ) = the first measurable in V strictly above ξ, and g1(ξ, ν) = s(ξ). Then

µ0 = j0 (g0) (κ) and µ1 = j1(g0)(κ) = j1 (g1) (κ).

2. It is not necessarily true that, given ξ, ~ν, h (ξ, ~ν) ≥ gi (ξ, ν0, . . . , νi−1). For instance, take,

µαk
to be a measurable of Mitchell order > 0 in MU , and λ to be the first measurable

above it in Mµαk
+1 = Ult

(
Mαk

, Uµαk

)
. Then λ = jαk+1(h) (κ, µαk

), where h(ξ, ν) = s (ν).

Assume that µαk
= jU (f)(ξ) for some f ∈ V . In M [H], kµαk

+1(λ) < kµαk
(µαk

), namely,

h(ξ, µαk
(ξ)) < f (ξ) for a set of ξ-s in W , where ξ 7→ µαk

(ξ) is a function in V [G] represents

µαk
in the ultrapower with W .

Given β < α, recall that, by induction, µβ appears in the Prikry sequence of kβ(µβ). For every

0 ≤ i ≤ k, denote by ni < ω the length of the finite sequence ti, which is the initial segment of the

Prikry sequence of kαi (µαi) below µαi . Then µαi is the (ni + 1)-th element in this Prikry sequence.

For every i ≤ k, we define, in V [G], a function ξ 7→ µαi
(ξ) such that [ξ 7→ µαi

(ξ)]W = µαi
:

• For i = 0, set the (n0 + 1)-th element in the Prikry sequence of g0(ξ) to be µα0
(ξ).

• Assume that i ≤ k, and the functions ξ 7→ µαj (ξ) have been defined for every j < i. Let

µαi
(ξ) be the (ni + 1)-th element in the Prikry sequence of gi

(
µα0

(ξ), . . . , µαi−1
(ξ)
)
.

For every 0 ≤ i ≤ k, [ξ 7→ µαi
(ξ)]W = µαi

, and–

tαi =
[
ξ 7→ ti

(
ξ, µα0(ξ), . . . , µαi−1(ξ)

)]
W

where the last equality follows since crit (kαi
) = µαi

and thus kαi
(tαi

) = tαi
.

We fix an abbreviation, ξ 7→ ~µ(ξ) for the function ξ 7→ 〈µα0
(ξ), . . . , µαk

(ξ)〉. Given ξ, ~ν =

〈ν0, . . . , νk〉, denote–
~t (ξ, ~ν) = 〈t0(ξ), t1(ξ, ν0), . . . , tk (ξ, ν0, . . . , νk−1)〉

Our next goal is lemma 2.4.11, which generalizes the Fusion Lemma 2.2.3. We deal there with

sets which are ≤∗ dense open above conditions which decide the values of 〈µα0(ξ), . . . , µαk
(ξ)〉.

We first define the notion of a C-tree, which consists of sequences 〈ξ, ~ν〉 = 〈ξ, ν0, . . . , νk〉 which

are possible candidates for the exact values of 〈ξ, µα0
(ξ), . . . , µαk

(ξ)〉. Then, we define in 2.4.10

whenever such a candidate is admissible for a given condition p ∈ G, in the sense that p can be

extended to force that ~µ(ξ) = ~ν.
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Definition 2.4.8. A tree T ⊆ [κ]
k+1 is called a C-tree (with respect to a fixed nice sequence

〈α0, . . . , αk〉) if SuccT (〈〉) is a club in κ, and for every i < k and 〈ξ, ν0, . . . , νi〉 ∈ T , SuccT (ξ, ν0, . . . , νi)

is a club in gi+1 (ξ, ν0, . . . , νi).

Given i < k and a sequence 〈ξ, ν0, . . . , νi〉, a C-tree above it is a tree T ⊆ [κ]
k−i, such that

SuccT (〈〉) is a club in gi+1 (ξ, ν0, . . . , νi) and, for every i + 1 ≤ j ≤ k − 1 and 〈νi+1, . . . , νj〉 ∈ T ,

SuccT (νi+1, . . . , νj) is a club in gj+1 (ξ, ν0, . . . , νj).

Claim 2.4.9. Let T be a C-tree. Then, in V [G],

{ξ < κ : 〈ξ, µα0
(ξ), . . . , µαk

(ξ)〉 ∈ T} ∈ W

Proof. Work in V [G]. First, {ξ < κ : µα0(ξ) ∈ SuccT (ξ)} ∈ W . Indeed, for each ξ ∈ SuccT (〈〉) ∈ W ,

SuccT (ξ) is a club in g0(ξ), and thus–

µ0 ∈ k0 ([ξ 7→ SuccT (〈ξ〉)]U )

This holds since [ξ 7→ SuccT (〈ξ〉)]U is a club in [g0]U = µα0
and thus belongs to Uµα0

.

Now proceed by induction. For every i ≤ k − 1,

{ξ < κ : µαi+1(ξ) ∈ SuccT (〈ξ, µα0(ξ), . . . , µαi(ξ)〉)} ∈ W

Indeed, denote–

C = jαi+1 (〈ξ, ν0, . . . , νi〉 7→ SuccT (ξ, ν0, . . . , νi)) (κ, µα0 , . . . , µαi)

Then C is a club in jαi+1
(gi+1) (κ, µα0

, . . . , µαi
) = µαi+1

. Thus C ∈ Uµαi+1
, and µαi+1

∈ kαi+1
(C),

as desired.

Definition 2.4.10. Fix α < κ and a nice sequence 〈α0, . . . , αk〉 below α. Let p ∈ Pκ be a condition

and 〈ξ, ν0, . . . , νk〉 be a sequence below κ. Let us define whenever 〈ξ, ν0, . . . , νk〉 is admissible for p,

and in that case, define as well an extension p_〈ξ, ν0, . . . , νk〉 ≥ p in Pκ.

1. 〈ξ, ν0〉 is admissible for p if–

p �g0(ξ)
 〈t0 (ξ)_ 〈ν0〉, Ap
g0(ξ)

\ (ν0 + 1)〉 is compatible with p(g0(ξ))

if this holds, and tpg0(ξ) is an initial segment of t0(ξ)_〈ν0〉, let–

p_〈ξ, ν0〉 = p �g0(ξ)
_〈t0 (ξ)_ 〈ν0〉, Ap

g0(ξ)
\ (ν0 + 1)〉_p \ (g0(ξ) + 1)

otherwise, let p_〈ξ, ν0〉 = p.
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2. Let 0 ≤ m < k. Assume that 〈ξ, ν0, . . . , νm〉 is admissible for p and p_〈ξ, ν0, . . . , νm〉 has been

defined. Denote–

gm+1 = gm+1 (ξ, ν0, . . . , νm)

tm+1 = tm+1 (ξ, ν0, . . . , νm)

We say that 〈ξ, ν0, . . . , νm+1〉 is admissible for p if–

p_〈ξ, ν0, . . . , νm〉 �gm+1

〈tm+1

_〈νm+1〉, Ap
gm+1

\ (νm+1 + 1)〉 is

compatible with (p_〈ξ, ν0, . . . , νm〉) (gm+1)

if this holds, and t
p_〈ξ,ν0,...,νm〉
gm+1 is an initial segment of tm+1

_〈νm+1〉, let–

p_〈ξ, ν0, . . . , νm+1〉 =
(
p_〈ξ, ν0, . . . , νm〉 �gm+1

)_
〈tm+1

_〈νm+1〉, Ap
gm+1

\ (νm+1 + 1)〉_

(p_〈ξ, ν0, . . . , νm〉) \ (gm+1 + 1)

else, set p_〈ξ, ν0, . . . , νm+1〉 = p_〈ξ, ν0, . . . , νm〉.

Finally, assume that p is a condition, ξ < κ, i < k and 〈ν0, . . . , νi〉 is a sequence such that p 


〈µ∼α0(ξ), . . . , µ∼αi(ξ)〉 = 〈ν0, . . . , νi〉. Given a sequence 〈νi+1, . . . , νk〉, we can define similarly whether

it is admissible for p; if it is, we say that 〈νi+1, . . . , νk〉 is admissible for p above 〈ξ, ν0, . . . , νi〉, and

define, in a similar way as above, the condition p_〈νi+1, . . . , νk〉.

Lemma 2.4.11 (Multivariable Fusion). Fix α < κ and a nice sequence 〈α0, . . . , αk〉 below α.

Let p ∈ Pκ be a condition. Assume that for every 〈ξ, ν0, . . . , νk〉 below κ there exists a subset

e (ξ, ~ν) ⊆ Pκ \ (νk + 1) which is ≤∗-dense open above every condition q ∈ Pκ \ (νk + 1) which forces

that ~µ∼(ξ) = ~ν. Then there exists p∗ ≥∗ p and a C-tree T , such that for every 〈ξ, ν0, . . . , νk〉 ∈ T

which is admissible for p∗,

(p∗_〈ξ, ~ν〉) �νk+1
 (p∗_〈ξ, ~ν〉) \ (νk + 1) ∈ e (ξ, ~ν)

Proof. For every i < k and 〈ξ, ν0, . . . , νi〉, we define a subset e (ξ, ν0, . . . , νi) ⊆ P \ (νi + 1) which is

≤∗-dense open above every condition q ∈ P \ (νi + 1) which forces that–

〈µ∼α0
(ξ), . . . , µ∼αi

(ξ)〉 = 〈ν0, . . . , νi〉
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as follows:

e (ξ, ν0, . . . , νi) ={q ∈ P \ (νi + 1) : there exists a C-tree T above 〈ξ, ν0, . . . , νi〉

such that, for every 〈νi+1, . . . , νk〉 ∈ T, which is admissible for

q above 〈ξ, ν0, . . . , νi〉,

(q_〈νi+1, . . . , νk〉) �νk+1
 (q_〈νi+1, . . . , νk〉) \ (νk + 1) ∈ e (ξ, ~ν)}

The lemma now follows by applying, repeatedly, the following claim:

Claim 2.4.12. Let 0 ≤ i < k and fix an increasing sequence 〈ξ, ν0, . . . , νi, νi+1〉. Assume that

e (ξ, ν0, . . . , νi, νi+1) is ≤∗-dense open above every condition in P \ (νi+1 + 1) which forces that

〈µ∼α0(ξ), . . . , µ∼αi+1(ξ)〉 = 〈ν0, . . . , νi+1〉. Then e (ξ, ν0, . . . , νi) is ≤∗-dense open above every condi-

tion in P \ (νi + 1) which forces that 〈µ∼α0
(ξ), . . . , µ∼αi

(ξ)〉 = 〈ν0, . . . , νi〉.

Proof. Let p ∈ P \ (νi + 1) be a condition which forces that 〈µ∼α0
(ξ), . . . , µ∼αi

(ξ)〉 = 〈ν0, . . . , νi〉.

Denote for simplicity gi+1 = gi+1 (ξ, ν0, . . . , νi). First, direct extend p �gi+1
such that it decides the

length of tpgi+1
, and whether tpgi+1

, ti+1 (ξ, ν0, . . . , νi) are compatible:

1. If p �gi+1 decides that tpgi+1
and ti+1 (ξ, ν0, . . . , νi) are incompatible, do nothing.

2. If p �gi+1
decides that the length of tpgi+1

is above ni+1 +2, direct extend it further, such that

for some γ < gi+1, p �gi+1

 tpgi+1

(ni+1 + 1) < γ (namely, γ bounds the (ni+1 + 1)-th element

in the Prikry sequence of gi+1).

3. If p �gi+1 decides that gi+1 /∈ supp (p), direct extend p such that tpgi+1
= ti+1 (ξ, ν0, . . . , νi).

4. If p �gi+1 decides that the length of tpgi+1
is less or equal than ni+1, direct extend by shrinking

A∼
p
gi+1

to A∼
p
gi+1

\ (max (ti+1 (ξ, ν0, . . . , νi)) + 1).

Assume that p is already direct extended as described above. Let us direct extend p∗ �gi+1
≥∗ p �gi+1

using the Fusion lemma in the forcing P �(νi,gi+1). For every ν ∈ (νi, gi+1), consider the following
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≤∗-dense open subset of P �(ν+1,gi+1):

E(ν) ={r ∈ P �(ν+1,gi+1) : if r 
 trgi+1
= ti+1 (ξ, ν0, . . . , νi) and ν ∈ A∼

r
gi+1

,

there exists a direct extension–

q = q(ν) ≥∗ 〈tpgi+1

_〈ν〉, A∼
r
gi+1

\ (ν + 1)〉_p \ (gi+1 + 1)

such that r_q ∈ e (ξ, ν0, . . . , νi, ν)}

The ≤∗-density of E(ν) follows from the ≤∗-density of e (ξ, ν0, . . . , νi, ν) above any condition which

forces that 〈ν∼α0(ξ), . . . , µ∼αi+1(ξ)〉 = 〈ξ, ν0, . . . , νi, ν〉.

Apply Fusion, and let p∗ �gi+1≥∗ p �gi+1 be a direct extension, such that for some club C =

C (ξ, ν0, . . . , νi) ⊆ gi+1, and for every ν ∈ C,

p∗ �ν+1 
 p∗ \ (ν + 1) ∈ e (ξ, ν0, . . . , νi, ν)

Shrink C such that C ∩ (γ + 1) = ∅ (if necessary, namely, if γ was defined and C contains ordinals

below it).

Let us define now p∗ (gi+1). For every ν ∈ C, such that p∗ �gi+1
 t∼
p∗

gi+1
= ti+1 (ξ, ν0, . . . , νi) and

ν ∈ A∼
p∗

gi+1
, let q(ν) be the condition as in the definition of E(ν). For every other value of ν, let

q(ν) = p \ gi+1. Now, direct extend p(gi+1) to–

p∗ (gi+1) = 〈 t∼
p
gi+1

, A∼
p
gi+1

∩
(
4ν<gi+1

A∼
q(ν)
gi+1

)
∩ C〉

Finally, we define p∗\(gi+1 + 1) = q (ν), where ν is the (ni+1 + 1)-th element in the Prikry sequence

of gi+1.

Let us argue now that p∗ ∈ e (ξ, ν0, . . . , νi). We first define a C-tree T above 〈ξ, ν0, . . . , νi〉. Let

SuccT (〈〉) = C = C (ξ, ν0, . . . , νi) . Fix νi+1 = ν ∈ C, and let us define T〈ν〉, which is the tree T

above the node 〈ν〉.

If p∗ �gi+1 forces that tp
∗

gi+1
6= ti+1 (ξ, ν0, . . . , νi) or ν /∈ A∼

p∗

gi+1
, let T〈ν〉 be any C-tree above

〈ξ, ν0, . . . , νi, ν〉 (we will prove that any branch starting from ν in T is not admissible for p∗).

Else, note that–

p∗_〈ν〉 = p∗ �gi+1

_〈tp
∗

gi+1

_
〈ν〉, Ap∗

gi+1
\ (ν + 1)〉

_
p∗ \ (gi+1 + 1) ≥∗ p∗ �gi+1

_q(ν)

since A∼
p∗

gi+1
\ (νi+1 + 1) ⊆ A∼

q(νi+1)
gi+1 . Thus, p∗_〈ν〉 belongs to e (ξ, ν0, . . . , νi, ν). This is witnessed by

a P �ν+1-name for a C-tree T∼ (ν) above 〈ξ, ν0, . . . , νi, ν〉. We construct T〈ν〉 in V Pν+1 to be a C-tree
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which is forced, by p∗_〈ν〉 �ν+1= p∗ �ν+1 to be contained in T∼ (ν). The definition is inductive:

First, let SuccT (ν) ⊆ gi+1 be a club in V Pνi+1 which is forced by p∗ �ν+1= (p∗_〈ν〉) �ν+1 to be

contained in SuccT∼(ν) (〈〉); Such a club exists since the forcing P �(νi,ν+1) has cardinality strictly

below gi+1. Now, given νi+2 ∈ SuccT (ν), let SuccT (ν, νi+2) ⊆ gi+2 (ξ, ν0, . . . , νi, ν, νi+2) be a club

which is forced by p∗ �ν+1 to be contained in SuccT∼(ν) (〈νi+2〉). Continue in this fashion.

This finishes the definition of T . Finally, assume that 〈νi+1, . . . , νk〉 belongs to T and is admissi-

ble for p∗ above 〈ξ, ν0, . . . , νi〉. Then p∗ �νi+1+1 forces that 〈νi+2, . . . , νk〉 ∈ T∼ (ν). By admissibility

of 〈νi+1, . . . , νk〉 for p∗, νi+1 ∈ A∼
p∗

gi+1
, and tp

∗

gi+1
is compatible with, but not a strict initial seg-

ment of ti+1 (ξ, ν0, . . . , νi). Since νi+1 belongs to C (ξ, ν0, . . . , νi), and in particular is above γ,

tp
∗

gi+1
= ti+1 (ξ, ν0, . . . , νi). Thus,

p∗(gi+1) = 〈ti+1 (ξ, ν0, . . . , νi) , A∼
p∗

gi+1
〉

and as before, p∗_〈νi+1〉 ≥∗ q (νi+1). Thus p∗_〈νi+1〉 forces that 〈νi+2, . . . , νk〉 ∈ T∼ (νi+1) and

therefore,

(p∗_〈νi+1, νi+2, . . . , νk〉) �νk+1
 (p∗_〈νi+1, νi+2, . . . , νk〉) \ (νk + 1) ∈ e (ξ, ν0, . . . , νk)

as desired.

Let us prove that the above claim completes the proof of the Multivariable Fusion Lemma. Let

ξ < κ. By applying the claim repeatedly, the set e(ξ) is ≤∗-dense open, where e (ξ) is defined as

follows:

e (ξ) ={q ∈ P \ (ξ + 1) : there exists a C-tree T above 〈ξ〉 such that, for every

〈ν0, . . . , νk〉 ∈ T, which is admissible for q above 〈ξ〉,

(q_〈ν0, . . . , νk〉) �νk+1
 (q_〈ν0, . . . , νk〉) \ (νk + 1) ∈ e (ξ, ~ν)}

Thus, given a condition p ∈ Pκ, there exists p∗ ≥∗ p and a club C ⊆ κ, such that, for every ξ ∈ C,

p∗ �ξ+1
 p∗ \ (ξ + 1) ∈ e(ξ)

In particular, p∗ �ξ+1 forces that there exists a Pξ+1-name for a C-tree T∼(ξ) above 〈ξ〉, such that

for every 〈ν0, . . . , νk〉 ∈ T∼(ξ) which is admissible for p∗ \ (ξ + 1) above ξ,

(p∗ \ (ξ + 1))
_ 〈ν0, . . . , νk〉 �νk+1
 (p∗ \ (ξ + 1))

_ 〈ν0, . . . , νk〉 \ (νk + 1) ∈ e (ξ, ν0, . . . , νk)
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Now, we can construct in V the C-tree T as desired in the formulation of the lemma, such that

SuccT (〈〉) = C, and, for every ξ ∈ C, T〈ξ〉 is a tree in V which is forced by p∗ �ξ+1 to be contained

in T∼(ξ). Then p∗, T are as desired.

Remark 2.4.13. The condition p∗ and the C-tree T , obtained from the Multivariable Fusion

Lemma, can be assumed to satisfy the following property: For every i < k, 〈ξ, ν0, . . . , νi〉 ∈ T which

is admissible for p∗ , and for every νi+1 ∈ SuccT (ξ, ν0, . . . , νi),

p∗_〈ξ, ν0, . . . , νi〉 �gi+1(ξ,ν0,...,νi)‖ 〈ξ, ν0, . . . , νi, νi+1〉 is admissible for p∗

this requires a minor change in the definition of the set e (ξ, ν0, . . . , νi), which is adding the above

as requirement (the same proof provided shows that this additional requirement holds).

Thus, if we apply the standard density argument and choose the condition p∗ provided by the

Multivariable Fusion Lemma inside G, it follows that–

{ξ < κ : 〈ξ, ~µ(ξ)〉 ∈ T is admissible for p∗ and p∗_〈ξ, ~µ(ξ)〉 ∈ G} ∈ W

Indeed, note first that X = {ξ < κ : 〈ξ, ~µ(ξ)〉 ∈ T} ∈ W by claim 2.4.9. Note that if Y = {ξ ∈

X : 〈ξ, ~µ(ξ)〉 is admissible for p∗} ∈ W then {ξ ∈ Y : p∗_〈ξ, ~µ(ξ)〉 ∈ G} ∈ W , since p∗ ∈ G, by the

definition of the functions ~µ(ξ).

Thus, it’s enough to argue that–

{ξ < κ : 〈ξ, ~µ(ξ)〉 ∈ T is admissible for p∗} ∈ W

Indeed, we proceed by induction on i ≤ k. Assume that–

{ξ ∈ X : p∗_〈ξ, µα0(ξ), . . . , µαi(ξ)〉 is admissible for p∗} ∈ W

For every such ξ < κ,

p∗_〈ξ, µα0(ξ), . . . , µαi(ξ)〉 �gi+1

(
ξ,µα0

(ξ),...,µαi
(ξ)

)‖ 〈ξ, µα0(ξ), . . . , µαi+1(ξ)〉 is admissible for p∗

and the decision must be positive for a set of ξ-s in W , since ti+1 (µα0(ξ), . . . , µαi(ξ))
_〈µαi+1(ξ)〉

is an initial segment of gi+1 (ξ, µα0
(ξ), . . . , µαi

(ξ)) for a set of ξ-s in W . Therefore,

{ξ ∈ X : p∗_〈ξ, µα0
(ξ), . . . , µαi+1

(ξ)〉 is admissible for p∗} ∈ W

We are now ready to prove that λ is measurable in Mα, which is property (B) above.
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Lemma 2.4.14. λ is measurable in Mα.

Proof. Assume otherwise. Then it can be assumed that for every ξ and ~ν, h (ξ, ~ν) is a non-

measurable regular cardinal. Let f ∈ V [G] be a function such that [f ]W = λ. Let f∼ ∈ V be a Pκ-

name such that (f∼)G = f . Similarly, let ~µ∼ ∈ V be the sequence of P–names 〈µ∼α0
(ξ), . . . , µ∼αk

(ξ)〉

described above. In M [H],

[f ]W < jW (h) (κ, ~µ)

and thus we can assume that there exists a condition p ∈ G such that, for every ξ < κ,

p 
 f∼(ξ) < h (ξ, ~µ∼(ξ))

From now on we work above p. We can also assume that p forces, for every 0 ≤ i ≤ k, that µ∼αi(ξ)

is the ni + 1-th element in the Prikry sequence of gi
(
ξ, µ∼α0

(ξ), . . . , µ∼αi−1
(ξ)
)
.

Apply the Multivariable Fusion Lemma. For every 〈ξ, ~ν〉 = 〈ξ, ν0, . . . , νk〉, let–

e (ξ, ~ν) ={r ∈ P \ (νk + 1) : ∃α < h (ξ, ~ν) , r 
 f∼(ξ) < α}

Since h (ξ, ~ν) is regular and non-measurable, and by corollary 2.2.7, e (ξ, ~ν) is ≤∗-dense open above

conditions which force that ~µ(ξ) = ~ν. Indeed, fix a condition q ∈ P \ (νk + 1) above p. Denote

h = h (ξ, ~ν). First direct extend q∗ \ h ≥∗ q \ h such that–

q �h
 α < h, q∗ \ h 
 f∼(ξ) = α

this is possible because the direct extension order of P \ h is more than h-closed, since h is non-

measurable. Now, apply corollary 2.2.7 to direct extend q∗ �h≥∗ p �h, such that, for some α < h,

q∗ 
 f∼(ξ) < α.

Let p∗ ≥∗ p and T be a C-tree, such that, for every 〈ξ, ν0, . . . , νk〉 ∈ T which is admissible for

p∗,

(p∗_〈ξ, ~ν〉) �νk+1
 ∃α < h (ξ, ~ν) , (p∗_〈ξ, ~ν〉) \ (νk + 1) 
 f∼(ξ) < α

We can assume that p∗ ∈ G, by applying the same argument above any condition which extends p.

For every 〈ξ, ~ν〉 ∈ T , pick a Pνk+1-name α∼ (ξ, ~ν) for the above α.

Given 〈ξ, ν0, . . . , νk〉 ∈ T which is admissible for p∗, let–

δ (ξ, ~ν) = sup{γ < h (ξ, ~ν) : ∃r ≥ p∗_〈ξ, ~ν〉 �νk+1, r 
 α∼ (ξ, ~ν) = γ}
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Note that δ (ξ, ~ν) < h (ξ, ~ν) since the forcing P �νk+1 has cardinality strictly below h (ξ, ~ν) (we

can assume that h (ξ, ~ν) > |νk|+ since λ > µ+
αk

. The latter can be easily verified since kα maps µαk
,

and its successor, to themselves, and λ = crit (kα) ). It follows that for every 〈ξ, ~ν〉 ∈ T which is

admissible for p∗,

p∗_〈ξ, ~ν〉 
 f∼(ξ) < δ (ξ, ~ν)

and the mapping 〈ξ, ~ν〉 7→ δ (ξ, ~ν) lies in V .

Apply remark 2.4.13, and let us assume that–

{ξ < κ : 〈ξ, ~µ(ξ)〉 ∈ T is admissible for p∗ and p∗_〈ξ, ~µ(ξ)〉 ∈ G} ∈ W

For every ξ in the above set, f(ξ) < δ (ξ, ~µ(ξ)) holds in V [G]. Thus, in M [H],

λ = [f ]W < [ξ 7→ δ (ξ, ~µ(ξ))]W = kα (jα (〈ξ, ~ν〉 7→ δ (ξ, ~ν)) (κ, µα0 , . . . , µαk
))

But this is a contradiction since λ = crit (kα) and–

jα (〈ξ, ~ν〉 7→ δ (ξ, ~ν)) (κ, µα0
, . . . , µαk

) < jα (h) (κ, ~µ) = λ

Lemma 2.4.15. Denote λ∗ = kα(λ). Then λ appears in the Prikry sequence of λ∗ in M [H].

Proof. In M [H], denote by tλ the finite initial segment of the Prikry sequence of λ∗, which contains

all the elements strictly below λ. By modifying the nice sequence 〈α0, . . . , αk〉, we can assume that

there exists a function 〈ξ, ~ν〉 7→ tλ (ξ, ~ν) in V , such that tλ = jα (〈ξ, ~ν〉 7→ tλ (ξ, ~ν)) (κ, ~µ). Assume

that tλ has length n∗ < ω.

Define (in V [G]) a function ξ 7→ λ(ξ) with domain κ, such that for each ξ < κ, λ(ξ) is the

(n∗ + 1)-th element in the Prikry sequence of h (ξ, µα0
(ξ), . . . , µαk

(ξ)). Clearly [ξ 7→ λ(ξ)]W ≥ λ,

as it is the first element which appears after tλ in the Prikry sequence of λ∗. Thus, it suffices to

prove that for every η < [ξ 7→ λ(ξ)]W , η < λ.

Assume that f ∈ V [G] is a function such that η = [f ]W < [ξ 7→ λ (ξ)]W . Assume that for every

ξ < κ, f(ξ) < λ(ξ). Let p ∈ G be a condition which forces this.

Let us apply the Multivariable Fusion Lemma. For every 〈ξ, ~ν〉 = 〈ξ, ν0, . . . , νk〉, let–

e (ξ, ~ν) = {r ∈ P \ (νk + 1) : ∃α < h (ξ, ~ν) , r 
 if tλ (ξ, ~ν) is an initial segment

of the Prikry sequence of h (ξ, ~ν) , then f∼(ξ) < α}
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We argue that e (ξ, ~ν) is ≤∗ dense above every condition which forces that ~µ∼(ξ) = ~ν. Let p ∈

P \ (νk + 1) be such a condition. Denote for simplicity h = h (ξ, ~ν). First, direct extend p �(νk+1,h)

such that it decides whether tλ (ξ, ~ν) and tph are compatible:

1. If h /∈ supp (p), direct extend p such that tph = tλ (ξ, ~ν).

2. If tλ (ξ, ~ν) and tph are incompatible, pick α = 0.

3. If tph is a strict initial segment of tλ (ξ, ~ν), direct extend by replacing A∼
p
h with A∼

p
h\max (tλ (ξ, ~ν))+

1. Then take α = 0.

4. If tλ (ξ, ~ν) is strictly an initial segment of tph, direct extend p∗ �(νk+1,h)≥∗ p �(νk+1,h) such that

for some α < h, p∗ �(νk+1,h) forces that the (n∗ + 1)-th element of tph is bounded by α. It will

follow that p∗ �h
_p \ h 
 λ∼(ξ) < α.

Let us assume that p has already been direct extended as above, and p �h
 tph = tλ (ξ, ~ν). Direct

extend p∗ \ (h+ 1) ≥∗ p \ (h+ 1) such that–

p �h+1
 ∃δ < h, p∗ \ (h+ 1) 
 f∼(ξ) = δ

Since it is forced that f(ξ) < λ(ξ), p �h forces that for every α ∈ A∼
p
h there exists an ordinal δα < α

and a set Bα such that–

〈tλ (ξ, ~ν)_〈α〉, Bα〉_p∗ \ (h+ 1) 
 f∼(ξ) = δα

Thus, there exists a set B ∈ U∼
∗
h, B ⊆ A∼

p
h ∩ (4α<hBα), and an ordinal δ < h, such that for every

α ∈ B, δα = δ. Direct extend p∗(h) ≥∗ p(h) such that A∼
p∗

h = B. Finally, direct extend p∗ �h≥∗ p �h

such that, for some α < h (in V Pνk+1), p∗ �h
 δ∼ < α. Thus, p∗ ≥∗ p forces that f∼(ξ) < α.

Now, fix p∗ ∈ G and a C-tree T such that for every 〈ξ, ~ν〉 ∈ T ,

(p∗_〈ξ, ~ν〉) �νk+1
∃α < h (ξ, ~ν) , if tλ (ξ, ~ν) is an initial segment of the Prikry

sequence of h (ξ, ~ν) then (p∗_〈ξ, ~ν〉) \ (νk + 1) 
 f∼(ξ) < α

Let α∼ (ξ, ~ν) be a name for the above α, and define–

δ (ξ, ~ν) = sup{γ < h (ξ, ~ν) : ∃r ≥ p∗_〈ξ, ~ν〉 �νk+1, r 
 α∼ (ξ, ~ν) = γ}

as before, δ (ξ, ~ν) < h (ξ, ~ν).
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Finally, work in V [G]. As before,

{ξ < κ : 〈ξ, ~µ(ξ)〉 ∈ T is admissible for p∗ and p∗_〈ξ, ~µ(ξ) ∈ G〉} ∈ W

Moreover,

{ξ < κ : tλ (ξ, ~µ(ξ)) is an initial segment of the Prikry sequence of h (ξ, ~µ(ξ))} ∈ W

Thus, in M [H],

[f ]W < [ξ 7→ δ (ξ, ~µ(ξ))]W = kα (jα (〈ξ, ~ν〉 7→ δ (ξ, ~ν)) (κ, ~µ))

but jα (〈ξ, ~ν〉 7→ δ (ξ, ~ν)) (κ, ~µ) < λ since δ (ξ, ~ν) < h (ξ, ~ν) for every ξ, ~ν. Thus, in M [H], η =

[f ]W < λ, as desired.

Let us denote Uλ = {X ⊆ λ : λ ∈ kα (X)} ∩Mα. This is an Mα-ultrafilter. We will eventually

prove that λ = µα, and then Uλ = Uµα
will be the Mα-ultrafilter which is used to form Mα+1 in

the iterated ultrapower.

Lemma 2.4.16. Uλ ∈ Mα. Moreover, it is a normal measure of Mitchell order 0 there.

Proof. The proof follows from a pair of claims.

Claim 2.4.17. There exist p ∈ G and a set F ∈ Mα of normal measures on λ, each of Mitchell

order 0, such that |F| < λ and jα(p)
_〈κ, ~µ〉 �λ
 jα (U∼) (λ) ∈ F .

Proof. In V , for every measurable x < κ, let Sx be an enumeration of all the normal measures on

x of order 0.

We claim that there exists p ∈ G and a C-tree T , such that for every 〈ξ, ~ν〉 ∈ T which is

admissible for p, there exists a set of ordinals A (ξ, ~ν) with |A (ξ, ~ν)| < h (ξ, ~ν), such that–

p_〈ξ, ~ν〉 �h(ξ,~ν)
 U∼h(ξ,~ν) ∈
(
Sh(ξ,~ν)

)′′
A (ξ, ~ν)

This follows from the Multivariable Fusion Lemma. Fix 〈ξ, ~ν〉 = 〈ξ, ν0, . . . , νk〉 and denote for

simplicity h = h (ξ, ~ν). Consider–

e (ξ, ~ν) = {r ∈ P \ νk + 1: there exists a set of ordinals A with |A| < h

such that r �h
 U∼h ∈ Sh
′′A}
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Let us argue that e (ξ, ~ν) is ≤∗-dense open above conditions which force that µ∼(ξ) = ~ν. Let p be

such a condition. Note that every condition in Ph, and p �h in particular, forces that there exists

an ordinal α such that U∼h = Sh(α); Now, direct extend p∗ �h≥∗ p �h such that for some A of

cardinality less then h, p∗ �h
 α∼ ∈ A.

Now pick p ∈ G and a C-tree T as above. Then for every 〈ξ, ~ν〉 ∈ T which is admissible for p,

p_〈ξ, ~ν〉 �νk+1
 there exists a set of ordinals A with |A| < h (ξ, ~ν) ,

such that p_〈ξ, ~ν〉 �(νk,h(ξ,~ν))
 U∼h(ξ,~ν) ∈ Sh(ξ,~ν)
′′A

For every such 〈ξ, ~ν〉 ∈ T , let A∼ (ξ, ~ν) be a Pνk+1-name for A above, and let–

A∗ (ξ, ~ν) = {γ : ∃r ≥ p_〈ξ, ~ν〉, r 
 γ ∈ A∼ (ξ, ~ν)}

Then |A∗ (ξ, ~ν)| < h (ξ, ~ν), and–

p_〈ξ, ~ν〉 �h(ξ,~ν)
 U∼h(ξ, ~µ∼(ξ)) ∈ Sh(ξ, ~µ∼(ξ))
′′A∗ (ξ, ~µ∼(ξ))

Let A∗ = jα (〈ξ, ~ν〉 7→ A∗ (ξ, ~ν)). Denote F = ((jα(S))λ)
′′
A∗. Then |A∗| < λ and thus

|F| < λ. jW (p)
_〈κ, ~µ〉 �kα(λ) forces that jW (U∼) (kα (λ)) ∈ kα (F). Thus, by elementarity of

kα, jα(p)_〈κ, ~µ〉 �λ forces that jα (U∼) (λ) ∈ F .

Claim 2.4.18. Assume that B ∈ Uλ. Then there exists p ∈ G such that jα(p)
_〈κ, ~µ〉 �λ
 B ∈

jα (U∼) (λ).

Proof. Let 〈ξ, ~ν〉 7→ B (ξ, ~ν) be a function in V such that–

B = jα (〈ξ, ~ν〉 7→ B (ξ, ~ν)) (κ, ~µ)

(we assumed, without loss of generality, that B can be represented using ~µ; else, change ~µ). Let

n∗ < ω be the coordinate in which λ appears in the Prikry sequence of λ∗. In V [G], denote by λ(ξ)

the n∗-th element in the Prikry sequence of h (ξ, ~µ(ξ)), so that [ξ 7→ λ(ξ)]W = λ.

As usual, we apply the Multivariable Fusion Lemma. Given 〈ξ, ~ν〉, let–

e (ξ, ~ν) = {r ∈ P \ νk + 1: r �h(ξ,~ν) decides whether B (ξ, ~ν) ∈ U∼h(ξ,~ν), and there

exists a bounded subset A ⊆ h (ξ, ~ν) such that the following holds:

If r �h(ξ,~ν)
 B (ξ, ~ν) ∈ U∼h(ξ,~ν), λ∼ (ξ) ∈ A ∪B (ξ, ~ν) ; else,

λ∼ (ξ) ∈ A ∪ (h (ξ, ~ν) \B (ξ, ~ν))}
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e (ξ, ~ν) is ≤∗ dense open above any condition which forces that ~µ∼(ξ) = ~ν. Indeed, let p ∈ P \ νk +1

be such a condition. Denote h = h (ξ, ~ν). Direct extend p∗ �h≥∗ p �h such that it decides the length

of tph and which of the sets B (ξ, ~ν), h \B (ξ, ~ν) belongs to U∼h:

1. If the length of tph is ≥ n∗, direct extend p∗ �h≥∗ p �h such that for some bounded subset

A ⊆ λ, p∗ �h forces that the n∗-th element in the Prikry sequence of h belongs to A.

2. Otherwise, tph = tλ (ξ, ~ν). In this case, direct extend and shrink A∼
p
h such that it is entirely

contained in exactly one of the sets B (ξ, ~ν), h \B (ξ, ~ν).

The condition p∗ obtained this way is as desired.

Now pick p ∈ G and a C-tree T such that for every 〈ξ, ~ν〉 ∈ T which is admissible for p,

p_〈ξ, ~ν〉 �νk+1
 p_〈ξ, ~ν〉 �(νk,h(ξ,~ν)) decides whether B (ξ, ~ν) ∈ U∼h(ξ,~ν),

and there exists a bounded subset A ⊆ h (ξ, ~ν) such that

p_〈ξ, ~ν〉 �(νk,h(ξ,~ν))
 λ∼(ξ) belongs to exactly one of the sets A ∪B (ξ, ~ν)

or A ∪ (h (ξ, ~ν) \B (ξ, ~ν)) , according to the above decision.

For every such 〈ξ, ~ν〉 ∈ T , let A∼ (ξ, ~ν) be a Pνk+1-name for A above, and let–

A∗ (ξ, ~ν) = {γ : ∃r ≥ p_〈ξ, ~ν〉, r 
 γ ∈ A∼ (ξ, ~ν)}

Then A∗ (ξ, ~ν) is a bounded subset of h (ξ, ~ν).

We argue that jα(p)
_〈κ, ~µ〉 
 B ∈ jα (U∼) (λ). Work in V [G]. Then for a set of ξ-s in W ,

〈ξ, ~µ(ξ)〉 ∈ T is admissible for p. Thus,

p_〈ξ, ~µ(ξ)〉 �h(ξ,~µ(ξ))‖ B (ξ, ~µ(ξ)) ∈ U∼ (h (ξ, ~µ(ξ)))

We argue that for a set of ξ-s in W ,

p_〈ξ, ~µ(ξ)〉 �h(ξ,~µ(ξ))
 B (ξ, ~µ(ξ)) ∈ U∼ (h (ξ, ~µ(ξ)))

Assume otherwise. Then–

{ξ < κ : λ(ξ) ∈ A (ξ, ~µ(ξ)) ∪ (h (ξ, ~ν) \B (ξ, ~µ(ξ)))} ∈ W

However, this cannot hold:
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1. If {ξ < κ : λ(ξ) ∈ A (ξ, ~µ(ξ))} ∈ W , then, since |A(ξ, ~ν)| < h (ξ, ~ν) for every ξ, ~ν, it follows

that λ ∈ Im (kα), which is a contradiction.

2. Else, {ξ < κ : λ(ξ) ∈ h (ξ, ~µ(ξ) \B (ξ, ~µ(ξ)))}. But then λ /∈ kα (B), contradicting the fact

that B ∈ Uλ.

Thus, jW (p)_〈κ, ~µ〉 �kα(λ)
 kα(B) ∈ jW (U∼) (kα (λ)) and by elementarity of kα, jα(p)_〈κ, ~µ〉 �λ


B ∈ jα (U∼) (λ) , as desired.

Fix now a set F and a condition p ∈ G as in the first claim. Since F is a sequence of normal

measures on λ of cardinality < λ, there exists a partition 〈BF : F ∈ F〉 of λ such that for every

F ∈ F , BF ∈ F . |F| < λ, and thus there exists a unique F ∗ ∈ F such that λ ∈ kα (BF∗). We

denote for simplicity B∗ = BF∗ .

By second claim, applied for the set B∗ ∈ Uλ, there exists p∗ ∈ G above p such that jα(p∗)_〈κ, ~µ〉 


jα (U∼) (λ) = F ∗.

Finally, F ∗ = Uλ follows. Indeed, let X ∈ F ∗. By the second claim, for every X ∈ Uλ, there

exists p ∈ G such that jα(p)
_〈κ, ~µ〉 
 X ∈ jα (U∼) (λ). Without loss of generality, p extends p∗

which was chosen in the previous paragraph, and thus jα(p) 
 X ∈ F ∗. Since X and F ∗ are

elements of Mα (and not names), it follows that X ∈ F ∗.

Corollary 2.4.19. In M [H], jW (U) (kα(λ)) = kα (Uλ). In particular, if U ∈ V , then jα (U) (λ) =

Uλ.

Proof. This follows since, by the proof of the previous lemma, there exists p ∈ G such that

jα(p)
_〈κ, ~µ〉 
 jα (U∼) (λ) = Uλ. Now apply kα : Mα → M and use the fact that jW (p)

_〈κ, ~µ〉 ∈

H.

Lemma 2.4.20. In V , cf(λ) ≥ κ+.

Proof. Denote M ′ = Ult (Mα, Uλ), and let j′ : V → M ′, be defined as follows:

j′ = jMα

Uλ
◦ jα

There exists an elementary embedding k′ : M ′ → M , defined as follows:

k′ (j′(f) (κ, µi0 , . . . , µim , λ)) = jW (f) (κ, µi0 , . . . , µim , λ)
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for every f ∈ V and i0 < . . . < im < α.

Since Uλ was derived from kα, k′ : M ′ → M is elementary (the proof is the same as in lemma

2.4.3). It’s not hard to verify that crit (k′) > λ. Therefore, λ, which is a non-measurable inaccessible

cardinal in M ′, is still a non-measurable inaccessible cardinal in M .

Let us argue that λ is regular in M [H]. Split H = Hλ ∗H ′, where Hλ ⊆ jW (P ) �λ. If λ changes

its cofinality in M [H], then it changes its cofinality in M [Hλ] (since the upper forcing has a direct

extension order which is more than λ–closed). However, by corollary 2.2.8, λ is regular in M [Hλ].

It follows that, in V [G], cf(λ) ≥ κ+. Thus, in V , cf (λ) ≥ κ+.

Corollary 2.4.21. crit (kα) = µα.

Proof. It suffices to prove that crit (kα) ≥ µα. Denote µ̄ = sup{µβ : β < α}. We already argued

that crit(kα) ≥ µ̄.

By all the properties proved so far, crit (kα) is a measurable cardinal in Mα, with cofinality > κ

in V . By the definition, µα ≥ µ̄ is the least such cardinal. Thus, crit (kα) ≥ µα.

This finishes the inductive proof of properties (A)-(E). We are now prepared to finish the proof

of Theorem 2.4.1:

Proof of theorem 2.4.1. Recall that κ∗ = jU (κ). It’s not hard to prove by induction that, for every

α < κ∗, µα < κ∗. Note that jκ∗(κ) = κ∗, since jκ∗ is an iterated ultrapower with measures on

measurables below κ∗. Since κ∗ is measurable in each step, it does not move in j1,κ∗ : MU → Mκ∗ .

Recall the embedding kκ∗ : Mκ∗ → M , defined as follows:

kκ∗ (jκ∗(f) (κ, µi0 , . . . , µim)) = jW (f) (κ, µi0 , . . . , µim)

for every f ∈ V , m < ω and i0, . . . , im < κ∗. As in lemma 2.4.3, kκ∗ is elementary, kκ∗ ◦jκ∗ = jW �V

and crit (kκ∗) ≥ κ∗.

In order to prove that M = Mκ∗ , jκ∗ = jW �V and k∗ = jW (κ), it suffices to prove that

kκ∗ : Mκ∗ → M is the identity. Thus, it suffices to prove that for every ordinal η, η ∈ Im (kκ∗).

Assume that g ∈ V [G] is a function such that η = [g]W . Let p ∈ G be a condition. By lemma

2.2.6, there exists a condition p ≤ p∗ ∈ G, a function ξ 7→ Aξ in V and a club C ⊆ κ such that,

for every ξ ∈ C, |Aξ| < κ, and p∗ 
 g∼(ξ) ∈ Aξ. Then jW (p∗) ∈ H forces that η = [ξ 7→ g∼(ξ)]W ∈

[ξ 7→ Aξ]W = kκ∗ (jκ∗ (ξ 7→ Aξ) (κ)); but |jκ∗ (ξ 7→ Aξ) (κ)| < jκ∗(κ) = κ∗ ≤ crit (kκ∗). Therefore,

η ∈ Im (kκ∗) as desired.
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Finally, note that if U ∈ V , then by corollary 2.4.19, Uµα = jα (U) (µα) ∈ Mα for every α < κ,

and thus the iteration jκ∗ is definable over V . Also, M = Mκ∗ is a class of M .

We finish this section with several remarks about definability of jW �V in V .

First, U ∈ V holds under the assumption that the Mitchell order is linear (or there exists a

unique normal measure of Mitchell order 0 an any measurable cardinal): this holds since U , in this

case, is the sequence of Measures of order 0. Thus, in this case, jW �V is a definable class of V .

This proves corollary 2.1.3.

The condition U ∈ V is sufficient but not necessary for the definability of jW �V . For instance,

let η ∈ ∆ be the first measurable. Assume that, in V , there are infinitely many measurables which

carry η measures of Mitchell order 0. Take in V an enumeration 〈αn : n < ω〉 of the first ω such

measurables above η. For every n < ω, let 〈F ξ
αn

: ξ < η〉 be an enumeration of η-many measures of

Mitchell order 0 on αn. Let P be the forcing notion which uses, at stage αn, the unique normal

measure which extends F ηn
αn

, where ηn < η is the n-th element in the Prikry sequence of η. For

every other measurable α, use a measure which extends the least measure on α of Mitchell order

0 with respect to a prescribed well order of Vκ. So U /∈ V , since it codes the Prikry sequence of

η. However, jW �V is definable in V , by repeating the argument of corollary 2.4.19, replacing U

with U �∆\{αn : n<ω}= 〈Uα : α ∈ ∆ \ {αn : n < ω}〉 ∈ V . More generally, the following holds, and is

proved similarly to corollary 2.4.19:

Lemma 2.4.22. Assume that for some ξ < κ, U \ ξ = 〈Uα : α ∈ ∆ \ ξ〉 ∈ V . Then jW �V is

definable in V .

Remark 2.4.23. Let A ⊆ ∆ be a set such that, for every α < κ∗, µα ∈ jα (A). If U �A= 〈Uα : α ∈

A〉 ∈ V , then jW �V is definable in V , and again, this is proved by repeating the argument of

corollary 2.4.19, replacing U with U �A. This seems like an improvement of the previous lemma;

however, we will prove in lemma 2.5.12, that a set A satisfies that µα ∈ jα (A) for every α < κ∗,

if and only if, for some ξ < κ, ∆ \ ξ ⊆ A.

By lemma 2.4.22, definability of jW �V in V follows from the assumption that jW (U) \ κ ∈ M .

In the next section we will prove that the other direction is not necessarily true.
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2.5 A General Analysis Of Iterated Ultrapowers

Our main goal in this section is to simplify the presentation of jW �V provided in the previous

section; for instance, we will provide a simpler characterization of the critical points µα. Simulta-

neously, we describe in detail how the Prikry sequences, added to measurables of M above κ, look

like: up to a finite initial segment, those are sequences of critical points of an iterated ultrapower,

generated over some finite sub-iteration of 〈Mα : α < κ∗〉, using a single measure. It will follow that

every Prikry sequence, added in M [H] for a measurable cardinal above κ, already belongs to V .

Our goals are lemma 2.5.6 and corollaries 2.5.7, 2.5.9 and 2.5.13.

We start by studying linear iterations of V in more general settings. Let us assume that κ∗ is an

ordinal, and 〈Mα : α < κ∗〉 is a linear iteration of V , by normal measures of Mitchell order 0. More

specifically, we assume that M0 = Ult (V,U) where U is a measure of Mitchell order 0 on some

measurable κ; in successor steps, Mα+1 = Ult (Mα, Uµα), where Uµα ∈ Mα is a normal measure

of order 0 on some measurable µα; at limit steps a direct limit is taken. We assume also that the

iteration is normal in the sense that 〈µα : α < κ∗〉 is increasing. We do not assume that the entire

iteration is definable in V . Finally, we denote M = Mκ∗ .

We begin by observing that every finite nice sequence corresponds to a finite iteration of V

which naturally embeds in M . Assume that 〈α0, . . . , αm〉 is a nice sequence below some ordinal

α < κ∗. Recall that this means that, every 0 ≤ k ≤ m, there are functions gk, Fk ∈ V such that–

µαk
= jαk

(gk)
(
κ, µα0

, . . . , µαk−1

)
Uµαk

= jαk
(Fk)

(
κ, µα0 , . . . , µαk−1

)
(for k = 0, µα0

= jα0
(g0) (κ) and Uµα0

= jα0
(F0) (κ) ).

We define a finite iteration 〈Nk : k ≤ m + 1〉 of V , for each k ≤ m an embedding ik : V → Nk,

a cardinal λk measurable in Nk and a measure Wk ∈ Nk on it of order 0.

First, let N0 ' Ult (V,U), i0 : V → M0 the ultrapower embedding, λ0 = i0 (g0) (κ) and W0 =

i0 (F0) (κ).

Assume that k ≤ m and Nk,Wk and λk have been defined. Let Nk+1 ' Ult (Nk,Wk), ik+1 : V →

Nk+1, ik+1 = jNk

Wk
◦ ik, λk+1 = ik+1 (gk+1) (κ, λ0, . . . , λk) and Wk+1 = ik+1 (Fk+1) (κ, λ0, . . . , λk).

Lemma 2.5.1. Fix a nice sequence 〈α0, . . . , αm〉 below some α < κ∗. In the above notations, define
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km+1 : Nm+1 → Mα as follows:

km+1 (im+1 (f) (κ, λ0, . . . , λm)) = jα(f) (κ, µα0 , . . . , µαm)

for every f ∈ V . Then km+1 : Nm+1 → Mα is an elementary embedding, and–

km+1 = (jαm+1,α ◦ . . . ◦ jα0+1,α1
◦ j0,α0

) �Nm+1

Remark 2.5.2. The iteration jαm+1,α ◦ . . . ◦ jα0+1,α1
◦ j0,α0

above is not necessarily internal

to Nm+1; this means that the sub-iterations jαi+1,αi+1
participating in it are iterated ultrapow-

ers as defined over Mαi+1. In the proof of the lemma we will show that the external iteration

jαm+1,α ◦ . . . ◦ jα0+1,α1
◦ j1,α0

is well defined over Nm+1, in the sense that for every x ∈ Nm+1,(
jαi−1+1,αi

◦ . . . ◦ jα0+1,α1
◦ j0,α0

)
(x) belongs to Mαi+1. Later in this section, we will prove that

such an iteration might be an internal iteration of Nm+1, provided that the initial nice sequence is

chosen more carefully.

Proof. We proceed by induction on m. The induction basis is given for ”m = −1”, namely, the case

where the given nice sequence below α is empty. In this case, N0 = Ult (V,U), i0 = jU : V → N0

and k0 (i0(f)(κ)) = jα(f)(κ), and clearly k0 = j0,α : M0 → Mα.

Assume now that m < ω and km+1 : Nm+1 → Mαm+1 has been constructed (here, the embedding

km+1 corresponds to the nice sequence 〈α0, . . . , αm〉 below αm+1. Namely, by its definition, it

satisfies jαm+1
= km+1 ◦ im+1 ). Let us argue that km+2 = jαm+1+1,α ◦ km+1 �Nm+2

. Indeed, given

an arbitrary element im+2(f) (κ, λ0, . . . , λm, λm+1) of Nm+2,

km+1 (im+2(f) (κ, λ0, . . . , λm, λm+1))

= km+1

(
j
Nm+1

Wm+1
(im+1(f)) (κ, λ0, . . . , λm+1)

)
= jUµαm+1

(
jαm+1

(f)
) (

κ, µα0
, . . . , µαm

, µαm+1

)
= jαm+1+1(f)

(
κ, µα0 , . . . , µαm , µαm+1

)
In the equality from line 2 to line 3 in the above equation, we used the fact that Wm+1 =

im+1 (Fm+1) (κ, λ0, . . . , λm) and λm+1 = im+1 (gm+1) (κ, λ0, . . . , λm) for the computation on their

values under km+1. We also used the fact that jαm+1
= km+1 ◦ im+1 (which follows from the

definition of km+1 provided above). Finally, apply jαm+1+1,α on both sides.

If the sequence 〈α0, . . . , αm〉 below α is clear from the context, we denote N∗ = Nm+1, i∗ =

im+1 : V → N∗ and k∗ = km+1 : N
∗ → Mα. Note that k∗ is not necessarily an internal iteration
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of N∗. Indeed, assume that λ0 < µα0 (this happens, e.g., if α0 = 1. In this case, λ0 = µ0 and

µ1 = jUµ0
(µ0) > µ0). If k∗ was an internal iteration of N∗, then λ0 would have to be one of

the critical points participating in the iteration, since λ0 is inaccessible in N∗ and k∗ (λ0) = µα0
.

However, this is not possible because λ0 is not measurable in N∗.

Our goal is lemma 2.5.6. In the proof, it will be useful to consider a nice sequence 〈α0, . . . , αm〉

below α and its associated iteration N∗, such that the embedding k∗ : N∗ → Mα is an internal

iteration of N∗. This will require a more sophisticated choice of the initial nice sequence. The

example from the last paragraph offers a lead: we would like λk = µαk
to hold for every 0 ≤ k ≤ m.

Lemma 2.5.3. k∗ is an internal iteration of N∗ if and only if, for every 0 ≤ k ≤ m, λk = µαk
.

Proof. Let us assume first that k∗ is an iteration of N∗. Then λk is a non-measurable inaccessible

in N∗, and thus λk cannot move by k∗. So µαk
= k∗ (λk) = λk.

Let us concentrate on the other direction. Assume that λk = µαk
for every 0 ≤ k ≤ m. λ0 = µα0

is measurable in MU = N0, and thus j0,α0
(µα0

) = µα0
. Also, j0,α0

(W0) = Uµα0
. Note that–

jα = jα0+1,α ◦ jUµα0
◦ jα0

= jα0+1,α ◦ jN1
0,α0

◦ jW0
◦ jU

where jN1
0,α0

is the iterated ultrapower consisting of the same measures as j0,α0
, but acting on N1.

jN1
0,α0

: N1 → Mα0+1 is internal to N1, and so is jα0+1,α ◦ jN1
0,α0

.

We proceed now by induction on m. Assume that km+1 : Nm+1 → Mαm+1
is an internal iteration

of Nm+1 (with respect to the nice sequence 〈α0, . . . , αm〉 below αm+1). Then–

Uµαm+1
= km+1 (Wm+1)

and thus–

jαm+1+1 = jUµαm+1
◦ km+1 ◦ im+1

= km+1 �Nm+2
◦im+2

=
(
jαm+1,αm+1 ◦ . . . ◦ jα0+1,α1 ◦ j0,α0

)
�Nm+2 ◦im+2

Where
(
jαm+1,αm+1

◦ . . . ◦ jα0+1,α1
◦ j0,α0

)
�Nm+2

above is an internal iteration of Nm+2, since

Wm+1 is a measure over λm+1 = µαm+1
, and lies strictly above all the participating critical points.

Thus, the embedding km+2, obtained by applying jαm+1+1,α on
(
jαm+1,αm+1 ◦ . . . ◦ jα0+1,α1 ◦ j0,α0

)
�Nm+2 ,

is an internal iteration of Nm+2.
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Lemma 2.5.4. Every nice sequence 〈α0, . . . , αm〉 below α can be completed to a nice sequence–

〈α0
0, . . . , α

n0
0 , α0

1, . . . , α
n1
1 , . . . . . . , α0

m, . . . , αnm
m 〉

where αn0
0 = α0, α

n1
1 = α1, . . . , α

nm
m = αm, such that the embedding k∗ associated to the latter

sequence is an iteration of N∗.

Proof. We begin with an arbitrary nice sequence 〈α0, . . . , αm〉, and complete it to a nice sequence–

〈α0
0, . . . , α

n0
0 , α0

1, . . . , α
n1
1 , . . . . . . , α0

m, . . . , αnm
m 〉

where αn0
0 = α0, α

n1
1 = α1, . . . , α

nm
m = αm.

We first extend the sequence below α0, namely define α0
0, . . . , α

n0
0 .

Denote N0
0 = Ult (V,U) and i00 = jU : V → N0

0 . Let λ0
0 = i00 (g0) (κ). Let α0

0 ≤ α0 be the first

such that λ0
0 ≤ µα0

0
.
(
cf
(
λ0
0

))V
> κ, so actually λ0

0 = µα0
0
. If α0

0 = α0, we set n0 = 0 and we are

done extending the sequence below α0. Assume otherwise.

Work in N0
0 and define there W 0

0 = i00 (U)
(
λ0
0

)
. Let N1

0 = Ult
(
N0

0 ,W
0
0

)
and i10 = j

N0
0

W 0
0
◦ i00 : V →

N1
0 . Define k10 : N

1
0 → Mα0

0+1 to be such that for every f ∈ V ,

k10
(
i10 (f)

(
κ, λ0

0

))
= jα0

0+1 (f)
(
κ, µα0

0

)
by lemma 2.5.3, k10 is an iterated ultrapower of N1

0 . The measures participating in this iteration

lie on measurables below α0
0 (actually, k10 = j

N1
0

1,α0
0
). In N1

0 , let λ1
0 = jW 0

0

(
λ0
0

)
, and note that λ1

0 is

measurable in N1
0 above λ1

0. Thus, λ1
0 does not participate in the iteration k10, namely k10

(
λ1
0

)
= λ1

0.

So λ1
0 is a measurable cardinal in Mα0

0+1, and
(
cf
(
λ1
0

))V
> κ. Thus, there exists an index α1

0, such

that µα1
0
= λ1

0 and α0
0 < α1

0 ≤ α0. If α1
0 = α0, we finish extending the sequence below α0 and set

n0 = 1. Assume otherwise. Define in N1
0 the measure W 1

0 = i10(U)
(
λ1
0

)
. Let N2

0 = Ult
(
N1

0 ,W
1
0

)
and i20 = j

N1
0

W 1
0
◦ i10 : V → N2

0 . Define k20 : N
2
0 → Mα1

0+1 in the natural way, namely, for every f ∈ V ,

k20
(
i20(f)

(
κ, λ0

0, λ
1
0

))
= jα1

0+1(f)
(
κ, λ0

0, λ
1
0

)
and by 2.5.3, k20 is an iterated ultrapower of N2 with measurables below µα1

0
. Denote λ2

0 =

j
N1

0

W 1
0

(
λ1
0

)
> λ1

0. Arguing as before, λ2
0 is measurable in Mα1

0+1 with cofinality above κ, and thus,

there exists α2
0 such that λ2

0 = µα2
0

and α0
0 < α1

0 < α2
0 ≤ α0.

Continue in this fashion, and construct an increasing sequence α0
0 < α1

0 < . . . ≤ α0. We argue

that the construction stops after finitely many steps. Assume otherwise, and let 〈αn
0 : n < ω〉 be a
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strictly increasing sequence of ordinals below α0, such that for every n < ω,

µα0
> µαn+1

0
= λn+1

0 = jWn
0
(λn

0 ) > λn
0 = µαn

0

and–

µαn+1
0

= λn+1
0 = kn+1

0

(
λn+1
0

)
= kn+1

0

(
in+1
0 (g0) (κ)

)
= jαn

0 +1 (g0) (κ) = jUµαn
0

(
µαn

0

)
let α∗

0 = sup{αn
0 : n < ω} ≤ α0. Note that–

jα∗
0
(g0)(κ) = jα0

0,α
∗
0

(
µα0

0

)
= sup{µαn

0
: n < ω} < µα∗

0

and thus–

µα0
= jα0

(g0) (κ) = jα∗
0 ,α0

(
jα∗

0
(g0) (κ)

)
= jα∗

0
(g0) (κ)

which contradicts the fact that jα∗
0
(g0) (κ) < µα∗

0
≤ µα0 .

Thus, there exists n0 < ω and a sequence α0
0 < α1

0 < . . . < αn0
0 = α0 such that for every n < n0,

µαn+1
0

= jUµαn
0

(
µαn

0

)
= jαn+1

0
(g0) (κ)

where the last equality follows by induction, since–

jαn+1
0

(g0)(κ) = jαn
0 ,α

n+1
0

(
jαn

0
(g0)(κ)

)
= jαn

0 ,α
n+1
0

(
µαn

0

)
= jUαn

0

(
µαn

0

)
let us justify the last equality in the above equation. If µα0

is not a limit of measurables, then

αn+1
0 = αn

0 + 1 and the equation is clear. Otherwise, µαn
0

is a limit of measurables. Therefore

µαn+1
0

= jUαn
0

(
µαn

0

)
is a limit of measurables, and each factor in jαn

0 +1,αn+1
0

is an ultrapower

embedding with one of them. Thus, each such factor maps µαn+1
0

to itself.

This finishes the completion of the initial nice sequence below α0. Let N∗
0 be the iterated

ultrapower associated to the nice sequence 〈α0
0, . . . α

n
0 〉, with a corresponding embedding i∗0 : V →

N∗
0 . Let k∗0 : N

∗
0 → Mα0+1 be defined as follows: for every f ∈ V ,

k∗0

(
i∗0(f)

(
κ, µα0

0
, . . . , µα

n0
0

))
= jα1

(f)
(
κ, µα0

0
, . . . , µα

n0
0

)
By lemma 2.5.3, the embedding k∗0 is an iterated ultrapower of N∗

0 , and jα0+1 = k∗0 ◦ i∗0. All the

ultrapowers in k∗0 are taken on measurables below α0.

Now work over N∗
0 , define λ0

1 = i∗0 (g1) (κ, µα0). λ0
1 > µα0 is measurable in N∗

0 and thus is

not moved by k∗0 . Also, it has cofinality above κ in V . Let α0
1 ≤ α1 be such that λ0

1 = µα0
1
. If
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λ0
1 = µα1 , we set n1 = 0 and move on to extend the sequence below α2. Assume otherwise. Let

W 0
1 = i∗0 (U)

(
λ0
1

)
. Let N0

1 = Ult
(
N∗

0 ,W
0
1

)
, and i01 = j

N∗
0

W 0
1
◦ i∗0. Let k01 : N1

0 → Mα0
1+1 be the natural

embedding, and continue the construction as above. It will stop after finitely many steps.

By repeating the same argument for α2, . . . , αm, we generate the desired completion of 〈α0, . . . , αm〉.

Remark 2.5.5. For every 0 ≤ i ≤ m, µαi
appears in the Prikry sequence of µ∗

αi
= kαi

(µαi
) in

M [H]. Note that in the above proof, the completion below µαi , namely the sequence 〈α0
0 . . . , α

ni
i 〉,

is a subsequence of the Prikry sequence of µ∗
αi

below µαi
. In lemma 2.5.8 we will prove that this

subsequence is actually a segment in this Prikry sequence.

Lemma 2.5.6. Assume that α < κ∗. Denote µ̄ = sup{µα′ : α′ < α}. Let λ > µ̄ be an inaccessible

cardinal in Mα. Then (cf(λ))V > κ.

Proof. Let us first consider the case where there is no β < α and λ′ < λ such that jβ,α (λ′) = λ. Let

〈α0, . . . , αm〉 be a nice sequence below α such that λ = jα(h) (κ, µα0
, . . . , µαm

) for some function

h ∈ V . We can assume that the sequence in complete as in lemma 2.5.4, and so k∗ : N∗ → Mα is

an internal iterated ultrapower. Denote–

λ∗ = i∗(h) (κ, µα0
, . . . , µαm

)

and note that k∗ (λ∗) = λ. It suffices to prove that λ∗ = λ, since every inaccessible above κ in a

finite iteration of V has cofinality > κ in V . Assume that λ∗ < λ. Because λ∗ is inaccessible in

N∗, λ∗ is one of the measurables participating in the iteration k, namely λ∗ = µβ for some β < α.

Since λ∗ > µαm
, β > αm. Then–

λ = k∗ (λ∗)

=
(
jβ,α ◦ jαm+1,β ◦ jαm−1+1,αm ◦ . . . ◦ jα0+1,α1 ◦ j1,α0

)
(λ∗)

= jβ,α (λ∗)

where we used the fact that λ∗ = µβ is inaccessible in N∗ above µαm , and thus is fixed by ultrapowers

below µαm and by jαm+1,β . It follows that there exists β < α and λ∗ < λ such that jβ,α (λ∗) = λ,

which is a contradiction.

Let us now take care of the case where, for some β < α and λ0 < λ, jβ,α (λ0) = λ. Let β < α

be the least such that such λ0 exists. Since λ0 is inaccessible in Mβ and λ0 < jβ,α (λ0), λ0 is one

of the measurables participating in the iteration jβ,α. Thus, λ0 = µγ0 , for some γ0 < α.
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Denote λ1 = jUµγ0
(µγ0). This is an inaccessible cardinal in Mγ0+1. Let us argue that

(cf (λ1))
V
> κ.

Pick a complete nice sequence 〈α0, . . . , αm〉 below γ0 + 1 such that, for some function h ∈ V ,

λ1 = jγ0+1(h) (κ, µα0 , . . . , µαm)

we can assume that αm = γ0 (else, add it. The sequence will remain complete since there is no

λ′ < λ0 and γ′ ≤ γ0 such that jγ′,γ0+1 (λ
′) = λ0). Let N∗ be the associated finite iteration, with

an embedding i∗ : V → N∗. let k∗ : N∗ → Mγ0+1 be the corresponding iterated ultrapower such

that k∗ ◦ i∗ = jγ0+1. Denote λ∗
1 = i∗(h) (κ, µα0 , . . . , µαm). Then k∗ (λ∗

1) = λ1. Let us argue that

λ∗
1 = λ1. Assume that λ∗

1 < λ1. Then λ∗
1, which is measurable in N∗, is one of the measurables

participating in k∗. Note that–

λ1 = k∗ (λ∗
1) = jαm+1,γ0+1 ◦ jαm−1+1,αm

◦ jαm−2+1,αm−1
◦ . . . ◦ j1,α0

(λ∗
1)

but αm = γ0, so jαm+1,γ0+1 is the identity. So λ∗
1 < µαm = µγ0 . µγ0 is already a non-measurable

inaccessible in N∗ (since we started from a complete nice sequence which includes it), and thus

k∗ (µγ0
) = µγ0

. Namely jUγ0
(µγ0

) = λ1 = k∗ (λ∗
1) < µγ0

, a contradiction.

Thus (cf(λ1))
V

> κ. If λ1 = λ, we are done. Else, λ1 < λ is inaccessible in Mγ0+1, and is

mapped via jγ0+1,α to λ. Hence, arguing as before, λ1 ≤ µ̄ is one of the measurables participating

in the iterated ultrapower jγ0+1,α. Therefore, there exists γ1 ∈ (γ0, α) such that λ1 = µαγ1
. Denote

λ2 = jUµγ1

(
Uµγ1

)
> λ1. As above, (cf (λ2))

V
> κ. If λ2 = λ, we are done. Assume otherwise, and

continue in this fashion.

Let us argue that the process stops after finitely many steps. Assume otherwise. Then we have

constructed an ω-sequence of ordinals below α, 〈γn : n < ω〉, and an increasing sequence–

λ0 = µγ0
< λ1 = µγ1

< λ2 = µγ2
< . . . < λ

such that, for every n < ω, λn+1 = µγn+1 = jUµγn
(µγn). Denote γ∗ = sup{γn : n < ω} (possibly

γ∗ = α). Let λ∗ = sup{λn : n < ω}. Then–

jγ∗,α (λ∗) = λ

however, jγ∗,α (λ∗) = λ∗: if γ∗ = α this is clear. Else, note that µγ∗ is chosen strictly above

sup{µξ : ξ < γ∗} = λ∗. Therefore, the critical point of jγ∗,α is above λ∗, and jγ∗,α (λ∗) = λ∗.
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It follows that λ∗ = λ. But λ∗ ≤ µ̄ (equality may hold if γ∗ = α), contradicting the fact that

λ > µ̄.

We now return to our context, and assume that 〈Mα : α ≤ κ∗〉 is the iteration described in the

previous section, with the same notations. We can first simplify the definition of the critical points

µα:

Corollary 2.5.7. Assume that α < κ∗. Let µ̄ = sup{µα′ : α′ < α}.

If α is successor, µα is the first measurable above µ̄ in Mα.

If α is limit and (cf (α))V ≤ κ, then µα is the first measurable above µ̄ in Mα.

If α is limit and (cf (α))V > κ, then µα is the first measurable in Mα which is greater or equal to µ̄.

Proof. If µ̄ is measurable in Mα and (cf (α))V > κ, then (cf (µ̄))V > κ and thus µα = µ̄ by the

definition. Else, µα is chosen to be the least measurable in Mα above µ̄ with cofinality above κ in

V , which is, by the previous lemma, the least measurable above µ̄ in Mα.

Lemma 2.5.8. Assume that α < κ∗ and λ appears after µα in the Prikry sequence of µ∗ = kα (µα).

Then λ = jUµα
(µα).

Proof. Since jUµα
(µα) is measurable in Mα+1 above µ̄α+1 = sup{µα′ : α′ ≤ α}, it follows, by lemma

2.5.6, that– (
cf
(
jUµα

(µα)
))V

> κ

Thus there exists β > α such that jUµα
(µα) = µβ , and appears in the Prikry sequence of kβ (µβ) =

jβ,κ∗ (jα,β (µα)) = µ∗.

Let us prove now that jUµα
(µα) = µβ is the immediate successor of µα in the Prikry sequence

of µ∗.

Assume, for contradiction, that µα < λ < jUµα
(µα), and λ appears after µα in the Prikry

sequence of µ∗. Assume that λ = jα+1(g) (κ, µα0 , . . . , µαk
, µα), for some g ∈ V and α0 < . . . <

αk < α. Assume also that h ∈ V is a function such that µα = jα(h) (κ, µα0
, . . . , µαk

) for the same

α0 < . . . < αk < α (this can always be arranged by changing the sequence 〈α0, . . . , αk〉). Then–

jα+1(g) (κ, µα0 , . . . , µαk
, µα) < jα+1(h) (κ, µα0 , . . . , µαk

)

so we may assume that for every ξ, ν0, . . . , νk, η, below κ, g (ξ, ν0, . . . , νk, η) < h (ξ, ν0, . . . , νk).

Assume also that µα is the n-th element in the Prikry sequence of µ∗. In V [G], let λ(ξ) be the

(n+ 1)-th element in the Prikry sequence of h (ξ, ~µ(ξ)), so that [ξ 7→ λ(ξ)]W = λ.
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Assume that the sequence 〈α0, . . . , αk〉 ⊆ α is nice (else, add more coordinates). Now apply the

Multivariable Fusion Lemma. For every 〈ξ, ~ν〉, let–

e (ξ, ~ν) = {r ∈ P \ νk + 1: there exists a bounded subset A ⊆ h (ξ, ~ν) such that

r forces that the (n+ 1) -th element in the Prikry sequence of h (ξ, ~ν)

belongs either to A or to the club of closure points of the function

η 7→ g (ξ, ~ν, η)}

We argue that e (ξ, ~ν) is ≤∗ dense open above any condition which forces that ~µ∼(ξ) = ~ν. Let

p ∈ P \ νk +1 be such a condition. Denote for simplicity h = h (ξ, ~ν). Direct extend p �h such that

it decides the length of tph; if the length is ≥ (n+ 1), direct extend p �h further, so that it forces

that there exists a bounded subset A ⊆ h such that the (n+ 1)-th element in the Prikry sequence

of h belongs to it. Finally, shrink A∼
p
h by intersecting with the club of closure points of the function

which maps each η < h to g (ξ, ~ν, η). The condition obtained this way indeed belongs to e (ξ, ~ν).

Now, fix p ∈ G and a C-tree T such that for every 〈ξ, ~ν〉 ∈ T which is admissible for p,

(p_〈ξ, ~ν〉) �νk+1
 there exists a bounded subset A ⊆ h (ξ, ~ν) such that

p_〈ξ, ~ν〉 \ (νk + 1) forces that the (n+ 1) -th element in the Prikry sequence

of h (ξ, ~ν) belongs either to A or to the club of closure points of the function

η 7→ g (ξ, ~ν, η)}

Let A∼ (ξ, ~ν) be a Pνk+1-name for the set A above, and set–

A∗ (ξ, ~ν) = {γ < h (ξ, ~ν) : ∃r ≥ p_〈ξ, ~ν〉 �νk+1, r 
 γ ∈ A∼ (ξ, ~ν)}

It follows that for a set of ξ-s in W , λ(ξ) either belongs to A∗ (ξ, ~µ(ξ)) or to the club of closure

points of η 7→ g (ξ, ~µ(ξ), η).

However, it cannot hold that for a set of ξ-s in W , λ(ξ) ∈ A∗ (ξ, ~µ(ξ)). Indeed assume otherwise.

Denote–

A∗ = jα (〈ξ, ~ν〉 7→ A∗ (ξ, ~ν)) (κ, µ)

then A∗ is bounded in µα, and, under the above assumption, λ ∈ kα (A∗) = A∗ ⊆ µα, which is a

contradiction.

Thus, in M [H], λ is a closure point of η 7→ jW (g) (κ, ~µ, η). Recall that µα < λ, and thus

jW (g) (κ, ~µ, µα) < λ = jα(g) (κ, ~µ, µα), which is a contradiction.
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Corollary 2.5.9. Let α < κ∗ and denote µ∗ = kα (µα). Then the Prikry sequence of µ∗ in M [H]

has a final segment of the form–

〈µα0 , µα1 , µα2 , . . . , µαn , . . .〉

where α0 = α, and for every n < ω, µαn+1
= jUµαn

(µαn
). Furthermore, the above sequence belongs

to V , namely (cf (µ∗))
V
= ω.

Proof. The first part follows immediately from the previous lemma. Let us concentrate on the

second part. Assume that there is no β < α0 and µ < µα0 such that jβ,α (µ) = µα0 (if there

is, replace µα0
with the least such µ). Let β0, . . . , βk be a complete nice sequence such that

µα0
= jα0

(h) (β0, . . . , βk) for some h ∈ V . It follows that the sequence 〈β0, . . . , βk, α0, α1, . . . , αn〉 is

complete, for every n < ω. Then, for every n < ω, a finite iteration 〈Ni : i ≤ n+ 1〉 can be defined

as in the beginning of this section. If f ∈ V is a function such that Uµα0
= jα0(f) (κ, µβ0 , . . . , µβk

),

then the sequence 〈Ni : i < ω〉 is definable in V , since each step above the first k-many steps in

the iteration, uses a measure represented by f . Because each sequence 〈β0, . . . , βk, α0, . . . , αn〉 is

complete, the sequence 〈µα0 , µα1 , . . . , µαn , . . .〉 is a final segment of the sequence of critical points

in the iteration 〈Ni : i < ω〉, and thus belongs to V .

Remark 2.5.10. We would like to emphasize the point that the characterization of Prikry sequences

given in the previous corollary is given only up to some finite initial segment. Let us denote µ = µ0,

which is the first measurable above κ in MU , and µ∗ = k0 (µ0) which is the first measurable above

κ in M . We argue that the Prikry sequence of µ∗ in M [H] may have any prescribed finite initial

segment t ∈ [µ]
<ω. We use those notations only in the following claim:

Claim 2.5.11. For every finite, increasing sequence t ∈ [µ]
<ω, there exists a condition p ∈ Pκ

which forces that t is an initial segment of the Prikry sequence of µ∗ in M [H].

Proof. Assume that ξ 7→ t(ξ) is a function in V such that [ξ 7→ t(ξ)]U = t. For each ξ < κ, let s(ξ)

be the first measurable strictly above ξ. Then [ξ 7→ s(ξ)]U = µ. Since µ > max (t), we can assume

that for every ξ < κ, max (t(ξ)) < s(ξ).

Note that the set {s(ξ) : ξ < κ} ∩ λ is nonstationary in any inaccessible λ ≤ κ: This is clear

if λ is not a limit of measurables. If it is, {s(ξ) : ξ < κ} is disjoint to the club of limit points of

∆ = {α < κ : α is measurable} below λ.

57



Now, let us define a condition p ∈ Pκ, with supp(p) = {s(ξ) : ξ < κ}. We first choose a set

X ∈ U on which the function ξ 7→ s(ξ) with domain X is injective. Note that by normality of U ,

every function is either one-to-one or constant modulo U , so such a set X ∈ U exists.

Set, for a given ξ ∈ X, p(s(ξ)) = 〈t(ξ), s (ξ) \ (max (t(ξ)) + 1)〉. This is forced by any condition

in P �s(ξ) to be a legitimate element of Q
∼s(ξ). Note that the definition makes sense since ξ 7→ s(ξ)

is injective on X. The condition p ∈ Pκ defined in this way forces that the Prikry sequence of µ∗

starts with t: Indeed, in V [G],

{ξ < κ : t(ξ) is an initial segment of the Prikry sequence of s(ξ)} ⊇ X ∈ W

thus, in M [H], [ξ 7→ t(ξ)]W is an initial segment of the Prikry sequence of the measurable cardinal

[ξ 7→ s(ξ)]W . But by lemma 2.3.2,

[ξ 7→ t(ξ)]W = k ([ξ 7→ t(ξ)]U ) = k(t) = t

and clearly–

[ξ 7→ s(ξ)]W = µ∗

so in M [H], t is an initial segment of the Prikry sequence added to µ∗.

Let us prove now that for every measurable µ∗ above κ in M , µ∗ has the form kα (µα) for some

α < κ∗. In particular, in the light of corollary 2.5.9, (cf(µ∗))
V
= ω.

Lemma 2.5.12. Assume that µ∗ ∈ (κ, κ∗) is measurable in M . Then µ∗ = kα (µα) for some

α < κ∗.

Proof. Let β < κ∗ be the first such that, for some µ ≤ µ∗, µ∗ = kβ (µ). Then µ is measurable in

Mβ . β is either 0 or a successor by its minimality. Assume first that β = α+1. µ = µα cannot hold

since µα is not measurable in Mα+1. If µ < µα then jα,β (µ) = µ, contradicting the minimality.

Thus assume that µ > µα = µ̄β = sup{µβ′ : β′ < β}. Recall that µ is measurable in Mβ . By lemma

2.5.6, (cf (µ))V > κ. Therefore, for some γ ∈ [β, κ∗), µ = µγ . Hence kγ (µγ) = µ∗.

If β = 0 then µ is measurable in M0 above κ and below κ∗, and clearly (cf(µ))V > κ. So, again,

there exists γ < κ∗ such that µ = µγ , and kγ (µγ) = µ∗.

Corollary 2.5.13. Assume that α < κ∗ is limit, and denote µ̄ = sup{µα′ : α′ < α}. Assume that

µ̄ is measurable in Mα. Then (cf(α))V is either ω or κ+. In the former case, µ̄ is measurable in

M . In the latter case, µ̄ = µα is a non-measurable inaccessible cardinal in M . Moreover:
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1. If µ̄ is not measurable in Mα or (cf (α))V > κ, µα is the first measurable ≥ µ̄ in Mα (this

includes the case where α is successor, since, in this case, µα−1 is not measurable in Mα).

2. Else, µ̄ is measurable in Mα and (cf(α))V = ω, and then µα = µ̄.

Proof. Assume that µ̄ is measurable in Mα. If (cf(α))V ≤ κ, then µ̄ < µα, so µ̄ = kα (µ̄) is

measurable in M . By the previous lemma, µ̄ = kγ (µγ) for some γ < κ∗. By corollary 2.5.9,

(cf (µ̄))V = ω. Hence (cf(α))V = ω.

Remark 2.5.14. Recall that jW (U) \κ ∈ M is sufficient for the definability of jW �V over V . Let

us argue that it is not necessary.

For every measurable η < κ, let 〈sn(η) : n < ω〉 be the increasing enumeration of the first ω-many

measurables above η which carry at least η-many normal measures of Mitchell order 0. For each

such η and n < ω, let ~F (sn(η)) be an enumeration for all the normal measures of order 0 on sn(η).

Fix an unbounded nonstationary subset X ⊆ ∆ such that for every η ∈ X and n < ω, sn(η) /∈ X.

Let P be the forcing notion which uses, at stage sn(η) where η ∈ X and n < ω, the measure which

extends
(
~F (sn (η))

)
(ηn). Here, ηn < η is the n-th element in the Prikry sequence of η in M [H].

For every other measurable, use the measure chosen first with respect to a prescribed well order of

Vκ.

Pick a generic set G ⊆ P such that G contains a condition p such that X ⊆ supp(p), but for

every ξ ∈ X, p �ξ
 tpξ = 〈〉.

Then jW (U) \ κ /∈ M , since the measures used in jW (P ) on M -measurables above κ code the

Prikry sequences of all the measurables in jW (X) \ κ.

However, jW �V is definable in V : Assume that α < κ∗. If there is no η ∈ jα(X) and n < ω

such that µα = sn(η), Uµα is the first measure on α with respect to the image under jα of the

prescribed well order on Vκ. Otherwise, assume that η ∈ jα(X), n < ω and µα = sn(η). Denote

η∗ = kα (η), so that kα (µα) = sn (η∗). Let β = β0 < κ∗ be the least such that kβ (µβ) = η∗. We

argue that the Prikry sequence of η∗ in M [H] is the sequence of critical points taken by iteration

Uµβ
ω-many times over Mβ. This will follow once we prove that µβ is the first element in the

Prikry sequence of η∗, and this is true since η∗ ∈ jW (X) and there exists a condition p ∈ G which

forces that tpξ = 〈〉 for every ξ ∈ X. Thus, we can assume that 〈µβ0
, µβ1

, . . . , µβn
, . . .〉 is the Prikry

sequence of η∗ in M [H].
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Recall that kα (Uµα) = jW (U) (kα (µα)); by the definition of the forcing, jW (U) (kα (µα)) is the

Prikry forcing taken with the measure–(
jW

(
~F
)
(kα (µα))

)
(µβn)

thus, Uµα
can be computed in V as follows: first, calculate over Mβ0

(which is already definable in

V by induction) the sequence 〈µβn
: n < ω〉, which are the critical points in the iteration of length

ω with Uµβ0
over Mβ0 (here, Uµβ

is the least measure with respect to the image under jβ of the

prescribed well order on Vκ); then, compute Uµα
=
(
jα

(
~F
)
(µα)

)
(µβn

).

2.6 Application: Unique Normal Measure on a Strongly Com-
pact Cardinal which is the Least Measurable

Kanamori [14] asked whether a strongly compact can carry a unique normal measure.

Assuming linearity of the Mitchell order, the least measurable cardinal κ which is a limit of

strongly compacts is such: by a result of Menas, [19], κ is strongly compact. It carries a unique

normal measure, since otherwise, by linearity of the Mitchell order, there exists an ultrapower with

a normal measure U on κ such that κ is still measurable in MU (just take U of Mitchell order

above 0). By elementarity, every strongly compact cardinal below κ remains such in MU . Thus, U

concentrates on the set of measurable limits of strongly compacts, contradicting the minimality of

κ.

The next step would be to ask whether the least strongly compact can be the least measurable,

and carry a unique normal measure.

Wooding and Goldberg proved that this is consistent, assuming the Ultrapower Axiom and a

measurable limit of supercompact cardinals.

In [8] the same result was proved starting from a single supercompact and assuming linearity of

the Mitchell order (which is a consequence of the Ultrapower Axiom, see, for example, [11]). We

present here the same argument that appears in [8], under simpler settings - assuming that GCH

holds as well.

Theorem 2.6.1. (Gitik, K., [8]) Assume that κ is a supercompact cardinal, GCH holds, and the

Mitchell order is linear. Then it is consistent that κ is strongly compact, the only measurable

cardinal, and carries a unique normal measure.
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Proof. By chopping the universe if necessary, we can assume also that κ is the last measurable

cardinal. Denote by V the chopped universe. GCH still holds in V , and the Mitchell order remains

linear. Force over V with the nonstationary support iteration of Prikry forcings, Pκ. Let G ⊆ Pκ

be generic over V . Then, by the last sections, there exists a unique normal measure on κ in V [G].

Every measurable cardinal of V changes cofinality, and no new measurables are generated. Thus, κ

is the only measurable cardinal. It thus suffices to prove that κ is strongly compact in V [G]. This

follows from the next lemma.

Lemma 2.6.1. Let G ⊆ Pκ be generic over V . Assume that in V , κ is supercompact, and the last

measurable cardinal. Then κ is strongly compact in V [G].

Proof. Assume that λ > κ+ and cf(λ) ∈ [κ, λ). It suffices to prove that there exists a fine measure

on Pκ(λ) in V [G]. Let U be a fine, normal measure on Pκ(λ) in V , with a corresponding elementary

embedding jU : V → MU .

For each p ∈ G, κ /∈ supp (jU (p)). This holds, since given a club C ⊆ κ disjoint to supp(p),

jU (C) ∩ κ = C is unbounded in κ, and thus κ ∈ jU (C).

In MU , factor jU (Pκ) = Pκ ∗Q˜κ ∗ P˜>κ. G ⊆ Pκ is generic over MU . Also, over MU [G],

0Q˜κ 
 the conditions 〈jU (p) \ κ : p ∈ G〉 are pairwise ≤∗ −compatible.

this holds, since for any p, q ∈ G, there exists r ∈ G such that p, q ≤ r. Therefore, there is

α < κ such that for every x ≥ α, r �x+1
 r \ x ≥∗ p \ x, q \ x. In particular, r �x+1 forces that

p \ x, q \ x are ≤∗-compatible, for every x < κ. By applying jU and taking x = κ, it follows that

jU (r) �κ+1= r_0Q˜κ
forces that jU (p) \ κ, jU (q) \ κ are ≤∗-compatible.

It follows that there exists a Pκ+1-name, s˜, for a condition which extends, in the direct extension

order, all the conditions 〈jU (p) : p ∈ G〉 (note that |G| = κ+ and the direct extension order is closed

enough).

We claim that the direct extension order of jU (P )\κ is more than λ+-closed. The reasons are as

follows: First, in MU , there are no measurables in the interval (κ, λ), since κ is the last measurable

in V and V � λMU ⊆ MU . Second, λ is not measurable in MU since cf(λ) < λ in V . Finally,

λ+ = (λ+)
MU cannot be measurable in MU .

Now, note that, in V , |jU (κ+)| = λ+, since cf(λ) ≥ κ. Assume that 〈E˜ (α) : α < λ+〉 is forced,

over MU [G] , by 0Q˜κ
, to be the list of all ≤∗-dense open subsets of jU (P ) \ κ above s˜.
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We construct, in V [G] , a sequence of Q˜κ–names 〈sα : α < λ+〉, such that 0Q˜κ forces that the

sequence consists of conditions in jU (P ) \ κ, s˜0 ≥∗ s˜, and the sequence is increasing with respect

to direct extensions. Moreover, each s˜α ∈ E˜ (α). Finally, Let us define U∗ ∈ V [G] as follows. For

every Pκ–name for a subset of Pκ(λ), X˜ ,
(
X˜ )G ∈ U∗ if and only if there exists p ∈ G, α < λ+ and

a P -name A˜ , such that–

p_〈〈〉, A˜〉_s˜α 
 j′′Uλ ∈ j
(
X˜ )

We prove that U∗ is a fine measure which extends U . First, we prove that U ⊆ U∗. Assume that

X ∈ U . Then for any condition p ∈ G, {x ∈ Pκ(λ) : p 
 x̌ ∈ X̌} ∈ U , namely jU (p) 
 j′′Uλ ∈ jU
(
X̌
)
.

So, for each name A˜ and α < λ+,

p_〈〈〉, A˜〉_sα 
 j′′Uλ ∈ j
(
X˜ )

hence X ∈ U∗. In particular, it follows that U∗ is fine.

U∗ is closed under intersection of finitely many sets, since any pair of conditions of the form

p_〈〈〉, A˜〉_s˜α and q_〈〈〉, B˜ 〉_s˜β , where p, q ∈ G, A˜ , B˜ are names and α, β < λ+, are compatible.

Assume now that
(
X˜ )G ∈ U∗, p ∈ G is a condition and Y˜ a Pκ-name such that p 
 X˜ ⊆ Y˜ . Then

jU (p) 
 j
(
X˜ ) ⊆ j

(
Y˜). There are q ∈ G, α < λ+ and A˜ , such that q_〈〈〉, A˜〉_sα 
 j′′Uλ ∈ jU

(
X˜ ).

Assume that r ∈ G extends both p, q. Then r_〈〈〉, A˜〉_sα 
 j′′Uλ ∈ jU
(
Y˜).

Finally, assume that p ∈ G forces that a sequence of names 〈X˜ i : i < δ〉, where δ < κ, is a

partition of Pκ(λ). Then jU (p) forces that 〈jU
(
X˜ i

)
: i < δ〉 is a partition of jU (Pκ(λ)). Hence the

set of conditions in jU (Pκ) \ κ + 1 which force, for some i∗ < δ, that j′′Uλ ∈ jU
(
X˜ i∗

)
, is forced by

p_0Q˜κ to be a ≤∗–dense open subset of jU (P ) \ κ+ 1 above s˜. Therefore, for some α < λ+, sα is

forced to belong to this dense open set. It follows that–

p_0Q˜ 
 ∃i∗ < δ sα 
 j′′Uλ ∈ j
(
X˜ i∗

)
and by applying the κ-closure of the direct extension order of Q˜ jκ,0(κ), there exists a name A˜ such

that–

p 
 ∃i∗ < δ 〈〈〉, A˜〉_sα 
 j′′Uλ ∈ j
(
X˜ i∗

)
so, finally, by extending p to a condition q ∈ G which decides the value of i∗, there exists i∗ < δ

such that–

q_〈〈〉, A˜〉_sα 
 j′′Uλ ∈ j
(
X˜ i∗

)
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as desired.
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Chapter 3

The Full Support

3.1 Introduction

In this chapter we revisit the Full support iteration of Prikry forcings (the Magidor iteration) which

was first introduced by M. Magidor in his celebrated paper [18]. Assuming that κ is a measurable

limit of measurables, the Magidor iteration can be used to destroy the measurability of every

measurable cardinal α < κ, while preserving cardinals and the measurability of κ itself. Let P be

such an iteration and G ⊆ P generic over the ground model V .

Our first goal would be to characterize the normal measures over κ in V [G]. This was extensively

studied by Ben-Neria in [2]. For every normal measure U ∈ V on κ, he assigned a corresponding

measure U× ∈ V [G] on κ, and showed that the mapping U 7→ U× is a bijection between the set of

normal measures on κ in V , and the set of normal measures on κ in V [G]. This was done under

the assumptions that 0¶ does not exist and the ground model V is the core model. In this chapter,

we extend this result, weakening the assumption on the ground model V :

Theorem 3.1.1. Assume GCH≤κ holds in V . Let W ∈ V [G] be a normal measure on κ.

Then W = U× for some normal measure U ∈ V on κ. Moreover, the measures 〈U× : U ∈

V is a normal measure on κ〉 are pairwise distinct.

The proof relies on some of the methods presented by Ben-Neria in [2]; however, the core-model

theoretic aspects of the argument are replaced with the tools developed in [8].

We then proceed and study the structure of jW �V for every normal measure W ∈ V [G] on κ.

Theorem 3.1.2. Assume GCH≤κ holds in V . Let W ∈ V [G] be a normal measure on κ. Then

jW �V is an iterated ultrapower of V by normal measures.
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Moreover, a concrete description of jW �V as an iterated ultrapower is given.

Finally, we discuss definability of jW �V as a class of V . In general, jW �V may not be definable

in V (see remark 3.4.25, and, more generally, section 5.2 in [8]). We provide a sufficient condition

for definability of jW �V as a class of V . By Theorem 3.1.1, given a measurable α < κ, the measure

used in the Prikry forcing at stage α in the iteration P must have the form U×
α = (Uα)

×, for some

normal measure Uα on α in V . Denote ~U = 〈Uα : α < κ, α is measurable in V 〉. Then:

Theorem 3.1.3. Assume GCH≤κ holds in V . If ~U ∈ V then jW �V is a definable class of V .

We remark that it is not necessarily the case that ~U ∈ V , even if jW �V is a definable class of

V (see remark 3.4.25).

This chapter is organized as follows: In the first section we present the forcing and its basic

properties. In section 2 we prove theorem 3.1.1. In section 3 we prove theorems 3.1.2 and 3.1.3,

and completely describe the Prikry sequences added to measurables of M above κ in H.

3.2 The Forcing

Definition 3.2.1. An iteration 〈Pα, Q∼β : α ≤ κ , β < κ〉 is called a full support (Magidor) iteration

of Prikry-type forcings if and only if, for every α ≤ κ and p ∈ Pα,

1. p is a function with domain α such that for every β < α, p � β ∈ Pβ, p � β 
 p(β) ∈

Q
∼β and 〈Q

∼β ,≤∼Q∼β
,≤∼

∗
Q∼β

〉 is a Prikry-type forcing.

2. There exists a finite set b ⊆ κ such that for every β /∈ b, p �β
 p(β)≥∼
∗
β 0∼Qβ

, where ≥∼
∗
β is the

direct extension order of Q
∼β.

Suppose that p, q ∈ Pα. Then p ≥ q, which means that p extends q, holds if and only if:

1. For every β ≤ α, p � β 
 p(β) ≥β q(β) (where ≥β is the order of Qβ).

2. There is a finite subset b ⊆ α, such that for every β ∈ α \ b, p � β 
 p(β) ≥∗
β q(β) (where ≥∗

β

is the direct extension order of Qβ).

If b = ∅, we say that p is a direct extension of q, and denote it by p ≥∗ q.

Let 〈Pα, Q∼β : α ≤ κ , β < κ〉 be a full support iteration of Prikry forcings, such that, for every

V -measurable cardinal, α, Q
∼α is non-trivial, and is forced to be Prikry forcing with a given Pα-name
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for a normal measure on α (we will prove in lemma 3.3.2 that α remains measurable after forcing

with Pα). If α is not measurable in V , Q
∼α is the trivial forcing.

We denote ∆ = {α < κ : α is measurable in V }. For every α ∈ ∆, let W∼α be the Pα-name for

a normal measure on α, which is forced by Pα to be the measure used in the Prikry forcing Q
∼α.

Assume that p ∈ Pκ is a given condition and α ∈ ∆. We denote by t∼
p
α and A∼

p
α the Pα-names such

that p �α
 p(α) = 〈 t∼
p
α, A∼

p
α〉. In V [G], we denote by d : ∆ → κ the function which maps each former

measurable in ∆ to the first element in its Prikry sequence. Finally, we adopt the following useful

notation, introduced by O. Ben-Neria in [2]: Given a condition p ∈ Pκ and α < κ, let p−α ≥∗ p be

the condition p∗ which satisfies, for every measurable ξ > α,

p∗ �ξ
 A∼
p∗

ξ = A∼
p
ξ \ (α+ 1)

The following lemma is standard (see [7] for example):

Lemma 3.2.2. P = Pκ satisfies the Prikry property.

The main ideas in the proof of the Prikry property of Pκ appear also in the proof of the following

Fusion property:

Lemma 3.2.3 (Fusion Lemma). Let δ ≤ κ be a limit ordinal and p ∈ Pδ. For every α < δ, let

q (α) be a Pα-name such that p �α
 q(α) ≥∗ p \ α. Then there exist p∗ ≥∗ p such that for every

α < δ,

p∗ �α
 (p∗ \ α)−α ≥∗ q(α)

Before proving the lemma, let us state an immediate useful corollary of it.

Corollary 3.2.4. Let δ ≤ κ be a limit ordinal and p ∈ Pδ. For every α < δ, let e(α) be a Pα-name

such that–

p �α
”e(α) is a dense open subset of P \ α above p \ α,

with respect to the direct extension order.”

Then there exist p∗ ≥∗ p such that for every α < δ,

p∗ �α
 (p∗ \ α)−α ∈ e(α)

Proof of lemma 3.2.3. Define a sequence 〈pξ : ξ > δ〉 of direct extensions of p, such that for every

ξ < δ, pξ �ξ
 pξ \ ξ ≥∗ q(ξ), and, for every η < ξ < δ,
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1. p ≤∗ pη ≤∗ (pξ)
−η.

2. pη �η= pξ �η.

Take p0 = p. Assume that ξ < κ and 〈pη : η < ξ〉 have been defined. Let us define pξ. First, set–

pξ �ξ=
⋃
ξ′<ξ

pξ′ �ξ′

We now define a Pξ-name for a condition r ∈ P \ ξ. If ξ is non-measurable, r(ξ) (the value of r at

coordinate ξ) is trivial. If it is: Let t∼ be a Pξ-name, and, for every ξ′ < ξ, take Pξ-names A∼ξ′ such

that pξ �ξ
 pξ′(ξ) = 〈 t∼, A∼ξ′〉. Set r(ξ) = 〈 t∼,4ξ′<ξA∼ξ′〉. Finally, let r\(ξ + 1) be a direct extension

of all the conditions 〈pξ′ \(ξ + 1) : ξ′ < ξ〉 (the direct extension order above ξ is more than ξ-closed).

This defines r. Since every pair of direct extensions of p \ ξ have a common direct extension, we

can pick pξ \ ξ such that it direct extends both r and q(ξ). Note that A∼
pξ

ξ ⊆ 4ξ′<ξA∼
pξ′

ξ , and thus,

for every η < ξ, A∼
pξ

ξ \ (η + 1) ⊆ A∼
pη

ξ . Thus pη ≤∗ (pξ)
−η.

This finishes the construction. Define p∗ =
⋃

ξ<δ pξ �ξ. We claim that p∗ is as desired. Let

α < δ. Then p∗ �α= pα �α. Thus, this condition forces that (pα \ α)−α ∈ e(α). It also forces that

(p∗ \ α)−α direct extends (pα \ α)−α, and thus it direct extends q(α), as desired.

Lemma 3.2.5. P = Pκ preserves cardinals.

Proof. We prove by induction that for every δ ≤ κ, Pδ preserves cardinals. This is clear for successor

values of δ. By GCH≤κ, this is clear as well if δ is not a limit of measurables. Thus, let us assume

that δ ≤ κ is a limit of measurables and µ is a cardinal. If µ < δ, factor Pδ = P<µ ∗Q∼µ ∗P>µ. Since

the direct extension order of P>µ is more than µ-closed, it preserves µ; Qµ preserves µ because it is

either trivial or a Prikry forcing; finally, by induction, P<µ preserves µ. If µ = δ, then µ is a limit

of measurables, each of them is preserved by induction. If µ > δ+, µ is preserved since |Pδ| = δ+ by

GCH≤κ. Thus, it suffices to prove that Pδ preserves δ+ for every limit of measurables δ. It suffices

to prove that Pδ has the δ+− c.c.: For any antichain A ⊆ Pδ of cardinality δ+, there exists a subset

A′ ⊆ A of cardinality δ+, such that the following holds: There exists a finite set b ⊆ δ, and, for

every α ∈ b, a Pα-name for a finite increasing sequence t∼α ∈ [α]
<ω, such that–

∀p ∈ A′ ∀β ∈ δ \ b , p �β
 p(β) ≥∗ 0Q

and–

∀p ∈ A′ ∀α ∈ b ∃A∼, p �α
 p(α) = 〈 t∼α, A∼〉
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Given these properties, every pair of conditions in A′ are compatible, which is a contradiction.

Lemma 3.2.6. P = Pκ doesn’t add fresh subsets of κ, κ+.

The above lemma is proved, for example, in [8]. We remark that this proof uses the fact that

some normal measure on κ in V extend to a normal measure in V [G], and this is indeed the case

(this is well known, and in any case, will be proved in the next section in lemma 3.3.2. The proof

will not rely on the current lemma or its consequences).

In [8] it is proved that, if a forcing notion P preserves cardinals and does not add fresh subsets

to cardinals in the interval
[
κ, (2κ)

V
]
, then every κ-complete ultrafilter in the generic extension

extends a κ-complete ultrafilter of V . Since we assume GCH≤κ, the following follows:

Corollary 3.2.7. Let G ⊆ Pκ be generic over V , and let W ∈ V [G] be a κ-complete ultrafilter on

κ. Then W ∩ V ∈ V .

We conclude this section by proving a property of P = Pκ, which will be applied several times

throughout this paper.

Lemma 3.2.8. Let δ ≤ κ be an inaccessible cardinal. Let p ∈ Pδ and assume that α∼ is a Pδ-name

for an ordinal. Then there exists p∗ ≥∗ p and a set A ∈ V with |A| < δ such that p∗ 
 α∼ ∈ A.

Proof. Denote by D the dense open subset of Pδ which consists of conditions which decide the value

of α∼. We will apply on D the following claim:

Claim 3.2.9. Let δ ≤ κ be a limit ordinal and let D ⊆ Pδ be a dense open subset of Pδ. Assume

that p ∈ Pδ. Then there exists p∗ ≥∗ p such that for every p∗ ≤ q ∈ D,

q �γ+1
_ (p∗ \ (γ + 1))

−(γ+1) ∈ D

where γ is the maximal coordinate which satisfies–

q �γ
 ”q(γ) is not a direct extension of p∗(γ)”

(and, if such γ does not exist, then γ = 0).

Proof. Fix a non-measurable α < δ and Gα ⊆ Pα generic over V such that p �α∈ Gα. Given

p �α≤ q ∈ Gα, we define a subset of P \ α which is ≤∗-dense open above p \ α:

eq(α) = {r ∈ P \ α : q_r ∈ D or (∀r′ ≥∗ r, q_r′ /∈ D)}
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Since α is non-measurable, the direct extension order of P \ α is more than |Gα|+-distributive.

Let e(α) be a Pα-name for the set–

e(α) =
⋂

q∈Gα

eq(α)

then p �α forces that e(α) is ≤∗-dense open above p \ α.

Apply lemma 3.2.3. Let p∗ ≥∗ p be such that, for every non-measurable α < δ,

p∗ �α
 (p∗ \ α)−α ∈ e(α)

Assume now that p∗ ≤ q ∈ D. Let γ be as in the formulation of the claim. Then γ + 1 is not

measurable, so–

p∗ �γ+1
 (p∗ \ (γ + 1))
−γ+1 ∈ e(γ + 1)

In particular,

q �γ+1
 (p∗ \ (γ + 1))
−γ+1 ∈ e(γ + 1)

Finally, since there exists a direct extension r′ = q\(γ + 1) ≥∗ p∗\(γ + 1) such that q �γ+1
_r′ ∈

D, it follows that q �γ+1
_ (p∗ \ (γ + 1))

−γ+1 ∈ D, as desired.

Pick a direct extension q ≥∗ p, by applying the claim on the set D of conditions deciding the

value of α∼. We will construct below a direct extension q∗ ≥∗ q; After this is done, we will prove

that q∗ has a direct extension p∗ ≥∗ q∗ as desired in the lemma. Namely, p∗ satisfies that for some

set of ordinals A with |A| < δ, p∗ 
 α∼ ∈ A.

First, let us construct q∗ ≥∗ q. Assume that γ < δ, and q∗ �γ has been defined. To define q∗ (γ),

we shrink the set A∼
q
γ . We shrink it to a set A ∈ Wγ , such that, for every n < ω, exactly one of

the following holds: Either for every s ∈ [A]
n, there exists a set of ordinals As with |As| < δ, such

that–

〈tqγ
_s,A \max (s)〉_ (q \ (γ + 1))

−γ+1 
 α∼ ∈ As

or, there is no such s.

This results in a direct extension q∗ ≥∗ q. It suffices to prove that q∗ has a direct extension

p∗ which belongs to D. Assume otherwise. Let r ≥ q∗ be a condition in D, which is chosen with

the least number of non-direct extensions. Let γ be the maximal coordinate in which a non-direct

extension was taken in the extension r ≥ q∗. Clearly r ≥ q, and in this extension, as well, γ is the

maximal coordinate in which a non-direct extension is taken. Thus, by the choice of q,

r �γ+1
_ (q \ (γ + 1))

−γ+1 ∈ D
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Let n < ω be such that r �γ forces that lh
(
trγ
)
= n + lh

(
tqγ
)
. Then r �γ forces that for every

s ∈
[
A∼

r
γ

]n, there exists a set As with |As| < δ, such that–

〈tqγ
_s, A∼

r
γ \max (s)〉_ (q \ (γ + 1))

−γ+1 
 α∼ ∈ As

By taking union on the possible values of the sets As as above, there exists a set A ∈ V with |A| < δ

such that–

r �γ
_〈 t∼

q
γ , A∼

r
γ〉

_
(q \ (γ + 1))

−γ+1 
 α∼ ∈ A

and this contradicts the minimality of the number of non-direct extensions in the choice of r ≥

q∗.

Corollary 3.2.10. Assume that δ ≤ κ is inaccessible, p ∈ Pδ and let f∼ be a Pδ-name for a function

from δ to the ordinals. Then there exists p∗ ≥∗ p and a function F : δ → [Ord]<δ in V , such that

for every α < δ,

(p∗)
−α 
 f∼(α) ∈ F (α)

Proof. For every α < δ, set–

e (α) = {r ∈ P \ α : there exists A ⊆ Ord with |A| < δ such that r 
 f∼(α) ∈ A}

by lemma 3.2.8, e(α) is ≤∗-dense open. Thus, by Fusion, there exists p∗ ≥∗ p such that for every

α < δ,

p∗ �α
 there exists Aα ⊆ Ord with |Aα| < δ such that (p∗ \ α)−α 
 f∼(α) ∈ Aα

Finally, for every α < δ, let F (α) = {β : ∃q ≥ p∗ �α, r 
 β ∈ A∼α}. Then (p∗)
−α 
 f∼(α) ∈ F (α)

and |F (α)| < δ, as desired.

3.3 Normal Measures in the Generic Extension

This section is devoted to the proof of theorem 3.1.1. The same result was first observed by O.

Ben-Neria in [2], assuming that V is the core model and there is no inner mode with overlapping

extenders. We will reduce the assumptions on V to GCH≤κ.

Throughout this section, we will extensively use arguments and notations introduced in [2]: For

every normal measure on κ, U ∈ V , we will define a measure U∗ ∈ V [G] which extends U . It will
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turn out that U∗ is normal if and only if o(U) = 0. Let U× be the normal measure below U∗ in

the Rudin-Keisler order. We will prove that every normal measure on κ in V [G] has the form U×

for some U ∈ V .

We prove theorem 3.1.1 by induction. Thus, we assume in this section that for every ξ < κ, the

measure Wξ used to singularize ξ, already has the form U×
ξ for some normal measure Uξ ∈ V on ξ.

Remark 3.3.1. In [2], as in other applications of the Magidor iteration, it was assumed that the

measures 〈Wξ : ξ ∈ ∆〉, which were used to singularize the measurables of ∆, are all derived from

normal measures of Mitchell order 0 (in the sense that, for every ξ ∈ ∆, there exists Uξ ∈ V of

order 0, such that Wξ = U∗
ξ ). We do not assume this in the current paper. Each measure Wξ

has, by induction, the form U×
ξ for some normal measure Uξ ∈ V , but Uξ does not necessarily has

Mitchell order 0.

We start by extending every normal measure U ∈ V on κ, to a measure U∗ ∈ V [G]. For every

Pκ-name A∼ for a subset of κ, (A∼)G ∈ U∗ if and only if, for some p ∈ G,

{ξ < κ : p−ξ 
 ξ̌ ∈ A∼} ∈ U

or simply (jU (p))
−κ 
 κ̌ ∈ jU (A∼) in MU .

Lemma 3.3.2. U∗ is a measure on κ in V [G] which extends U . Moreover, U∗ is normal if and

only if U has Mitchell order 0 in V .

Proof. It’s not hard to verify that U∗ is a filter which extends U . Let us prove that it is a κ-complete

ultrafilter. Assume that 〈A∼ξ : ξ < δ〉 is forced by a condition p ∈ G to be a partition of κ, for some

δ < κ. Assume that q is an arbitrary condition above p. For every α ∈ (δ, κ), consider the Pα-name

for the following set e(α), which is forced by q �α to be ≤∗-dense open above q \ α,

e(α) = {r ≥∗ q \ α : ∃ξ∗ < δ, r 
 α̌ ∈ A∼ξ∗}

by lemma 3.2.3, there exists p∗ ∈ G above p, such that for every α ∈ (δ, κ),

p∗ �α
 ∃ξ∗ < δ, (p∗ \ α)−α 
 α̌ ∈ A∼ξ

and thus–

p∗ 
 ∃ξ∗ < δ, (jU (p∗))
−κ \ κ 
 κ̌ ∈ jU (A∼ξ∗)
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by extending p∗ to a stronger condition in G, we can assume that p∗ decides the value of ξ∗, and

so, for some ξ∗ < κ,

(jU (p∗))
−κ 
 κ̌ ∈ jU (A∼ξ∗)

as desired.

Let us assume that U has Mitchell order 0. Let f∼ be a Pκ-name for a regressive function, as

forced by some p ∈ G. We use a similar argument as before, but now e(α) is defined for every

non-measurable α, to be the name for the following set, which is forced by any extension of p �α to

be ≤∗-dense open above p \ α:

e(α) = {r ∈ P \ α : ∃ξ∗ < α, r 
 f∼ (α) = ξ∗}

where we used the fact that α is not measurable, and thus 〈P \α,≤∗〉 is more than α-closed. Thus,

there exists p∗ ∈ G such that-

p∗ 
 ∃ξ∗ < κ, (jU (p
∗) \ κ)−κ 
 jU (f∼) (κ) = ξ∗

By extending p∗ to a condition in G, we can assume that p∗ decides the value of ξ∗. Thus,

{ξ < κ : f(ξ) = ξ∗} ∈ U∗, as desired.

Finally, assume that U∗ is normal. Let jU∗ : V [G] → M [H] be the ultrapower embedding. Note

that κ is not measurable in M , since, else, κ would have been singular in M [H], and therefore also

in V [G]. Thus,

κ ∈ jU∗ ({ξ < κ : ξ is not measurable in V })

and thus U = U∗ ∩ V concentrates on non-measurables.

Let us define the measure U× ∈ V [G].

Definition 3.3.3. Assume that U ∈ V is a normal measure on κ. If U has Mitchell order 0, define

U× = U∗. Assume otherwise. Let d : ∆ → κ be the function which maps every measurable cardinal

of V to the first element in its Prikry sequence in V [G]. Set–

U× = d∗ (U
∗) = {A ⊆ κ : d−1 [A] ∈ U∗}

We will prove that whenever U∗ is non-normal, namely, ∆ ∈ U∗, d projects U∗ to the normal

measure below it in the Rudin-Keisler order; this projected measure is U× defined above.
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Lemma 3.3.4. Let U be a normal measure on κ in V . Then U× is a normal measure on κ in

V [G].

Proof. We can assume that U has Mitchell order > 0. It suffices to prove that [d]U∗ = κ.

First, note that for every x < κ, d−1{x} is finite. Indeed, given an arbitrary condition p ∈ Pκ,

let b ⊆ κ be the finite set such for every ξ ∈ κ \ b, p �ξ≥∗ 0Qξ
. For every such ξ, let p∗ ≥∗ p be

such that x is removed from every measure one set. Then p∗ forces that d−1{x} is finite, and since

p was arbitrary, this indeed holds in V [G].

This shows that [d]W∗ ≥ κ. Assume that f ∈ V [G] is a function in V [G] such that, for every

ξ ∈ ∆, f(ξ) < d(ξ). Let p be a condition which forces this. Assume that q ≥ p is arbitrary, and let

ξ0 be an ordinal which such that for every ξ > ξ0, q �ξ
 q(ξ) ≥∗ 0Q∼ξ
. For every ξ ∈ ∆ above ξ0,

we describe a name for a subset of P \ ξ which is forced by q �ξ to be ≤∗ dense open subset of P \ ξ

above q \ ξ,

e(ξ) = {r ≥ q \ ξ : there exists γ < ξ such that r \ ξ 
 f∼ (ξ) = γ}

The density follows since every name for an ordinal below the first element for a Prikry sequence

can be decided by a direct extension.

By fusion, there exists p∗ ∈ G above p such that–

p∗ 
 ∃γ < κ, (jU (p) \ κ)−κ 
 jU (f∼) (κ) = γ̌

and by extending p∗ to a condition in G, we can assume that it decides the value of γ < κ. So

(jU (p
∗))

−κ 
 jU (f∼) (κ) = γ̌, and thus, in V [G], [f ]U∗ = γ < κ, as desired.

Claim 3.3.5. Let U ∈ V be a normal measure on κ. The following are equivalent:

1. U has Mitchell order 0 in V .

2. U× = U∗.

3. d′′∆ /∈ U×.

Proof. Clearly 1 implies 2 by the definition of U×.

Assume 2. If d′′∆ ∈ U× then d′′∆ ∈ U∗, and thus, there exists p ∈ G such that–

(jU (p))
−κ 
 κ̌ ∈ jU (d∼

′′∆)

73



but this cannot happen, since (jU (p))
−κ forces that κ does not appear as an element in any of the

Prikry sequences.

Finally, if U has Mitchell order higher than 0 in V , then ∆ ∈ U and thus ∆ ∈ U∗. Therefore,

d′′∆ ∈ U×.

Lemma 3.3.6. Let U be a normal measure on κ in V with o(U) > 0. Let jU∗ : V [G] → M [H] be the

ultrapower embedding of U∗. Then [Id]U∗ is measurable in M , and κ appears as a first element in its

Prikry sequence in M [H]. [Id]U∗ is maximal with this property, namely, for every measurable above

[Id]U∗ , κ does not appear in its Prikry sequence. Furthermore, for every µ > [Id]U∗ measurable in

M , d (µ) > [Id]U∗ .

Proof. Since ∆ ∈ U ⊆ U∗, [Id]U∗ is measurable in M . But–

κ = [d]U∗ = jU∗ (d) ([Id]U∗)

so κ appears first in the Prikry sequence of [Id]U∗ in M [H].

Finally, fix any condition p ∈ G. Then–

(jU (p))
−κ 
 for every µ ∈ jU (∆) \ (κ+ 1) , jU (d∼)(µ) > κ

In particular, {ξ < κ : for every µ ∈ ∆ \ (ξ + 1) , d(µ) > ξ} ∈ U∗. Thus, for every measurable

µ > [Id]U∗ , d(µ) > [Id]U∗ .

Let us assume now that W is an arbitrary normal measure on κ in V [G]. Our goal will be

to prove that W = U× for some normal measure U ∈ V . Denote by jW : V [G] → M [H] the

ultrapower embedding of W over V [G]. We start with the following observation:

Claim 3.3.7. Let W be a normal measure on κ in V [G]. Then–

κ \
⋃
α∈∆

(d(α), α] ∈ W

Proof. 1 Assume otherwise. Then X =
⋃

α∈∆ (d(α), α] ∈ W . We argue that there exists a regressive

function f : X → κ which is not constant modulo W (this is a contradiction, since W ∈ V [G] is

normal, and hence all the sets in W are stationary in κ). Indeed, for every η ∈ X, let αη ∈ ∆ be

the first α such that η ∈ (d (α) , α]. Then define f(η) = d (αη). f is not constant modulo W since

otherwise there exists ξ < κ with d−1{ξ} infinite.
1The proof presented here was offered by Omer Ben-Neria, and is a major simplification of the original argument.
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Remark 3.3.8. W ∩ V is a normal measure in V of Mitchell order 0. Indeed, by corollay 3.2.7,

W ∩ V ∈ V . Clearly W ∩ V is normal in V . Finally, note that ∆ /∈ W ∩ V , namely κ /∈ jW (∆).

Otherwise, κ was measurable in M , and thus singular in M [H] ⊆ V [G]. But κ is regular in V [G],

a contradiction.

Let us assume, by induction, that for every measurable µ < κ, the normal measures on µ in

V Pµ have the form U× for some normal measure U on µ in V . From the previous remark, we can

assume also that every such U× concentrates on non-measurables of V below µ.

Definition 3.3.9. Let W ∈ V [G] be a normal measure on κ. We now define a normal measure

W ∗ ∈ V [G] on κ. If d′′∆ /∈ W , take W ∗ = W . Assume otherwise. For every δ < κ, the set d−1{δ}

is finite (see the proof of lemma 3.3.4). Define a set ∆∗ ⊆ ∆,

∆∗ = {ξ ∈ ∆: ξ = max d−1{d (ξ)}}

∆∗ is an unbounded subset of ∆, on which d is injective. Let–

W ∗ = {X ⊆ κ : d′′ (X ∩∆∗) ∈ W}

W ∗ is a non-trivial, κ-complete ultrafilter on κ.

Let us review some of the properties of W ∗ in the case where d′′∆ ∈ W . Clearly ∆,∆∗ ∈ W ∗. d

is a Rudin-Keisler projection of W ∗ onto W , and is injective on ∆∗ ∈ W ∗. Therefore W ≡RK W ∗,

and in particular jW = jW∗ , namely W,W ∗ have the same ultrapower embedding from V [G] to

M [H]. In M [H], κ = [d]W∗ = jW∗(d) ([Id]W∗), namely κ is the first element in the Prikry sequence

of [Id]W∗ . Finally, ∆∗ ∈ W ∗, and thus–

[Id]W∗ = max jW∗(d)−1{κ}

so κ does not appear as first element in the Prikry sequence of any measurable above [Id]W∗ .

Lemma 3.3.10. W ∗ ∩ V ∈ V is a normal measure on κ in V .

Proof. By corollary 3.2.7, W ∗ ∩ V ∈ V . If d′′∆ /∈ W , then W ∗ = W is normal, and so is W ∗ ∩ V .

Let us assume that d′′∆ ∈ W . Assume that f ∈ V and {ξ < κ : f(ξ) < ξ} ∈ W ∗ ∩ V . Denote this

set by A and assume that A ⊆ ∆ (else, intersect).
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For every p ∈ Pκ, there exists a direct extension p∗ ≥∗ p and a finite subset b ⊆ κ such that, for

every ξ ∈ A \ b,

p∗ �ξ
 A∼
p∗

ξ ⊆ ξ \ (f(ξ) + 1) and tp
∗

ξ = 〈〉

thus, there exists such b ⊆ κ and p∗ ∈ G. Then p∗ forces that for every ξ ∈ A \ b, f(ξ) < d(ξ). But

A ∈ W ∗, and thus A \ b ∈ W ∗, so, in M [H], [f ]W∗ < [d]W∗ = d ([Id]W∗) = κ. Therefore, there

exists β < κ such that–

{ξ < κ : f(ξ) = β} ∈ W ∗

but this set belongs to V (since f ∈ V ), and thus–

{ξ < κ : f(ξ) = β} ∈ W ∗ ∩ V

as desired.

Remark 3.3.11. Given a normal measure on κ, W ∈ V [G], we abuse the notation and denote by

d the function jW (d) : jW (∆) → κ. Similarly, given a normal measure U ∈ V on κ, we use d∼ to

denote the jU (P )-name jU (d∼).

Lemma 3.3.12. Let p ∈ G be a condition. Then (jW (p))
−[Id]W∗ ∈ H. In particular, if d′′∆ /∈ W ,

Then jW (p)−κ ∈ H.

Proof. jW (p) ∈ H since p ∈ G. In order to prove that (jW (p))
−[Id]W∗ ∈ H, it suffices to prove that

ordinals ≤ [Id]W∗ do not appear in Prikry sequences of measurables above [Id]W∗ in M [H].

Clearly, for every µ > [Id]W∗ , d(µ) ≥ κ. Otherwise, there exist α < κ and A ∈ W ∗ such that

for every ξ ∈ A, there is some µ(ξ) > ξ with d (µ(ξ)) = α. In particular, d−1{α} is infinite, a

contradiction.

Let us argue now that for every µ > [Id]W∗ , d(µ) > κ. If d′′∆ /∈ W this is clear, since κ does

not belong to the image of d in M [H]. Thus, let us take care of the case where d′′∆ ∈ W . In this

case, recall that in M [H], [Id]W∗ = max d−1{κ}. Thus, for every µ > [Id]W∗ , d(µ) 6= κ.

Finally, let us argue that for every µ > [Id]W∗ , d(µ) > [Id]W∗ . It suffices to prove that for every

such µ, d(µ) /∈ (κ, [Id]W∗ ]. If d′′∆ /∈ W this is clear, since in this case W ∗ = W and [Id]W∗ = κ.

Let us assume that d′′∆ ∈ W . We claim that in V [G], there exists a finite set b ⊆ κ such that for

every measurable µ > sup(b),

d(µ) /∈
⋃

ξ∈∆∩µ

(d(ξ), ξ]
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We prove this by a density argument. Fix a condition p ∈ Pκ. Let b ⊆ κ be the set of coordinates

such that for every µ > sup(b), p �µ
 p(µ) ≥∗ 0. We extend p to p∗ ≥∗ p such that, for every

measurable µ > sup(b),

p∗ �µ
 d∼(µ) /∈
⋃

ξ∈∆∩µ

(d(ξ), ξ]

this is possible since, by the induction hypothesis, the weakest condition in Pµ forces that–⋃
ξ∈∆∩µ

(d(ξ), ξ]

does not belong to any normal measure in V Pµ . Pick such p∗ ∈ G. Then in V [G], for every

µ > sup(b),

d(µ) /∈
⋃

ξ∈∆∩µ

(d(ξ), ξ]

This is true for every µ ∈ ∆ \ sup(b) ∈ W ∗. Thus, in M [H], for every µ > [Id]W∗ , d (µ) /∈

(κ, [Id]W∗ ].

Proof of Theorem 3.1.1. Let W ∈ V [G] be a normal measure on κ. Let U = W ∗ ∩ V . Let

k : MU → M be the embedding which satisfies, for every f ∈ V ,

k ([f ]U ) = [f ]W∗

It’s not hard to verify that k is elementary and jW �V = jW∗ �V = k ◦ jU . Moreover, crit (k) > κ

if and only if d′′∆ /∈ W : Indeed, if d′′∆ /∈ W then W ∗ = W is normal and thus k (κ) = κ, and if

d′′∆ ∈ W then κ = [d]W∗ < [Id]W∗ = k ([Id]U ) = k (κ).

Let us argue now that W = U×.

Assume first that d′′∆ /∈ W . Then Definition 3.3.9, W ∗ = W , and by Remark 3.3.8, U has

Mitchell order 0. We argue that W = U× = U∗. It suffices to prove that U∗ ⊆ W . Let X ∈ U∗,

and assume that X∼ ∈ V is a Pκ-name such that (X∼)G = X. Then for some p ∈ G,

(jU (p))
−κ 
 κ̌ ∈ jU (X∼)

By applying k : MU → M ,

(jW (p))
−κ 
 κ̌ ∈ jW (X∼)

where we used that fact that k (κ) = κ. Since p ∈ G and d′′∆ /∈ W , (jW (p))
−κ ∈ H, and thus, in

M [H], κ ∈ jW (X), as desired.
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Assume now that d′′∆ ∈ W . Then ∆ ∈ W ∗ and thus o (U) > 0. In this case, k (κ) = [Id]W∗ > κ.

Let us prove that W = U×. Since both are ultrafilters in V [G], it suffices to prove that U× ⊆ W .

Assume that X ∈ U×, and let X∼ ∈ V be such that (X∼)G = X. Let p ∈ G be a condition such that–

(jU (p))
−κ 
 κ̌ ∈ jU

(
d∼
−1X∼

)
By applying k : MU → M ,

(jW (p))
−[Id]W∗ 
 d∼ ([Id]W∗) ∈ jW (X∼)

but (jW (p))
−[Id]W∗ ∈ H by lemma 3.3.12, and thus, in M [H],

κ = d ([Id]W∗) ∈ (jW (X∼))H = jW (X)

so X ∈ W , as desired.

Finally, assume that U 6= U ′ are normal measures in V . If both have Mitchell order 0, then U∗ 6=

U ′∗ and thus U× 6= U ′×. If exactly one of them, say U , has Mitchell order 0, then d′′∆ ∈ U ′× \U×.

Thus, let us consider the case where both have Mitchell order higher than 0. Let A ∈ U , B ∈ U ′ be

disjoint sets. In V [G], let A∗ = A∩∆∗ ∈ U∗, B∗ = B ∩∆∗ ∈ U ′∗. Then d′′A∗ ∈ U×, d′′B∗ ∈ U ′×,

and d′′A∗ ∩ d′′B∗ = ∅ since d is injective on ∆∗. Thus U× 6= U ′×.

The embedding k : MU → M from the above proof will be used in the next sections to analyze

the structure of jW �V . For now, let us note that crit(k) = κ if and only if d′′∆ /∈ W .

3.4 The Structure of jW �V

Given a normal measure W ∈ V [G] on κ, let jW : V [G] → M [H] be the ultrapower embedding,

and let U ∈ V be a normal measure on κ such that W = U×. Our main goal in this section will be

to factor jW �V to an iterated ultrapower of V .

We divide this section to several subsections. In the first subsection, we isolate a natural number

m < ω and a sequence U0 C U1 C . . . C Um = U of measures on κ in V . In the second subsection,

we describe in detail the structure of jW �V and sketch the main steps in the proof. We will also

demonstrate the structure of jW �V in several simple cases. In the third subsection, we develop a

generalization of the Fusion lemma. This generalization will be applied in the fourth subsection,

where we complete the proof of theorem 3.1.2, provide a sufficient condition for the definability of
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jW �V in V , and describe the Prikry sequences added by H for measurables of M above κ. For

instance, we will prove that each measure U j , for 0 ≤ j < m, is iterated in jW �V ω-many times,

producing Prikry sequences for one of the measurables in the finite set d−1{κ}

The value of m < ω and the exact measures participating in the sequence U0 C U1 C . . . C

Um = U depend on W and on the measures in the sequence 〈Wξ : ξ ∈ ∆〉 ∈ V [G], namely the

measures used in G to singularize the measurables of ∆. For every ξ ∈ ∆, denote by Uξ ∈ V the

measure on ξ such that Wξ = U×
ξ . By induction, for every ξ ∈ ∆ there exists a natural number mξ

and a sequence U0
ξ C . . . C U

mξ−1
ξ C U

mξ

ξ = Uξ of normal measures on ξ in V . The identity of the

measures 〈U i
ξ : ξ ∈ ∆, j ≤ mξ〉 determines the measures participating in the iteration of jW �V ,

and whether or not this iteration is definable in V .

3.4.1 The System U0 C U1 C . . . C Um Associated with W

Denote m = m(W ) =
∣∣d−1{κ}

∣∣ as computed in M [H]. Namely, m(W ) < ω is the number of

occurrences of κ as a first element in Prikry sequences added to measurables in M . Possibly

m(W ) = 0, in the case where d′′∆ /∈ W . Define, for every i ≥ 1, the set ∆i ⊆ ∆:

∆i ={ξ ∈ ∆:
∣∣ξ ∩ d−1{d(ξ)}

∣∣ = i− 1} =

{ξ ∈ ∆: ξ is the i-th element in d−1{d(ξ)}}

For i = 0, let ∆0 = κ \ ∆, the set of non-measurables below κ. We state some straightforward

properties:

Claim 3.4.1.

1. {ξ < κ : ξ appears as first element in m Prikry sequences below κ} ∈ W .

2. For all but finitely many ξ ∈ ∆, if m (Wξ) = i − 1 for some 1 ≤ i < ω, then ξ is the i-th

element in d−1{d(ξ)}.

3. d′′∆1 ⊇ d′′∆2 ⊇ . . . ⊇ d′′∆n ⊇ . . . (n < ω).

4. m is the maximal index such that d′′∆m ∈ W .

Note that d is injective on each of the sets ∆i. Let us define, for every 1 ≤ i ≤ m, a measure

W i as follows:

W i = {X ⊆ κ : d′′ (X ∩∆i) ∈ W}
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In particular, Wm is the measure W ∗ defined in the previous section. Since d is injective on each

set ∆i,

W ≡RK W 1 ≡RK W 2 ≡RK . . . ≡RK Wm = W ∗

For every 1 ≤ i 6= j ≤ m , let πi,j : ∆i → ∆j be the function which maps each ξ ∈ ∆i to the j-th

element in d−1(d (ξ)) (which typically exists. if not, set πi,j(ξ) = 0). Then πi,j , which projects W i

onto W j , is injective on the set–

{ξ ∈ ∆i :
∣∣d−1 (d(ξ))

∣∣ = m} ∈ W i

Finally, denote, for every 1 ≤ i ≤ m, U i = W i ∩ V ∈ V , and note that U = Um.

For sake of completeness, let us denote W 0 = W and U0 = W∩V . By remark 3.3.8, U0 concentrates

on ∆0 = κ \∆. We begin by studying the properties of U0.

Lemma 3.4.2. U0 E U is a normal measure of Mitchell order 0 in V . U0 = U if and only

if U already has Mitchell order 0 in V . Finally, if U has Mitchell order above 0 in V , then

U0 = {A ⊆ κ : κ ∈ k (A)} ∩MU .

We will need the following claim:

Claim 3.4.3. Let U ∈ V be a measure on κ. Then MU [G] and V [G] have the same subsets of κ.

Proof. First let us assume that U concentrates on non-measurables. We will then adjust the proof

to the other case. Assume that A∼ ∈ V is a P -name for a subset of κ. For every non-measurable

α < κ, let e(α) be the ≤∗-dense open subset of P \ α which decides the value of A∼ ∩ α over V Pα .

By lemma 3.2.3, there exists p ∈ G such that for every non-measurable α < κ,

p �α
 (p \ α)−α ∈ e(α)

For every such α, let A∼α ∈ Vκ be a Pα-name such that–

p �α
 p \ α 
 A∼ ∩ α = A∼α

The sequence 〈A∼α : α < κ〉 belongs to MU . Thus, A = (A∼)G ∈ MU [G], since–

A =
⋃
α<κ

(A∼α)Gα
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We now adjust the proof for the case where ∆ ∈ U . We apply Fusion as before. For every

α ∈ ∆, let–

e(α) = {r ∈ P \ α : ∃B ⊆ α, r 
 A∼ ∩ d∼(α) = B ∩ d∼(α)}

Before proving that e(α) is indeed ≤∗-dense open, let us argue that this suffices. By Fusion, there

exists p ∈ G, and, for every α ∈ ∆, a Pα-name B∼α for a subset of α, such that for each such α,

p �α
 (p \ α)−α 
 A∼ ∩ d∼(α) = B∼α ∩ d∼(α)

By closure under κ-sequences, the sequence 〈B∼α : α ∈ ∆〉 belongs to MU . Therefore, in MU [G], A

can be constructed as follows:

A =
⋃
α∈∆

(
(B∼α)Gα

∩ d(α)
)

Let us prove now that e(α) is ≤∗-dense open. Pick r ∈ P \α. For every ν ∈ A∼
r
α, let Xν ∈ Wα = U×

α ,

Bν ⊆ ν and sν ≥∗ r \ (ν + 1) be such that–

〈 t∼
r
α
_〈ν〉, Xν〉_sν 
 A∼ ∩ ν = Bν

This can be done since the direct extension order of P \ α is more than ν-closed. Now let B =

[ν 7→ Bν ]Wα
. Pick X ∈ Wα such that for every ν ∈ X, B ∩ ν = Bν .

Now direct extend r as follows: shrink A∼
r
α such that it is contained in X ∩ (4ν<αXν). Then,

direct extend r\(α+ 1) to be sd(α). Let r∗ ≥∗ r be the condition obtained this way. Then r∗ ∈ e(α)

and this is witnessed by the set B ⊆ α.

Proof of Lemma 3.4.2. If U has Mitchell order 0 in V , then W = U× = U∗ and thus U0 = W ∩V =

U . Let us assume that U has Mitchell order higher than 0, namely ∆ ∈ U .

We provide a definition of U0 which is different from the definition U0 = W ∩ V as in the

statement of the lemma. From the definition we provide, it will be simple to see that U0 ∈ MU .

After that, we will prove that indeed U0 = W ∩ V .

In V [G], define for every α ∈ ∆, U0
α = Wα ∩ V ∈ V . In V , let U∼

0 = jU
(
〈U∼

0
α : α ∈ ∆〉

)
(κ).

This is a jU (P ) �κ= P -name for a normal measure of Mitchell order 0 which belongs to MU . Let

U0 =
(
U∼

0
)
G
∈ MU . Then U0 ∈ V is a normal measure on κ of Mitchell order 0. Since U0 C U , it

suffices to prove that U0 = W ∩ V . Assume that A ∈ U0 holds, and consider this as a statement in

MU [G]. For some p ∈ G,

p 
 Ǎ ∈ jU
(
〈U∼

0
α : α ∈ ∆〉

)
(κ)
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Let α 7→ A(α) be a function in V which represents A in MU . Then we can assume that for every

α ∈ ∆,

p �α
 Ǎ(α) ∈ U∼
0
α ⊆ U×

α

By lemma 3.2.3, there exists p∗ ≥∗ p such that, for all but finitely α ∈ ∆,

(p∗)
−α 
 d∼(α) ∈ Ǎ(α)

where d(α) is the first element in the Prikry sequence of α. Thus,

(jU (p
∗))

−κ 
 κ̌ ∈ jU
(
d∼
−1
(
Ǎ
))

and thus d−1 (A) ∈ U∗ in V [G]. Therefore,

d′′
(
d−1A

)
∈ U× = W

so A ∈ W , as desired.

Finally, let us assume that ∆ ∈ U and argue that U0 = {A ⊆ κ : κ ∈ k (A)} ∩MU . Since both

are ultrafilters in MU , it suffices to prove that U0 ⊆ {A ⊆ κ : κ ∈ k (A)} ∩MU .

Let A ∈ U0 be a set, and assume that ξ 7→ A(ξ) is a function in V such that [ξ 7→ A (ξ)]U = A.

Assume that p ∈ G forces that A ∈ U∼
0. We can assume that for every ξ < κ, p �ξ
 A (ξ) ∈ U0

ξ ,

and in particular, p �ξ
 A (ξ) ∈ U×
ξ .

Given any extension q ≥ p in Pκ, there exists p∗ ≥∗ p and a finite subset b ⊆ κ such that, for

every ξ ∈ ∆ \ b,

p∗ �ξ
 A∼
p∗

ξ ⊆ A(ξ) and tp
∗

ξ = 〈〉

and thus, there exists such p∗ ∈ G. Since ∆ \ b ∈ W ∗ and jW∗(p) ∈ H, it follows that, in M [H],

κ = d([Id]W∗) ∈ [ξ 7→ Aξ]W∗ = k (A)

as desired.

Lemma 3.4.4. For every 1 ≤ i ≤ m, U i is normal and has Mitchell order higher than 0. Further-

more,

U0 = U0 C U1 C U2 C . . . C Um = U
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Proof. The proof that each U i is normal is identical to 3.3.10, and essentially follows from the fact

that d projects each W i onto W .

For i ≥ 1, each U i has Mitchell order above 0: otherwise, κ\∆ ∈ U i ⊆ W i, and this contradicts

the fact that ∆i ∈ W i is disjoint from κ \∆.

Let us prove that for every 1 ≤ i < m, U i C U i+1. Work in V [G]. For every ξ < κ, let U×
ξ be

the normal measure used at stage ξ in the iteration. We define an ultrafilter U i
ξ: if U×

ξ concentrates

on d′′ (∆i ∩ ξ), set U∼
i
ξ to be the ultrafilter which concentrates on ∆i ∩ ξ and is projected via d onto

U×
ξ . Else, set U i

ξ = U∗
ξ .

Let U∼
i ∈ V be the sequence of names for the measures U i

ξ defined above. Consider in MUi+1

the Pκ-name jUi+1

(
U∼

i
)
(κ), and let–

F =
(
jUi+1

(
U∼

i
)
(κ)
)
G
∩MUi+1 ∈ MUi+1

F is a normal measure on κ which belongs to MUi+1 . Thus, it suffices to prove that F = U i.

Pick X ∈ F . Let p ∈ G be a condition such that p 
 X ∈ jUi+1

(
U∼

i
)
(κ), namely–

{ξ ∈ ∆: p �ξ
 X ∩ ξ ∈ U i
ξ} ∈ U i+1

we would like to argue that U i
ξ in the above equation is the measure which concentrates on ∆i and

is projected via d onto U×
ξ . This requires to have–

{ξ ∈ ∆: p �ξ
 d′′ (∆i ∩ ξ) ∈ U×
ξ } ∈ U i+1

Let us argue that p can be extended inside G such that this holds. Work over MUi+1 , and extend

p in G such that–

p ‖ ∆i ∈ jUi+1

(
U∼

×) (κ)
It’s enough to argue that p decides the above statement in a positive way. Assume otherwise. Then–

{ξ < κ : p �ξ
 ∆i ∩ ξ /∈ U×
ξ } ∈ U i+1 ⊆ W i+1

For every ξ in the above set (but finitely many), d(ξ) /∈ d′′∆i. In particular, W i+1 concentrates on

such ξ-s, and thus in M [H], κ /∈ d′′∆i, which is a contradiction.

Thus we can assume that p ∈ G and–

{ξ ∈ ∆: p �ξ
 d′′ (X ∩∆i ∩ ξ) ∈ U×
ξ } ∈ U i+1
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Therefore,

{ξ ∈ ∆: p 
 d(ξ) ∈ d′′ (X ∩∆i ∩ ξ)} ∈ U i+1

and thus, in V [G],

{ξ ∈ ∆: d(ξ) ∈ d′′ (X ∩∆i)} ∈ W i+1

so–

d′′{ξ ∈ ∆: d(ξ) ∈ d′′ (X ∩∆i)} ∈ W

so d′′ (X ∩∆i) ∈ W , and in particular, X ∈ W i. So X ∈ U i = W i ∩ V .

Finally, let us argue that U0 C U1. Consider in MU1 the name jU1 (U∼
×) (κ), and let F ∈ MU1

be its value with respect to the generic G. It suffices to prove that F = U0. given X ∈ F , there

exists p ∈ G such that–

{ξ ∈ ∆: p �ξ
 X ∩ ξ ∈ U×
ξ } ∈ U1

In V [G],

{ξ ∈ ∆: d(ξ) ∈ X} ∈ W 1

Recall that W 1 ≡RK W , and thus in M [H],

d ([Id]W 1) ∈ jW 1(X) = jW (X) = k (jU (X))

where k : MU → M is the embedding which satisfies k ([f ]U ) = [f ]W∗ . Recall that crit(k) = κ, and

thus κ ∈ k (κ ∩ jU (X)) = k(X). In particular, X ∈ U0.

Remark 3.4.5. Denote 〈µ∗1
0 , . . . , µ∗m

0 〉 = d−1{κ} = 〈[Id]W 1 , . . . , [Id]W∗〉. Then for every 1 ≤ i ≤

m− 1, U i = {X ⊆ κ : µ∗i
0 ∈ k(X)}. Indeed, assume that X ⊆ κ and µ∗i

0 ∈ k(X) = k (jU (X) ∩ κ) =

jW∗(X)∩ [Id]W∗ . Since W i and W ∗ are Rudin-Keisler equivalent and µ∗i
0 = [Id]W i , it follows that

X ∈ W i. Therefore X ∈ U i.

In MU , we can derive a measure on [κ]
m using k as follows:

E0 = {X ⊆ [κ]
m

: 〈κ, µ∗1
0 , . . . , µ∗m−1

0 〉 ∈ k(X)}

Corollary 3.4.6. E0 ∈ MU is the product measure U0 × . . . × Um−1 on [κ]
m, namely, for every

X ⊆ [κ]
m, X ∈ E0 of and only if–

{ν0 < κ : {ν1 < κ : . . . {νm−1 < κ : 〈ν0, . . . , νm−1〉 ∈ X} ∈ Um−1 . . .} ∈ U1} ∈ U0
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Proof. It suffices to prove that for each X ⊆ [κ]
m, X ∈ U0 × . . . × Um−1 implies that X ∈ E0.

Indeed, given X in the product measure, there are sets X0 ∈ U0, . . . , Xm−1 ∈ Um−1 such that–

(X0 × . . .×Xm−1) ∩ [κ]
m ⊆ X

By Remark 3.4.5, it follows that–

〈µ∗1
0 , . . . , µ∗m

0 〉 ∈ k (X0)× . . .× k (Xm−1) ⊆ k(X)

as desired.

Ult (MU , E0) is isomorphic to the finite iterated ultrapower of V , with decreasing order, with

U0 C U1 C . . . C Um−1 C Um.

3.4.2 Description of the Iteration

Assume that W ∈ V [G] is a normal measure on κ. Let U ∈ V be a normal measure such that

W = U×. Denote κ∗ = jW (κ) (we will later prove that κ∗ = jU (κ)). Let jW : V [G] → M [H] be

the ultrapower embedding. We work by induction on α ≤ κ∗ and define an iterated ultrapower

〈Mα : α ≤ κ∗〉. We define as well, for every α < κ∗,

1. Elementary embeddings jα : V → Mα and kα : Mα → M , such that jW �V = kα ◦ jα.

2. The ordinal µα = crit (kα), which will turn out to be measurable in Mα.

3. A natural number 1 ≤ mα < ω, and a sequence of normal measures on µα,

U0
µα

C . . . C Umα−1
µα

each of them belong to Mα. We also denote by Eα be the measure on [µα]
mα defined by taking

product of the above measures, namely, a set X ⊆ [µα]
mα belongs to Eα if and only if–

{νmα−1 < µα : {. . . {ν0 < µα : 〈ν0, . . . , νmα−1 ∈ X〉} ∈ Umα−1
µα

. . .}} ∈ U0
µα

Possibly mα = 1 and then Eα = U0
µα

.

Let us demonstrate the first two steps in jW �V . Recall the system W ∩ V = U0 C U1 C . . . C

Um = U . First, let M0 = Ult (V,U) = Ult (V,Um). Let k0 : M0 → M be the embedding which

satisfies, for every f ∈ V ,

k0 ([f ]U ) = [f ]W∗
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k0 is elementary since U ⊆ W ∗; furthermore, µ0 = crit (k0) = κ. Assuming that m =
∣∣jW (d)−1{κ}

∣∣ ≥
1, it turns out that m0 = m and U j

µ0
= U j for every j ≤ m − 1. Thus, E0 is the product measure

U0 × . . .×Um−1 (as defined in the previous subsection). We will then define M1 = Ult (M0, E0). If

m = 0, µ0 = crit (k0) is the first measurable above κ in M0, m0 = 1 and E0 = U0
µ0

.

The iteration 〈Mα : α ≤ κ∗〉 is continuous, namely, for every limit α ≤ κ∗, Mα is the direct limit

of 〈Mβ : β < α〉. At successor steps, Mα+1 = Ult (Mα, Eα).

For simplicity, we denote the sequence [Id]Eα
by [Id]α. Arguing by induction, every element in

Mα has the form–

jα (f)
(
j1,α (κ) , jα0+1,α

(
[Id]α0

)
, . . . , jαk+1,α

(
[Id]αk

))
(3.1)

for some f ∈ V and α0 < . . . < αk < α.

Remark 3.4.7. Mα+1 = Ult (Mα, Eα) can be viewed as iteration of length mα of Mα, in the

following sense: denote–

Mmα−1
α = Ult

(
Mα, U

mα−1
µα

)
Mmα−2

α = Ult
(
Mmα

µα
, Umα−2

µα

)
etc., up to–

M0
α = Ult

(
M1

α, U
0
µα

)
and take Mα+1 = M0

α. Denote–

µ1
α = jU0

µα
(µα) , µ2

α = jU1
µα

(µα) , . . . , µmα−1
α = jUmα−2

µα
(µα)

Then each element in Mα+1 has the form–

jα,α+1(f)
(
µα, µ

1
α, . . . , µ

mα−1
α

)
for some f ∈ V , and can be identified with [f ]Eα

. In particular, if Id : [κ]
mα → V is the identity

function, then–

[Id]Eα
= 〈µα, µ

1
α, . . . , µ

mα−1
α 〉

Before we proceed, we would like to present several examples in the case where the Mitchell

order is linear in V .

Example 1: Assume that the Mitchell order on each measurable is linear in V . For every α ∈ ∆,

let Uα,0 be the unique measure on α of order 0. Let P = Pκ be the Magidor iteration, where, for
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each α ∈ ∆, the measure U∗
α,0 = U×

α,0 is taken to be Wα. In V [G], consider W = U∗
κ,0 = U×

κ,0. In

this case, d′′∆ /∈ W , m(W ) = 0 and jW �V is an iterated ultrapower of V , starting with Uκ,0. After

this step κ is no longer measurable. Let α < κ∗ = jUκ,0
(κ). In Mα, µα is the least measurable

≥ sup{µβ : β < α} with cofinality above κ in V , and Mα+1 = Ult
(
Mα, U

Mα
µα,0

)
is the ultrapower

with the unique measure of order 0 on µα in Mα.

Example 2: Assume the same settings as in the previous example, but now W = U× for

arbitrary U of order higher than 0 (below κ we still assume that measures of order 0 are used). We

argue that now, m = m(W ) = 1. First, since o(U) > 0, d′′∆ ∈ W , and thus d−1{κ} 6= ∅ in M [H].

So m ≥ 1. In order to prove that m = 1, it suffices to prove that the following property holds in

V [G]: There exists a finite subset b ⊆ κ such that d is an injection on ∆ \ b. Furthermore, other

then finitely many, all the Prikry sequences G adds to measurables in ∆ are pairwise disjoint. Let

us provide the proof. For every α ∈ ∆, let Cα ⊆ α be the Prikry sequence added to α in V [G].

Then, for every α ∈ ∆, ⋃
β<α

Cβ /∈ U∗
α,0 = U×

α,0 (3.2)

since otherwise there exists p ∈ Gα such that
(
jUα,0

(p)
)−α


 α ∈
⋃

β<jUα,0
(α) C∼β ; but

(
jUα,0

(p)
)−α

forces that α cannot belong to Prikry sequences of measurables above α, a contradiction.

Now we can apply equation 3.2 in a density argument: Every condition p can be direct extended to

p∗ ≥∗ p by removing from each set A∼
p
α ∈ Wα (where α ∈ ∆) the set

⋃
β<α Cβ . Then p∗ forces that

the Prikry sequences added to measurables of ∆, aside from finitely many, are pairwise disjoint.

Thus m = 1, and the system U0 C U1 consists of Uκ,0 = U0 C U1 = U . The first step in jW �V

is Ult (V,U), and Uκ,0 is applied ω-many times to produce a Prikry sequence of critical points to

[Id]W 1 , which is the only element in d−1{κ}. For every α < κ∗, Mα+1 = Ult
(
Mα, U

Mα
µα,0

)
as in the

previous example. The main difference is that the length of the iteration, κ∗ = jW (κ) = jU (κ) is

strictly higher than jUκ,0(κ).

Example 3: Assume again linearity of the Mitchell order, but now fix in advance m < ω, and

assume as well that o(κ) = m+1, namely, the normal measures on κ are Uκ,0 C Uκ,1 C . . . C Uκ,m.

We define the iteration P = Pκ such that for every α ∈ ∆, the measure Wα is chosen as follows:

If o(α) = l + 1 for some l ≤ m, use the measure Wα = U×
α,l. In V [G], let W = U×

κ,m. We argue

that m(W ) = m. We work by induction: If m = 0, then d′′∆ /∈ W and thus m(W ) = 0. Assume

that m ≥ 1. W ∗ = U∗
κ,m concentrates on measurables α ∈ ∆ such that Wα = U×

α,m−1, and for each
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such α, m (Wα) = m − 1. So W ∗ = U∗
κ,m concentrates on measurables α ∈ ∆ such that α is the

m-th element in d−1{d(α)}, and thus m(W ) = m. By linearity of the Mitchell order, the system

U0 C . . . C Um is exactly the sequence Uκ,0 C Uκ,1 C . . . C Uκ,m. d−1{κ} = {[Id]W 1 , . . . , [Id]Wm}

contains exactly m elements, and each [Id]W i (where 1 ≤ i ≤ m) has Prikry sequence in M [H]

which is generated by iterating the measure Uκ,i−1 ω-many times.

We would like to define the embedding kα : Mα → M . We do this assuming that embeddings

kβ : Mβ → M have been defined for every β < α. We also assume by induction that for each such

β < α, a sequence ~µ∗
β = 〈µ∗0

β , . . . , µ
∗mβ−1
β 〉 has been defined. We then define kα : Mα → M as

follows:

kα
(
jα(f)

(
j0,α (κ) , jα0+1,α

(
[Id]α0

)
, . . . , jαk+1,α

(
[Id]αk

)))
= jW (f)

(
[Id]W∗ , ~µ

∗
α0
, . . . , ~µ∗

αk

)
for every f ∈ V and 1 ≤ α0 < . . . < αk.

We will prove by induction on α ≤ κ∗ that the following properties hold:

(A) kα : Mα → M is elementary.

(B) Denote µα = crit (kα). Then µα is measurable in Mα. Moreover, µα is the least measurable

µ ∈ Mα which is greater or equal to sup{µβ : β < α} and satisfies (cf (µ))V > κ.

(C) Let µ∗
α = kα (µα). Then µα appears as an element in the Prikry sequence of kα (µα) in H.

We will denote by tα the initial segment of the Prikry sequence of kα (µα) below µα, and by

nα the length of tα.

(D) Let {µ∗1
α , . . . , µ∗mα−1

α } be the increasing enumeration of d−1 (µα) below µ∗
α, and denote as

well µ∗0 = µα, µ
∗
α = µmα

α (possibly mα = 1 and then µα does not appear as first element in

Prikry sequences of measurables below µ∗
α). For every 0 ≤ j ≤ mα, there exists a measure

U j
µα

∈ Mα on µα, which satisfies–

kα
(
U j
µα

)
= jW

(
ξ 7→ U j

ξ

)
(kα (µα))

Moreover,

U0
µα

C U1
µα

C . . . C Umα−1
µα
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(E) The measure Eα which corresponds to U0
µα

C U1
µα

C . . . C Umα−1
µα

is derived from kα : Mα →

M in the following sense:

Eα = {X ⊆ [µα]
mα : 〈µ∗0

α , µ∗1
α , . . . , µ∗mα−1

α 〉 ∈ kα (X)} ∩Mα

The proof of the above properties goes by induction on α. For α = 0, k0 : M0 = MU → M

is the embedding which maps each [f ]U to [f ]W∗ ; it has critical point µ0 = κ. In M [H], µ0

appears as a first element in the Prikry sequence of k0(µ0) = [Id]W∗ , and of m − 1 measur-

ables µ0
∗1 = [Id]W 1 , . . . , µ0

∗m−1 = [Id]Wm−1 . The measure E0 ∈ M0 derived from k0 using

〈µ0, µ0
∗1, . . . , µ0

∗m−1〉 is indeed the product of U0 C . . . C Um−1 by remark 3.4.5.

We proceed and prove the properties for arbitrary 0 < α < κ∗.

Lemma 3.4.8. kα : Mα → M is elementary, and jW �V = kα ◦ jα.

Proof. For α = 0, we already argued that k0 : M0 → M in elementary.

For simplicity, we will prove that for every x, y ∈ Mα, Mα � x ∈ y if and only if M � kα(x) ∈

kα(y).

Let us focus on the case where α = α′ + 1 is successor, as the limit case is simpler. There are

functions f, g ∈ V and α0 < . . . < αk < α′ such that–

x = jα(f)
(
j0,α(κ), jα0+1,α

(
[Id]α0

)
, . . . , jαk+1,α

(
[Id]αk

)
, jα′+1,α ([Id]α′)

)
y = jα(g)

(
j0,α(κ), jα0+1,α

(
[Id]α0

)
, . . . , jαk+1,α

(
[Id]αk

)
, jα′+1,α ([Id]α′)

)
We assumed that Mα = Ult (Mα′ , Eα′) � x ∈ y, namely,

Ult (Mα′ , Eα′) � [Id]α′ ∈ jα′,α (X)

where X is the set–{
~ξ : jα′(f)

(
j0,α′(κ), jα0+1,α′

(
[Id]α0

)
, . . . , jαk+1,α′

(
[Id]αk

)
, ~ξ
)
∈

jα′(g)
(
j0,α′(κ), jα0+1,α′

(
[Id]α0

)
, . . . , jαk+1,α′

(
[Id]αk

)
, ~ξ
)}

In particular, X ∈ Eα′ , and thus ~µ∗
α′ ∈ kα′(X). Since jW �V = kα′ ◦ jα′ , it follows that–

jW (f)
(
[Id]W∗ , ~µ

∗
α0
, . . . , ~µ∗

αk
, ~µ∗

α′

)
∈ jW (g)

(
[Id]W∗ , ~µ

∗
α0
, . . . , ~µ∗

αk
, ~µ∗

α′

)
namely kα(x) ∈ kα(y).

We will present the proof of properties (B)-(E) is the next subsections.
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3.4.3 Multivariable Fusion

Assume from now on that α > 0 is fixed, and we are at stage α in the inductive proof of properties

(A)-(E). In this subsection we develop a generalization of lemma 3.2.3 (the Fusion lemma).

Since α > 0, we may assume in equation 3.1 that α0 = 0. This will simplify some of the

arguments below. We can also denote E ′

0 = U0 × . . .× Um−1 × Um (including Um, unlike E0) and

[Id]
′

0 = [Id]0
_
j0,1 (κ) so that every element in Mα has the form–

jα (f)
(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

))
(3.3)

for some f ∈ V and 0 = α0 < α1 < . . . < αk < α.

Definition 3.4.9. Let p ∈ Pκ be a condition and m ≥ 1. We define, by induction, when an

increasing sequence 〈ξ, ξ1, . . . , ξm〉 below κ is admissible for p. In case it is, we also define an

extension p_〈ξ, ξ1, . . . , ξm〉 ≥ p.

Intuitively, 〈ξ, ξ1, . . . , ξm〉 is admissible for p if p can be extended (in a specific way, described below)

to a condition p_〈ξ, ξ1, . . . , ξm〉 which forces that d−1{ξ} = {ξ1, . . . , ξm}.

We provide the definition under the assumption p ≥∗ 0. Else, consider only sequences 〈ξ, ξ1, . . . , ξm〉

such that ξ is an upper bound of the finite set of the coordinates β < κ in which p(β) non-directly

extends 0Q∼β
.

1. 〈ξ, ξ1〉 is admissible for p if
(
p �ξ1

)−ξ

 ξ ∈ A∼

p
ξ1 . In this case, we define–

p_〈ξ, ξ1〉 =
((

p �ξ1
)−ξ
)_

〈〈ξ̌〉, A∼
p
ξ1〉

_p \
(
ξ1 + 1

)
2. Assume that 1 ≤ i ≤ m − 1 and 〈ξ, ξ1, . . . , ξi〉 is admissible for p. Assume also that q =

p_〈ξ, ξ1, . . . , ξi〉 has been defined. Then 〈ξ, ξ1, . . . , ξi, ξi+1〉 is admissible for p if q−ξi �ξi+1


ξ ∈ A∼
p
ξi+1 . In this case, we define–

p_〈ξ, ξ1, . . . , ξi, ξi+1〉 =
(
q−ξi �ξi+1

)_ 〈〈ξ̌〉, A∼
p
ξi+1〉_p \

(
ξi+1 + 1

)
In the case where i = m− 1, we make a minor change in the above definition and set–

p_〈ξ, ξ1, . . . , ξm〉 =
(
q−ξm−1 �ξm

)_ 〈〈ξ̌〉, A∼
p
ξm〉_ (p \ (ξm + 1))

−ξm

(namely, remove ξm + 1 from large sets in places above ξm).
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In other words, if ~ξ = 〈ξ, ξ1, . . . , ξm〉 is admissible for p, then we set–

p_〈~ξ〉 =
(
p �ξ1

)−ξ_〈〈ξ̌〉, A∼
p
ξ1〉

_(
p �(ξ1,ξ2)

)−ξ1
_

〈〈ξ̌〉, A∼
p
ξ2〉

_
. . ._(

p �(ξm−1,ξm)

)−ξm−1_

〈〈ξ̌〉, A∼
p
ξm〉_ (p \ (ξm + 1))

−ξm

In V [G], denote, for every ξ ∈ d′′∆ with
∣∣d−1{ξ}

∣∣ = m, d−1{ξ} = 〈µ∗1
0 (ξ), . . . , µ∗m

0 (ξ)〉 = ~µ∗
0(ξ).

Then in M [H], the sequence [ξ 7→ ~µ∗
0(ξ)]W is–

〈κ, µ∗1
0 , . . . , µ∗m−1

0 , µ∗m
0 〉 = 〈[Id]W , [Id]W 1 , . . . , [Id]Wm−1 , [Id]Wm〉

Theorem 3.4.10. Let p ∈ Pκ. For every increasing ~ξ = 〈ξ, ξ1, . . . , ξm〉, let e
(
~ξ
)

be a Pξ-name for

a subset of P \ ξ which is ≤∗-dense open above conditions which force that d−1{ξ} = 〈ξ1, . . . , ξm〉.

Then there exists p∗ ≥∗ p and a set X ∈ U0 × U1 × . . . × Um such that for every increasing

〈ξ, ξ1, . . . , ξm〉 ∈ X which is admissible for p∗,

p∗ �ξ
 p∗_〈ξ, ξ1, . . . , ξm〉 \ ξ ∈ e
(
ξ, ξ1, . . . , ξm

)
Furthermore, if p∗ as above is chosen in G, then U0 × U1 × . . . × Um concentrates on the set of

admissible sequences for p∗, and–

{ξ < κ : 〈ξ, µ∗1
0 (ξ), . . . , µ∗m

0 (ξ)〉 is admissible for p∗, p∗_〈ξ, µ∗1
0 (ξ), . . . , µ∗m

0 (ξ)〉 ∈ G

and p∗ �ξ
 p∗_〈ξ, µ∗1
0 (ξ), . . . , µ∗m

0 (ξ)〉 \ ξ ∈ e
(
ξ, µ∗1

0 (ξ), . . . , µ∗m
0 (ξ)

)
} ∈ W

Proof. Assume for simplicity that p ≥∗ 0. Else, just work with values of ξ above some ordinal µ for

which p \ µ ≥∗ 0.

Let us first sketch the main steps of the proof. We will first define, for every sequence ~ξ =

〈ξ, ξ1, . . . , ξm〉, a condition p
(
~ξ
)
= p

(
ξ, ξ1, . . . , ξm

)
≥∗ p. We define it such that for every 1 ≤ i <

m, if 〈ξ, ξ1, . . . , ξi〉 is admissible for p
(
~ξ
)

,

p
(
~ξ
)_

〈ξ, ξ1, . . . , ξi〉 �ξi+1‖ ξ ∈ A∼
p
(
~ξ
)

ξi+1

This can be done in a trivial way, by taking a direct extension which removes ξ from the measure

one sets at the relevant coordinate; we will avoid such trivialities by shrinking the measure one sets

only above ξ + 1 (namely, instead of shrinking a large set A to a set B, shrink it to (A ∩ (ξ + 1))∪

(B \ (ξ + 1))).
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Once p
(
~ξ
)

is defined, we define a condition r
(
~ξ
)
∈ P \ ξ: If the sequence ~ξ is admissible for

p
(
~ξ
)

, we take r
(
~ξ
)
≥∗
(
p
(
~ξ
)_

〈~ξ〉
)
\ ξ, with r

(
~ξ
)
∈ e
(
~ξ
)

. Else, take r
(
~ξ
)
= p

(
~ξ
)
\ ξ.

The second step will be to define, for every initial segment 〈ξ, ξ1, . . . , ξi〉 of 〈ξ, ξ1, . . . , ξm〉, a

condition r
(
ξ, ξ1, . . . , ξi

)
∈ P \ ξ, such that the family 〈r

(
ξ, ξ1, . . . , ξi

)
: i ≤ m〉 is coherent in the

following sense: There exists a set X ∈ U0 × U1 × . . . × Um such that, for every ~ξ ∈ X and for

every 1 ≤ i < j ≤ m,

r
(
ξ, ξ1, . . . , ξi

)
�ξi+1= r

(
ξ, ξ1, . . . , ξj

)
�ξi+1

The set X obtained in this step will be the set X from the formulation of the lemma. Since X

belongs to the product measure, we can fix sets X0 ∈ U0, . . . , Xm ∈ Um such that–

(X0 ×X1 × . . .×Xm) ∩ [κ]
m ⊆ X

The third step will be to plug together all the conditions r
(
ξ, ξ1, . . . , ξi

)
, i ≤ m. We will do

this step by step, by constructing a sequence of direct extensions of the original condition p,

p ≤∗ p0 ≤∗ p1 ≤∗ . . . ≤∗ pm

where each pi has the following property: For every increasing sequence 〈ξ, ξ1, . . . , ξi〉 ∈ X0×. . .×Xi

which is admissible for pi, ((
pi
)_〈ξ, ξ1, . . . , ξi〉

)−ξi ≥ r
(
ξ, ξ1, . . . , ξi

)
Eventually, the condition p∗ = pm will be as required in the formulation of the theorem.

The fourth and final step will be the proof of the ”furthermore” part in the formulation of the

theorem.

Step 1: Construction of p
(
~ξ
)

∈ P and r
(
~ξ
)

∈ P \ ξ. Fix a sequence ~ξ = 〈ξ, ξ1, . . . , ξm〉.

We construct p
(
~ξ
)
≥∗ p. Work in the forcing P �[ξm−1,ξm), above a generic extension for P �ξm−1

which contains p �ξm−1 . We choose p
(
~ξ
)
�[ξm−1,ξm)≥∗ p �[ξm−1,ξm) such that:

A
p
(
~ξ
)

ξm−1 =
(
Ap

ξm−1 ∩ (ξ + 1)
)
∪ (B \ (ξ + 1))

and–

p
(
~ξ
)
�(ξm−1,ξm)= r

where B ∈ Wξm−1 and r ∈ P �(ξm−1,ξm) are chosen such that 〈〈ξ〉, B〉_r ‖ ξ ∈ A∼
p
ξm (in the forcing

P �[ξm−1,ξm)).
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Now work in P �[ξm−2,ξm−1). We choose p
(
~ξ
)
�[ξm−2,ξm−1)≥∗ p �[ξm−2,ξm−1) in a similar manner:

A
p
(
~ξ
)

ξm−2 =
(
Ap

ξm−2 ∩ (ξ + 1)
)
∪ (B \ (ξ + 1))

and–

p
(
~ξ
)
�(ξm−1,ξm)= r

where B ∈ Wξm−2 and r ∈ P �(ξm−2,ξm−1) are chosen such that 〈〈ξ〉, B〉_r ‖ ξ ∈ A∼
p
ξm−1 , and also

decide in which way p
(
~ξ
)
�[ξm−1,ξm) decides the statement ξ ∈ A∼

p
ξm .

Continue in this fashion, direct extending p in the intervals
[
ξi, ξi+1

)
, shrinking A∼

p
ξi only above

ξ+1, and deciding how p �[ξi+1,ξj)
_〈ξ, ξi+1, . . . , ξj〉 decides the statement ξ ∈ A∼

p
ξj , for every j ≥ i+1;

By our construction, it actually decides the statement ξ ∈ A∼
p
(
~ξ
)

ξj , since the large sets were shrinked

only above ξ + 1.

This produces the desired condition p
(
~ξ
)
≥∗ p. Now we define the conditions r

(
~ξ
)
∈ P \ ξ as

above.

Step 2: Construction of the conditions r
(
ξ, ξ1, . . . , ξj

)
∈ P \ ξ for every j ≤ m. Given j < m

and 〈ξ, ξ1, . . . , ξj〉, let–

r
(
ξ, ξ1, . . . , ξj

)
=
[
〈ξj+1, . . . , ξm〉 7→ r

(
ξ, ξ1, . . . , ξj , ξj+1, . . . , ξm

)
�ξj+1

]
Uj+1×...×Um

Fix such j and 〈ξ, ξ1, . . . , ξj〉. Since all the measures Uk, k ≤ j, are normal measures on κ, there are

sets Xj
j+1

(
ξ, ξ1, . . . , ξj

)
∈ U j+1, Xj

m

(
ξ, ξ1, . . . , ξj

)
∈ Um such that for every increasing sequence

〈ξj+1, . . . , ξm〉 ∈ Xj
j+1

(
ξ, ξ1, . . . , ξj

)
× . . .×Xj

m

(
ξ, ξ1, . . . , ξj

)
,

r
(
ξ, ξ1, . . . , ξj

)
�ξj+1= r

(
ξ, ξ1, . . . , ξm

)
�ξj+1

Define, for every k ≤ m,

Xk =
⋂
j<k

(
4

〈ξ,ξ1,...,ξj〉
Xj

k

(
ξ, ξ1, . . . , ξj

))
∈ Uk

Namely, ξk ∈ Xk if and only if, for every j < k and increasing sequence 〈ξ, ξ1, . . . , ξj〉 below ξk,

ξk ∈ Xj
k

(
ξ, ξ1, . . . , ξj

)
.

Then X0 ∈ U0, . . . , Xm ∈ Um satisfy that for every j ≤ m, and for every increasing sequence

〈ξ, ξ1, . . . , ξm〉 ∈ (X0 × . . .×Xm) ∩ [κ]
m,

〈ξj+1, . . . , ξm〉 ∈ Xj
j+1

(
ξ, ξ1, . . . , ξj

)
× . . .×Xj

m

(
ξ, ξ1, . . . , ξj

)
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and thus–

r
(
ξ, ξ1, . . . , ξj

)
�ξj+1= r

(
ξ, ξ1, . . . , ξm

)
�ξj+1

as desired.

Step 3: Construction of the sequence p ≤∗ p0 ≤∗ . . . ≤∗ pm.

We first construct p0 ≥∗ p. Recall that for every ξ ∈ X0, a condition r(ξ) ∈ P \ ξ is defined such

that r(ξ) ≥∗ p \ ξ. By the Fusion lemma 3.2.3, we can choose p0 ≥∗ p such that for every ξ ∈ X0,

p0 �ξ
 p0 \ ξ ≥∗ q(ξ).

Assume that i < m and pi has been constructed such that, for every 〈ξ, ξ1, . . . , ξi〉 ∈ X0×. . .×Xi

which is admissible to it,

pi �ξ

((
pi
)_ 〈ξ, ξ1, . . . , ξi〉 \ ξ

)−ξi ≥ r
(
ξ, ξ1, . . . , ξi

)
We now construct pi+1 ≥∗ pi. We will define, for every ξi+1 ∈ Xi+1, a direct extension q

(
ξi+1

)
≥∗

pi \ ξi+1. pi+1 ≥∗ pi will be generated from the conditions 〈q
(
ξi+1

)
: ξi+1 ∈ Xi+1〉 using the Fusion

lemma 3.2.3. Fix ξi+1 ∈ Xi+1 and work in the quotient forcing P \ ξi+1. For every ξ ∈ Api

ξi+1 ∩X0,

we define a direct extension–

〈〈ξ〉, Bξ〉_sξ ≥∗ 〈〈ξ〉, Api

ξi+1 \ (ξ + 1)〉_pi \
(
ξi+1 + 1

)
such that, if–

1. The increasing enumeration of d−1{ξ} ∩ ξi+1 is a sequence 〈ξ1, . . . , ξi〉 of length i;

2. 〈ξ1, . . . , ξi〉 ∈ X1 × . . .×Xi;

3. r
(
ξ, ξ1, . . . , ξi, ξi+1

)
�ξi+1 belongs to the generic extension up to coordinate ξi+1;

then 〈〈ξ〉, Bξ〉_sξ ≥ r
(
ξ, ξ1, . . . , ξi, ξi+1

)
\ ξi+1. Such Bξ, rξ can be chosen since r

(
ξ, ξ1, . . . , ξi+1

)
\

ξi+1 is an extension of p \ ξi+1 which is obtained by direct extending after appending ξ to tpξi+1 (if

possible). Finally, take–

q(ξi+1) = 〈〈〉, A∼
pi

ξi+1 ∩

(
4

ξ<ξi+1

Bξ

)
〉_sd(ξi+1)

This concludes the construction of pi+1. Let us show that for every 〈ξ, ξ1, . . . , ξi+1〉 ∈ X0× . . .×

Xi+1 which is admissible for pi+1,

pi+1 �ξ

((
pi+1

)_ 〈ξ, ξ1, . . . , ξi+1〉 \ ξ
)−ξi+1

≥ r
(
ξ, ξ1, . . . , ξi+1

)
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Pick such a sequence 〈ξ, ξ1, . . . , ξi, ξi+1〉. By induction, since pi+1 ≥∗ pi and 〈ξ, ξ1, . . . , ξi〉 ∈

X0 × . . .×Xi is admissible for pi+1,

pi+1 �ξ

((
pi+1

)_ 〈ξ, ξ1, . . . , ξi〉 �[ξ,ξi+1)

)−ξi ≥ r
(
ξ, ξ1, . . . , ξi

)
�ξi+1= r

(
ξ, ξ1, . . . , ξi, ξi+1

)
�ξi+1

Now, work in a generic extension Gξi+1 ⊆ Pξi+1 which contains
(
pi+1

)_ 〈ξ, ξ1, . . . , ξi+1〉 �ξi+1 . By

fusion, pi+1 �ξi+1 forces that
(
pi+1 \ ξi+1

)−ξi+1

extends q
(
ξi+1

)
. By the above formula, r

(
ξ, ξ1, . . . , ξi+1

)
�ξi+1∈

Gξi+1 . Thus, by the choice of q
(
ξi+1

)
,(

〈〈ξ〉, Api+1

\ ξ + 1〉_pi+1 \
(
ξi+1 + 1

))−ξi+1

≥ r
(
ξ, ξ1, . . . , ξi+1

)
\ ξi+1

This is true for every generic Gξi+1 which contains
(
pi+1

)_ 〈ξ, ξ1, . . . , ξi+1〉 �ξi+1 , so–

pi+1 �ξ

((
pi+1

)_ 〈ξ, ξ1, . . . , ξi+1〉 \ ξ
)−ξi+1

≥ r
(
ξ, ξ1, . . . , ξi+1

)
as desired.

Step 4: The ”furthermore” part in the formulation of the theorem. Denote p∗ = pm and assume

that p∗ ∈ G. p∗ satisfies that for every increasing sequence 〈ξ, ξ1, . . . , ξm〉 ∈ X0× . . .×Xm, and for

every 1 ≤ i ≤ m, (
p∗_〈~ξ〉

)−ξi

�ξi‖ ξ ∈ A∼
p∗

ξi (3.4)

Let us argue that–

{ξ < κ : 〈~µ∗
0(ξ)〉 is admissible for p∗} ∈ W

Take X ∈ W such that X ⊆ X0 ∩ d′′X1 ∩ . . . ∩ d′′Xm. For every ξ ∈ X, ~µ∗
0(ξ) ∈ X0 ×X1 × . . . ×

Xm. Then X can be shrinked to a set in W for which the decisions in equation 3.4 are positive

when substituting ~ξ = ~µ∗
0(ξ): Indeed, otherwise, in M [H], it would not hold that d−1{κ} =

〈µ∗1
0 , . . . , µ∗m

0 〉.

Let us verify that {ξ < κ : p∗_〈~µ∗
0(ξ)〉 ∈ G} ∈ W . We need to verify that for a set of ξ-s

in W the following holds: for every 1 ≤ i ≤ m and for every measurable µ ∈
(
µ∗i−1(ξ), µ∗i(ξ)

)
,

d(µ) > µ∗i−1(ξ).

Recall the following property from the proof of lemma 3.3.12: If d′′∆ ∈ W (namely m > 0;

if m = 0 there is nothing to prove), then there exists a finite subset b ⊆ κ such that for every

measurable µ > sup(b),

d(µ) /∈
⋃

ξ∈∆∩µ

(d(ξ), ξ]
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from now on, we consider values of ξ above sup(b), such that d−1{ξ} contains only measurables µ

for which the above holds (the set of such ξ-s is clearly in W ). Let µ ∈
(
µ∗i−1(ξ), µ∗i(ξ)

)
. First,

note that µ < µ∗i
ξ , and thus–

ξ = d
(
µ∗i(ξ)

)
/∈ (d(µ), µ]

so d(µ) ≥ ξ, and thus d(µ) > ξ. This also proves the desired property for i = 1. Assume now that

i > 1. Then µ > µ∗i−1(ξ) and thus–

d(µ) /∈
(
d
(
µ∗i−1(ξ)

)
, µ∗i−1(ξ)

]
=
(
ξ, µ∗i−1(ξ)

]
since we already proved that d(µ) > ξ, it follows that d(µ) > µ∗i−1(ξ), as desired.

Recall that, given β < α, µβ appears as an element in the Prikry sequence of kβ (µβ). Also,

tβ is the initial segment of this sequence, consisting of all the ordinals below µβ ; we also denote

nβ = lh (tβ). Finally, there exists a natural number mβ < ω and a corresponding sequence of

measures,

U0
µβ

C U1
µβ

C . . . C U
mβ−1
µβ

each of them belong to Mβ .

We would like to construct, in V , functions which represent µβ , tβ , U
j
µβ

(0 ≤ j < mβ) in Ult (V [G] ,W ).

To do this, we first need to understand how the same objects are represented in the iterated ultra-

power jβ : V → Mβ , in the sense of the following definition.

Definition 3.4.11. Fix 0 < α ≤ κ∗. An increasing sequence 0 = α0 < α1 < . . . < αk below α is

called nice, if the are functions gi, fi, F
j
i for every 1 ≤ i ≤ k and 0 ≤ j ≤ mαi such that–

µα1
= jα1

(g1)
(
j1,α1

(
[Id]

′
0

))
tα1 = jα1 (f1)

(
j1,α1

(
[Id]

′
0

))
U j
µα1

= jα1

(
F j
1

) (
j1,α1

(
[Id]

′
0

))
(0 ≤ j < m1)

and, for every 1 ≤ i < k,

µαi+1
= jαi+1

(gi+1)
(
j1,α1

(
[Id]

′
0

)
, jα1,αi+1

(
[Id]α1

)
, . . . , jαi,αi+1

(
[Id]αi

))
tαi+1 = jαi+1 (fi+1)

(
j1,α1

(
[Id]

′
0

)
, jα1,αi+1

(
[Id]α1

)
, . . . , jαi,αi+1

(
[Id]αi

))
U j
µαi+1

= jαi+1

(
F j
i+1

) (
j1,α1

(
[Id]

′
0

)
, jα1,αi+1

(
[Id]α1

)
, . . . , jαi,αi+1

(
[Id]αi

)) (
0 ≤ j < mαi+1

)
Finally, denote by ni the length of the sequence tαi .
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The main application of nice sequences is to construct functions representing the cardinals in

the sequences ~µ∗
αi

in Ult (V [G] ,W ), using only functions in V and partial information about Prikry

sequences added in V [G]. We demonstrate this, working by induction.

1. For every ξ < κ with
∣∣d−1(ξ)

∣∣ = m, recall the sequence 〈µ∗1
0 (ξ), . . . , µ∗m

0 (ξ)〉 which is the

increasing enumeration of d−1(ξ). Denote–

~µ∗
0(ξ) = 〈ξ, µ∗1

0 (ξ), . . . , µ∗m
0 (ξ)〉

Then in M [H], the sequence [ξ 7→ ~µ∗
0(ξ)]W is–

〈κ = µ0, µ
∗1
0 , . . . , µ∗m−1

0 , µ∗m
0 〉 = 〈[Id]W , [Id]W 1 , . . . , [Id]Wm−1 , [Id]Wm〉

2. Given ξ < κ, let µα1
(ξ) be the (n1 + 1)-th element in the Prikry sequence of g1 = g1(~µ

∗
0(ξ))

(typically, this is the element which appears in this sequence after the initial segment f1 (~µ∗
0(ξ)),

which represents tα1
in Ult (V [G] ,W ) ). Let 〈µ∗1

α1
(ξ), . . . , µ

∗mα1
−1

α1 (ξ)〉 be the increasing enu-

meration of d−1 (µα1
(ξ)) below g1. Denote µ

∗mα1
α1 (ξ) = g1 and–

~µ∗
α1
(ξ) = 〈µα1(ξ), µ

∗1
α1
(ξ), . . . , µ∗m1−1

α1
(ξ)〉

Then in M [H] ' Ult (V [G] ,W ),

[
ξ 7→ ~µ∗

α1
(ξ)
]
W

= 〈µα1
, µ∗1

α1
, . . . , µ∗m1−1

α1
〉

namely, this sequence starts with µα1
, concatenated with the increasing enumeration of

d−1{µα1} in M [H]. Let us verify this. Assume for simplicity that tα1 is empty, namely

n1 = 0, or, in other words, µα1
is the first element in the Prikry sequence of kα1

(µα1
) (the

fact that µα1
appears in this Prikry sequence, follows from property (C) of kα1

). The first

element in
[
ξ 7→ ~µ∗

α1
(ξ)
]
W

is–

d ([ξ 7→ g1 (~µ
∗
0(ξ))]W ) = d (jW (g1) ([Id]W , [Id]W 1 , . . . , [Id]Wm)) = d (kα1

(µα1
)) = µα1

From this it is implied that the rest of the elements in
[
ξ 7→ ~µ∗

α1
(ξ)
]
W

are the increasing

enumeration of d−1{µα1
} below kα1

(µα1
), which is exactly 〈µ∗1

α1
, . . . , µ

∗mα1
−1

α1 〉.

3. Assuming that 0 ≤ j < k and the functions ~µ∗
α0
(ξ), . . . , ~µ∗

αj
(ξ) have been defined, let µαj+1

(ξ)

be the nj+1-th element in the Prikry sequence of gj+1

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αj
(ξ)
)

in M [H].
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Let 〈µ∗1
αj+1

(ξ), . . . , µ
∗mj+1−1
αj+1 (ξ)〉 be the increasing enumeration of d−1

(
µαj+1(ξ)

)
below–

µ∗mj+1
αj+1

(ξ) = gj+1

(
~ξ, ~µ∗

α0
(ξ), . . . , ~µ∗

αj
(ξ)
)

Also, denote–

~µ∗
αj+1

(ξ) = 〈µ∗1
αj+1

(ξ), . . . , µ∗mj+1−1
αj+1

(ξ)〉

Then in M [H] ' Ult (V [G] ,W ),[
ξ 7→ ~µ∗

αj+1
(ξ)
]
W

= 〈µαj+1 , µ
∗1
αj+1

, . . . , µ∗mj+1−1
αj+1

〉

namely, this sequence starts with µαj+1 , concatenated with the increasing enumeration of

d−1{µαj+1
} in M [H]. This is proved similarly to the previous point.

Denote µα = crit (kα). Write µα = jα(h) (κ, µα0
, . . . , µαk

), where α0 < . . . < αk < α is a nice

sequence. Let m0, . . . ,mk be such that mi = mαi
. Denote m = m0. Let gi, fi, F

j
i be functions as

above.

Note that, by induction,
[
ξ 7→ F j

i+1 (ξ, µα0(ξ), . . . , µαi(ξ))
]
W

=
[
ξ 7→ U j

µαi+1
(ξ)

]
W

for every 0 ≤

i ≤ k and 0 ≤ j ≤ mαi+1
(Recall that, for a measurable η ∈ ∆, U j

η is the j-th measure in the system

U0
η C . . . C U

mη
η associated with η). Thus, for a set of ξ-s in W ,

F j
i+1 (ξ, µα0

(ξ), . . . , µαi
(ξ)) = U j

µαi+1
(ξ)

Definition 3.4.12. Fix a nice sequence 0 = α0 < α1 < . . . < αk below α. Given a condition p ∈ Pκ

and a sequence of increasing sequences–

〈~ξ, ~ν1, . . . , ~νk〉 = 〈〈ξ, ξ1, . . . , ξm〉, 〈ν1, ν11 , . . . , ν
m0−1
1 〉, 〈ν2, ν12 , . . . , ν

m1−1
2 〉, . . . . . . , 〈νk, ν1k , . . . , ν

mk−1
k 〉〉

we define whenever 〈~ξ, ~ν1, . . . , ~νk〉 is admissible for p, and in this case, we define an extension

p_〈~ξ, ~ν1, . . . , ~νk〉 ≥ p.

1. An increasing sequence ~ξ = 〈ξ, ξ1, . . . , ξm〉 is admissible for p if it is admissible for p in the

sense of definition 3.4.9. If it is, the extension p_〈ξ, ξ1, . . . , ξm〉 is defined the same as in

3.4.9.

2. Let 1 ≤ i < k. Assume that 〈~ξ, ~ν1, . . . , ~νi〉 is admissible for p and q = p_〈~ξ, ~ν1, . . . , ~νi〉 has

been defined. Denote–

gi+1 = gi+1

(
~ξ, ~ν1, . . . , ~νi

)
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ti+1 = fi+1

(
~ξ, ~ν1, . . . , ~νi

)
F j
i+1 = F j

i+1

(
~ξ, ~ν1, . . . , ~νi

) (
0 ≤ j < mαi+1

)
We say that 〈~ξ, ~ν1, . . . , ~νi+1〉 is admissible for p if, in the forcing P �gi+1

, the sequence ~νi+1 =

〈νi+1, ν
1
i+1, . . . , ν

mi+1−1
i+1 〉 is admissible for q �gi+1

in the sense of definition 3.4.9, and if–

(
q �gi+1

)_ 〈~νi+1〉 
〈ti+1
_〈νi+1〉, A∼

q
gi+1

〉 extends q (gi+1) , and 〈F j
i+1 : j ≤ mαi+1

〉

is the system of measures 〈U j
gi+1

: j ≤ m
(
U×
gi+1

)
〉.

Assuming this holds, let–

p_〈~ξ, ~ν1, . . . , ~νi+1〉 =
((
q �gi+1

)_ 〈~νi+1〉
)_ 〈ti+1

_〈νi+1〉, A∼
q
gi+1

〉_q \ (gi+1 + 1)

Given i < ω and a condition p which forces that–

〈~ξ, ~ν1, . . . , ~νi〉 = 〈~µ∗
0(ξ), ~µ

∗
1(ξ), . . . , ~µ

∗
i (ξ)〉

We define, similarly to above, whenever a sequence

〈〈νi+1, ν
1
i+1, . . . , ν

mi+1−1
i+1 〉, . . . . . . , 〈νk, ν1k , . . . , ν

mk−1
k 〉〉

is admissible for p above 〈~ξ, ~ν1, . . . , ~νi〉. If this is the case, we can define similarly the condition

p_〈〈νi+1, ν
1
i+1, . . . , ν

mi+1−1
i+1 〉, . . . . . . , 〈νk, ν1k , . . . , ν

mk−1
k 〉〉.

Theorem 3.4.13 (Multivariable Fusion). Let p ∈ Pκ be a condition and, for every sequence–

〈~ξ, ~ν1, . . . , ~νk〉 = 〈〈ξ, ξ1, . . . , ξm〉, 〈ν1, ν11 , . . . , ν
m1−1
1 〉, . . . , 〈νk, ν1k , . . . , ν

mk−1
k 〉〉

let e
(
~ξ, ~ν1, . . . , ~νk

)
be a Pνk

-name for a subset of P \νk which is ≤∗ dense open above any condition

which forces that 〈~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)〉 = 〈~ξ, ~ν1, . . . , ~νk〉. Then there exists p∗ ≥∗ p and a set

X ∈ E ′

0, such that for every sequence of increasing sequences,

〈~ξ, ~ν1, . . . , ~νk〉 = 〈〈ξ, ξ1, . . . , ξm〉, 〈ν1, ν11 , . . . , ν
m1−1
1 〉, . . . , 〈νk, ν1k , . . . , ν

mk−1
k 〉〉

which is admissible for p∗, and such that 〈ξ, ξ1, . . . , ξm〉 ∈ X,

p∗_〈~ξ, ~ν1, . . . , ~νk〉 �νk

 p∗_〈~ξ, ~ν1, . . . , ~νk〉 \ νk ∈ e

(
~ξ, ~ν1, . . . , ~νk

)
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Furthermore, there exists p∗ ∈ G, for which–

{ξ < κ : 〈~ξ, ~µα1
(ξ), . . . , ~µαk

(ξ)〉 is admissible for p∗,

p∗_〈~ξ, ~µ∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)〉 ∈ G and

p∗_〈~ξ, ~µ∗
α1
, . . . , ~µ∗

αk
〉 �µαk


 p∗_〈~ξ, ~µ∗
α1
, . . . , ~µ∗

αk
〉 \ µαk

∈ e
(
~ξ, ~µ∗

α1
, . . . , ~µ∗

αk

)
} ∈ W

Proof. For every 1 ≤ i ≤ k and a sequence 〈~ξ, . . . , ~νi〉, we define a set e
(
~ξ, ~ν1, . . . , ~νi

)
, which is ≤∗

dense open above conditions which force that–

〈d−1{ξ}, 〈µα1
(ξ), µ∗1

α1
(ξ), . . . , µ∗m1−1

α1
(ξ)〉, . . . , 〈µαi

(ξ), µ∗1
αi
(ξ), . . . , µ∗mi−1

αi
(ξ)〉〉 =

〈〈ξ1, . . . , ξm〉, 〈ν1, ν11 , . . . , ν
m1−1
1 〉, . . . , 〈νi, ν1i , . . . , ν

mi−1
i 〉〉

as follows:

e
(
~ξ, ~ν1, . . . , ~νi

)
={r ∈ P \ νi : for every 〈~νi+1, . . . , ~νk〉 which is admissible for

r above 〈~ξ, ~ν1, . . . , ~νi〉, r_〈~νi+1, . . . , ~νk〉 �νk



r_〈~νi+1, . . . , ~νk〉 \ νk ∈ e
(
~ξ, ~ν1, . . . , ~νk

)
}

Lemma 3.4.14. If e
(
~ξ, ~ν1, . . . , ~νi, ~νi+1

)
is ≤∗-dense open above conditions which force that–

〈~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αi+1
(ξ)〉 = 〈~ξ, ~ν1, . . . , ~νi, ~νi+1〉

then e
(
~ξ, ~ν1, . . . , ~νi

)
is ≤∗-dense open above conditions which force that–

〈~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αi
(ξ)〉 = 〈~ξ, ~ν1, . . . , ~νi〉

Proof. Fix 〈~ξ, ~ν1, . . . , ~νi〉. Let r ∈ P \ νi be a condition which forces that–

〈~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αi
(ξ)〉 = 〈~ξ, ~ν1, . . . , ~νi〉

Denote for simplicity m = mi+1 and–

gi+1 = gi+1

(
~ξ, ~ν1, . . . , ~νi

)
, ti+1 = fi+1

(
~ξ, ~ν1, . . . , ~νi

)
, F j

i+1 = F j
i+1

(
~ξ, ~ν1, . . . , ~νi

)
(0 ≤ j < m)

We apply theorem 3.4.10. For that, consider the forcing P �(νi,gi+1) and the sequence F 0
i+1 C F 1

i+1 C

. . . C Fm−1
i+1 of measures on gi+1. We describe a set d(νi+1, ν

1
i+1, . . . , ν

m−1
i+1 ) ⊆ P �(νi,gi+1) \νi+1
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which is ≤∗ dense open above conditions which force that d−1{νi+1} = 〈ν1i+1, . . . , ν
m−1
i+1 〉:

d(νi+1, ν
1
i+1, . . . , ν

m−1
i+1 ) = {s ∈ P �(νi+1,gi+1) : if s 
 〈ti+1

_〈νi+1〉, A∼
r
gi+1

〉 ≥ r(gi+1), then there

exists a direct extension q ≥∗ 〈ti+1
_〈νi+1〉, A∼

r
gi+1

〉_r \ (gi+1 + 1)

such that s_q ∈ e
(
~ξ, . . . , ~νi, ~νi+1

)
}

By theorem 3.4.10, there exists r∗ �gi+1
≥∗ r �gi+1

and a set X which belongs to the product measure

Ei+1 = F 0
i+1 × F 1

i+1 × . . .× Fm−1
i+1 , such that for every increasing 〈νi+1, ν

1
i+1, . . . , ν

m−1
i+1 〉 ∈ X,

r∗ �νi+1
 r∗_〈νi+1, ν
1
i+1, . . . , ν

m−1
i+1 〉 \ νi+1 ∈ d

(
νi+1, ν

1
i+1, . . . , ν

m−1
i+1

)
Let us define r∗ \ gi+1. Assume that we work in the generic extension for Pgi+1

, and r∗ �gi+1
, which

is already defined, belongs to it. For every νi+1 ∈ Ar
gi+1

above max ti+1, we denote d−1 (νi+1) =

〈ν1i+1, . . . , ν
m−1
i+1 〉. Let q (νi+1) ≥∗ 〈ti+1

_〈νi+1〉, Ar
gi+1

〉_r \ gi+1 be a condition such that–

(
r∗_〈νi+1, . . . , ν

m−1
i+1 〉 \ νi+1

)_
q (νi+1) ∈ e

(
~ξ, . . . , ~νi+1

)
(and take q (νi+1) = r \ gi+1 if such q does not exist).

We can now define r∗ (gi+1). Generate from the set X ∈ Ei+1 a corresponding set Y ∈ Wgi+1
.

Just pick Y to be a set such that every increasing sequence from Y ×π−1
1,0Y × . . .×π−1

m−1,0Y belongs

to X. Let–

r∗ (gi+1) = 〈〈〉, Ar
gi+1

∩ (Y ∪max ti+1) ∩
((

4νi+1<gi+1
Aq(νi+1)

gi+1

)
∪max ti+1

)
〉

Finally, let us define r∗ \ (gi+1 + 1) to be q (ν∼i+1) \ (gi+1 + 1), where here, ν∼i+1 = d (gi+1) can

be read from the generic up to gi+1 + 1. This concludes the definition of r∗ ∈ e
(
~ξ, . . . , ~νi

)
.

Inductively, it follows that for every increasing sequence ~ξ = 〈ξ, ξ1, . . . , ξm〉, the set e(~ξ), defined

similarly as above, is ≤∗-dense open above conditions which force that d−1{ξ} = 〈ξ1, . . . , ξm〉.

Apply theorem 3.4.10 one more time to obtain, from the condition p given in the formulation of

the theorem, the required direct extension p∗.

3.4.4 Proof of Properties (B)-(E)

Lemma 3.4.15. µα = crit (kα) is measurable in Mα.
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Proof. Write µα = jα (h)
(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

))
. We can assume

that for every ~ξ, ~ν1, . . . , ~νk,

h
(
~ξ, ~ν1, . . . , ~νk

)
> νk

since µα > µαk
(this can be done by modifying the value of h

(
~ξ, ~ν1, . . . , ~νk

)
to 0 whenever

h
(
~ξ, ~ν1, . . . , ~νk

)
≤ νk). We can also assume similarly that h

(
~ξ, ~ν1, . . . , ~νk

)
is a regular cardinal.

Let f ∈ V [G] be a function such that µα = [f ]W . Let us assume, for contradiction, that for

every 〈~ξ, ~ν1, . . . , ~νk〉, h
(
~ξ, ~ν1, . . . , ~νk

)
is non-measurable.

By changing f on a set outside of W , we can also assume that for every ξ < κ,

f(ξ) < h
(
~ξ, ~µα1

(ξ), . . . , ~µαk
(ξ)
)

(3.5)

Indeed, this can be done since–

[f ]W = µα < kα (µα) =
[
ξ 7→ h

(
~ξ, ~µα1

(ξ), . . . , ~µαk
(ξ)
)]

W

Let p ∈ G be a condition which forces that for every ξ < κ, equation 3.5 holds. From now on, work

with conditions in P = Pκ above p. We define, for every–

〈~ξ, ~ν1, . . . , ~νk〉 = 〈〈ξ, ξ1, . . . , ξm〉, 〈ν1, ν11 , . . . , ν
m1−1
1 〉, . . . , 〈νk, ν1k , . . . , ν

mk−1
k 〉〉

a set–

e
(
~ξ, ~ν1, . . . , ~νk

)
⊆ P \ νk

which is ≤∗ dense open above conditions which force that 〈~µα1(ξ), . . . , ~µαk
(ξ)〉 = 〈~ν1, . . . , ~νk〉:

e
(
~ξ, ~ν1, . . . , ~νk

)
={r ∈ P \ νk : ∃α < h

(
~ξ, ~ν1, . . . , ~νk

)
, r 
 f∼(ξ) < α̌}

The ≤∗-density of e
(
~ξ, ~ν1, . . . , ~νk

)
essentially uses the fact that h = h

(
~ξ, ~ν1, . . . , ~νk

)
is not mea-

surable; employing this, f∼(ξ) can be reduced to a Ph-name, and thus be evaluated by less then h

many possibilities by lemma 3.2.8.

Let us apply now the Multivariable Fusion Lemma. There exists p∗ ∈ G and sets X0 ∈

U0, . . . , Xm ∈ Um such that for every sequence of sequences 〈~ξ, ~ν1, . . . , ~νk〉 which is admissible

for p∗, (
p∗_〈~ξ, ~ν1, . . . , ~νk〉

)
�νk



(
p∗_〈~ξ, ~ν1, . . . , ~νk〉

)
\ νk ∈ e

(
~ξ, ~ν1, . . . , ~νk

)
whenever ~ξ ∈ X0 × . . . Xm is increasing.

102



For every such 〈~ξ, ~ν1, . . . , ~νk〉, let–

A
(
~ξ, ~ν1, . . . , ~νk

)
= {γ < h

(
~ξ, ~ν1, . . . , ~νk

)
: ∃q ≥

(
p∗_〈~ξ, ~ν1, . . . , ~νk〉

)
�νk

,

q 
 γ = α∼
(
~ξ, ~ν1, . . . , ~νk

)
}

where α∼
(
~ξ, ~ν1, . . . , ~νk

)
is the Pνk

-name for the ordinal α which witnesses the fact that
(
p∗_〈~ξ, ~ν1, . . . , ~νk〉

)
\

νk ∈ e
(
~ξ, ~ν1, . . . , ~νk

)
. Then A

(
~ξ, ~ν1, . . . , ~νk

)
is a bounded subset of h

(
~ξ, ~ν1, . . . , ~νk

)
, since νk <

h
(
~ξ, ~ν1, . . . , ~νk

)
and GCH≤κ holds in V .

For a set of ξ-s in W ,

p∗ 
 f∼(ξ) ∈ A
(
~ξ, ~µ∗

α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

In particular, in M [H],

[f ]W ∈jW
(
〈~ξ, ~ν0, . . . , ~νk〉 7→ A

(
~ξ, ~ν0, . . . , ~νk

)) (
~κ∗, ~µ∗

α1
, . . . , ~µ∗

αk

)
=

kα

(
jα

(
〈~ξ, ~ν1, . . . , ~νk〉 7→ A

(
~ξ, ~ν1, . . . , ~νk

))(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

)))
But–∣∣∣jα (〈~ξ, ~ν1, . . . , ~νk〉 7→ A

(
~ξ, ~ν1, . . . , ~νk

))(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

))∣∣∣ <
jα (h)

(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

))
= µα

and thus µα = [f ]W ∈ Im (kα), a contradiction.

Corollary 3.4.16. µα is the least measurable µ in Mα such that µ ≥ sup{µα′ : α′ < α} and

(cf (µ))V > κ.

Proof. Assume for contradiction that there exists a measurable λ in Mα, such that sup{µα′ : α′ <

α} ≤ λ < µα. Let us argue that (cf (λ))V ≤ κ.

First, λ = kα (λ), since crit (kα) = µα, and thus λ is measurable in M . Note that λ < µα <

κ∗ = jα (κ), so λ < jW (κ) and thus λ has cofinality ω in M [H]. Thus, (cf (λ))V [G]
= ω, and, in

particular, (cf (λ))V < κ.

Lemma 3.4.17. µα appears as an element in the Prikry sequence of kα (µα).

Proof. In M [H], denote by t∗ the initial segment of the Prikry sequence of kα (µα) which consists

of all the ordinals below µα. Denote by n∗ the length of t∗. Let 〈~ξ, ~ν1, . . . , ~νk〉 7→ t∗
(
~ξ, ~ν1, . . . , ~νk

)
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be a function in V such that–

t∗ = jα

(
〈~ξ, ~ν1, . . . , ~νk〉 7→ t∗

(
~ξ, ~ν1, . . . , ~νk

))(
j1,α

(
[Id]

′

α

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

))
(this can be done by modifying the nice sequence 〈~α1, . . . , ~αk〉, if necessary, so that t∗ can be

represented by it). We can assume that for every 〈~ξ, ~ν1, . . . , ~νk〉, t∗
(
~ξ, ~ν1, . . . , ~νk

)
is a sequence of

length n∗. Since kα (t∗) = t∗, [
ξ 7→ t∗

(
~ξ, ~µ∗

α1
(ξ), . . . , ~µ∗

αk
(ξ)
)]

W
= t∗

In V [G], denote, for every ξ < κ,

µα(ξ) = the (n∗ + 1) -th element in the Prikry sequence of h
(
~ξ, ~µ∗

α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

Clearly [ξ 7→ µα(ξ)]W ≥ µα. We argue that equality holds. We will prove that for every η <

[ξ 7→ µα(ξ)]W , η < µα. Assume that such η is given, and let f ∈ V [G] be a function such that

[f ]W = η. Then we can assume that for every ξ < κ,

f(ξ) < µα(ξ)

and let p ∈ G be a condition which forces this.

Let us apply now the Multivariable Fusion Lemma. For every 〈~ξ, ~ν1, . . . , ~νk〉, consider the set–

e
(
~ξ, ~ν1, . . . , ~νk

)
= {r ∈ P \ νk : ∃α < h

(
~ξ, ~ν1, . . . , ~νk

)
, r 
 if t∗

(
~ξ, ~ν1, . . . , ~νk

)
is an initial segment of the Prikry sequence of h

(
~ξ, ~ν1, . . . , ~νk

)
,

then f∼(ξ) < α}

then e
(
~ξ, ~ν1, . . . , ~νk

)
is ≤∗ dense open above conditions which force that d−1{ξ} = 〈ξ1, . . . , ξm〉 and

〈~ν0, . . . , ~νk〉 = 〈~µα0(ξ), . . . , ~µαk
(ξ)〉. This follows in several steps: First, use the ≤∗-closure to reduce

f∼(ξ) to a Ph+1-name, where h = h
(
~ξ, ~ν1, . . . , ~νk

)
. This can be done by taking a direct extension

of a given condition in the forcing P \ (h+ 1). Second, reduce f∼(ξ) to a Ph name, by applying on

the Prikry forcing at coordinate h the following fact: If t∗ = t∗
(
~ξ, ~ν1, . . . , ~νk

)
is an initial segment

of the Prikry sequence of h, and a given an ordinal is forced to be below the successor of t∗ in this

sequence, then its value can be decided by taking a direct extension. Finally, apply lemma 3.2.10

and direct extend in the forcing P(νk,h), to bound the value of f∼(ξ) by an ordinal below h.
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Thus, there exists p∗ ∈ G, such that for every 〈~ξ, ~ν1, . . . , ~νk〉 which is admissible for p∗,

p∗_〈~ξ, ~ν1, . . . , ~νk〉 �νk

 p∗_〈~ξ, ~ν1, . . . , ~νk〉 \ νk ∈ e

(
~ξ, ~ν1, . . . , ~νk

)
in particular, p∗_〈~ξ, ~ν1, . . . , ~νk〉 �νk

forces that there exists α < h
(
~ξ, ~ν1, . . . , ~νk

)
such that–

p∗_〈~ξ, ~ν1, . . . , ~νk〉 \ νk 
 f∼(ξ) < α̌ (3.6)

Let–

A
(
~ξ, ~ν1, . . . , ~νk

)
= {γ : ∃q ≥ p∗_〈~ξ, ~ν1, . . . , ~νk〉 �νk

, q 
 α∼ = γ}

(where, as in the previous lemma, α∼ is a Pνk
-name for the ordinal α in equation 3.6).

Then p∗ 
 f∼(ξ) ∈ A
(
~ξ, ~µ∗

α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

, and A
(
~ξ, ~ν1, . . . , ~νk

)
is a bounded subset of h

(
~ξ, ~ν1, . . . , ~νk

)
.

Arguing as lemma 3.4.15, it follows that η = [f ]W ∈ Im (kα) ∩ kα (µα) = µα, as desired.

Lemma 3.4.18. Assume that for every measurable ξ < κ, U∼ξ is a Pξ-name for a measure on ξ

which belongs to V . Let U∼ = jα (ξ 7→ U∼ξ) (µα). Then there exists a set F ∈ Mα of measures on µα

in Mα, with |F| < µα, such that, for some p ∈ G,

(jW (p))
_ 〈~µ∗

α0
, . . . , ~µ∗

αk
〉 
 kα (U∼) ∈ k′′αF

In particular, there exists a measure F ∈ F such that kα (F ) = (kα (U∼))H .

Proof. For every ξ < κ, fix an enumeration sξ of all the normal measures on ξ in V . Apply

Multivariable Fusion. Define for every 〈~ξ, ~ν1, . . . , ~νk〉 the set–

e
(
~ξ, ~ν0, . . . , ~νk

)
={r ∈ P \ νk : there exists a set of ordinals A of cardinality

strictly smaller than h
(
~ξ, ~ν1, . . . , ~νk

)
, such that

r �
h
(
~ξ,~ν1,...,~νk

)
 U∼h
(
~ξ,~ν1,...,~νk

) ∈ s′′
h
(
~ξ,~ν1,...,~νk

)A}

As before, there exists p∗ ≥∗ p in G, such that for every 〈~ξ, ~ν1, . . . , ~νk〉 which is admissible for p∗,

p∗_〈~ξ, ~ν1, . . . , ~νk〉 �νk

 p∗_〈~ξ, ~ν1, . . . , ~νk〉 \ νk ∈ e

(
~ξ, ~ν1, . . . , ~νk

)
Let A

(
~ξ, ~ν1, . . . , ~νk

)
be the set of ordinals, forced by some extension of p∗_〈~ξ, ~ν1, . . . , ~νk〉 �νk

, to

be an element of the set A∼ above. Then A
(
~ξ, ~ν1, . . . , ~νk

)
is a set of ordinals of cardinality strictly

below h
(
~ξ, ~ν1, . . . , ~νk

)
.
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In V [G],

{ξ < κ : p∗_〈~ξ, ~µ∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)〉 
 U

h
(
~ξ,~ν1,...,~νk

) ∈ s′′
h
(
~ξ,~ν1,...,~νk

)A∗
(
~ξ, ~µ∗

α1
(ξ), . . . , µ∗

αk
(ξ)
)
} ∈ W

Now, in Mα, denote–

F = (jα(s)µα)
′′
jα

(
〈~ξ, ~ν1, . . . , ~νk〉 7→ A∗

(
~ξ, ~ν1, . . . , ~νk

))(
j1,α

(
[Id]

′

0

)
, jα1+1,α ([Id]1) , . . . , jαk+1,α ([Id]k)

)
Then |F| < µα, and, in M [H],

(jW (p∗))
_ 〈~µ∗

α0
, . . . , ~µ∗

αk
〉 
 kα (U∼) ∈ k′′αF

We now apply the above lemma on specific names for measures U∼ξ. For every measurable ξ < κ,

let Wξ = U×
ξ be the measure used to singularize ξ at stage ξ in the iteration P = Pκ. Each such

W×
ξ can be assigned to a sequence of Rudin-Keisler equivalent measures on ξ,

W 0
ξ , . . . ,W

mξ

ξ = Wξ

as defined in section 2. Denote U j
ξ = W j

ξ ∩ V ∈ V for every 0 ≤ j ≤ mξ. Then–

U0
ξ C U1

ξ C . . . C U
mξ

ξ

Corollary 3.4.19. For every 1 ≤ j < mα, there exists a measure U j
µα

∈ Mα on µα, such that–

kα
(
U j
µα

)
= jW

(
ξ 7→ U j

ξ

)
(kα (µα)) =

[
ξ 7→ U j

h
(
~µ∗
α0

(ξ),...,~µ∗
αk

(ξ)
)]

W

We consider the above corollary as the definition of the measures U j
µα

for every 1 ≤ j < mα.

Note that, by elementarity, U0
µα

C U1
µα

C . . . C Umα−1
µα

. Let Eα be the measure on [κ]
mα which

corresponds to the iterated ultrapower with Umα−1
µα

B . . . B U0
µα

in decreasing order. We argue

that Eα is derived from kα : Mα → M .

Lemma 3.4.20. U0
µα

= {X ⊆ µα : µα ∈ kα(X)} ∩ Mα. Furthermore, if mα > 1, then for every

1 ≤ j ≤ mα − 1,

U j
µα

= {X ⊆ µα : µ
∗j
α ∈ kα(X)} ∩Mα

Remark 3.4.21.
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1. Let us note that for every j as above, µα < µj
α < kα (µα), so U∗j

µα
is an ultrafilter which

concentrates on µα.

2. We deliberately did not define, in corollary 3.4.19, the measure Umα
µα

- it is not derived from

kα and does not participate in jW �V . The exception is α = 0 where Um = U is the first step

in the iteration.

Proof. We first provide the proof for U0
µα

. Assume that X ∈ Mα and µα ∈ kα(X). Write–

X = jα

(
〈~ξ, ~ν0, . . . , ~νk〉 7→ X

(
~ξ, ~ν0, . . . , ~νk

))
(j1,α (~κ) , jα0,α (~µα0

) , . . . , jαk,α (~µαk
))

where, without loss of generality, the nice sequence 〈α0, . . . , αk〉 can be used to represent µα in Mα,

in the usual sense that for a function h ∈ V ,

µα = jα(h) (j1,α (~κ) , jα0,α (~µα0) , . . . , jαk,α (~µαk
))

Apply Multivariable Fusion. For every 〈~ξ, ~ν1, . . . , ~νk〉, let–

e
(
~ξ, ~ν1, . . . , ~νk

)
= {r ∈ P \ νk : r �

h
(
~ξ,~ν1,...,~νk

)‖ X
(
~ξ, ~ν1, . . . , ~νk

)
∈ U×

h
(
~ξ,~ν1,...,~νk

),
if it decides positively, then r �

h
(
~ξ,~ν1,...,~νk

)
 A∼
r

h
(
~ξ,~ν1,...,~νk

) ⊆

X
(
~ξ, ~ν1, . . . , ~νk

)
; else, r �

h
(
~ξ,~ν1,...,~νk

)
 A∼
r

h
(
~ξ,~ν1,...,~νk

) is disjoint

from X
(
~ξ, ~ν1, . . . , ~νk

)
. Moreover, r �

h
(
~ξ,~ν1,...,~νk

)‖ lh
(
tr
h
(
~ξ,~ν1,...,~νk

)) > n∗,

and if it decides positively, then there exists a bounded subset

A
(
~ξ, ~ν1, . . . , ~νk

)
⊆ h

(
~ξ, ~ν1, . . . , ~νk

)
for which r �

h
(
~ξ,~ν1,...,~νk

)
 the n∗-th

element of tr
h
(
~ξ,~ν1,...,~νk

) belongs to A
(
~ξ, ~ν1, . . . , ~νk

)
}

Applying the same tools above, there exists a condition p∗ ∈ G and a bounded subset A∗
(
~ξ, ~ν1, . . . , ~νk

)
,

such that–

{ξ < κ : p∗ �
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
) 
 if lh

(
tr
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)) ≥ n∗ then the

n∗-th element in the Prikry sequence of

h
(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

belongs to A∗ (~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
} ∈ W
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Since A∗ (~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

is bounded in h
(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
, it follows that–

{ξ < κ : p∗ �
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)
 lh

(
tr
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)) < n∗} ∈ W

By the choice of p∗, it follows that for a set of ξ-s in W ,

p∗ �
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)‖ X (ξ, µα0(ξ), . . . , µαk

(ξ)) ∈ U× (~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

we argue that for a set of ξ-s in W , the decision is positive. Indeed, otherwise, it holds in M [H]

that–

µα = [ξ 7→ µα(ξ)]W ∈
[
ξ 7→ h

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
\X

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)]

W
= kα(µα\X)

contradicting the choice of X. Thus, for a set of ξ-s in W ,

p∗ �
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)
 X

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
∈ U× (~µ∗

0(ξ), ~µ
∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

recall that U0 = U× ∩ V ; hence–

p∗ �
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)
 X

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
∈ U0

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

and thus, in M [H], kα(X) ∈ kα
(
U0
µα

)
. In particular, in Mα, X ∈ U0

µα
.

We now proceed to the proof for U j
µα

for every 1 ≤ j ≤ mα − 1. Assume that µ∗j
α ∈ kα(X), and

recall that µ∗j
α is the j-th element in d−1 (µα). We repeat the same argument above. First, define–

e
(
~ξ, ~ν1, . . . , ~νk

)
= {r ∈ P \ νk : r �

h
(
~ξ,~ν1,...,~νk

)‖ X
(
~ξ, ~ν1, . . . , ~νk

)
∈ U j

h
(
~ξ,~ν1,...,~νk

),
if it decides positively, then r �

h
(
~ξ,~ν1,...,~νk

)
 A∼
r

h
(
~ξ,~ν1,...,~νk

) ⊆

d′′X
(
~ξ, ~ν1, . . . , ~νk

)
; else, r �

h
(
~ξ,~ν1,...,~νk

)
 π−1
j,0

′′A∼
r

h
(
~ξ,~ν1,...,~νk

) is disjoint

from X
(
~ξ, ~ν1, . . . , ~νk

)
. Moreover, r �

h
(
~ξ,~ν1,...,~νk

)‖ lh
(
tr
h
(
~ξ,~ν1,...,~νk

)) > n∗,

and if it decides positively, then there exists a bounded subset

A
(
~ξ, ~ν1, . . . , ~νk

)
⊆ h

(
~ξ, ~ν1, . . . , ~νk

)
for which r �

h
(
~ξ,~ν1,...,~νk

)
 the n∗-th

element of tr
h
(
~ξ,~ν1,...,~νk

) belongs to A
(
~ξ, ~ν1, . . . , ~νk

)
}

Now we argue as before, and claim that–

p∗ �
h
(
~µ∗
0(ξ),~µ

∗
α1

(ξ),...,~µ∗
αk

(ξ)
)
 X

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
∈ U j

(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)
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indeed, otherwise, there exists a set of ξ-s in W for which–

µj
α(ξ) = π−1

j,0 (µα(ξ)) /∈ X
(
~µ∗
0(ξ), ~µ

∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)
)

contradicting the fact that µj
α ∈ kα (X). It follows that, in M [H], kα(X) ∈ kα

(
U j
µα

)
, and so

X ∈ U j
µα

.

Corollary 3.4.22. Eα = {X ⊆ [µα]
mα : 〈µα, µ

∗1
α , . . . , µ∗mα−1

α 〉 ∈ kα (X)} ∩Mα.

Proof. It suffices to prove that–

Eα ⊆ {X ⊆ [µα]
mα : 〈µα, µ

∗1
α , . . . , µ∗mα−1

α 〉 ∈ kα (X)} ∩Mα

Start from X ∈ Eα. Then there are sets X0 ∈ U0
µα

, . . . , Xmα−1 ∈ Umα−1
µα

such that the set

of increasing sequences in X0 × . . . ×Xm−1 is contained in X. Thus every increasing sequence in

kα (X0)×. . .×kα (Xm−1) belongs to kα(X), and by the previous lemma, 〈µα, . . . , µ
∗mα−1
α 〉 ∈ kα(X),

as desired.

This concludes the proof of properties (A) − (F ) from the beginning of the section. We now

focus on the proof of theorem 3.1.2.

Recall that κ∗ = jU (κ). Note that κ∗ = jκ∗ (κ), since κ is mapped to κ∗ after the first

step in the iteration, and every step after it is taken on a measurable µj
α below κ∗. Moreover,

sup{µα : α < κ∗} = κ∗ and thus crit (kκ∗) ≥ κ∗. Let us use the above properties and argue that

the induction halts after κ∗-many steps.

Proof of Theorem 3.1.2. Since jW �V = jκ∗ ◦ kκ∗ , it suffices to prove that kκ∗ : Mκ∗ → M is the

identity function. In particular, it will follow that jW �V = jκ∗ , M = Mκ∗ and jW (κ) = jκ∗ (κ) =

jU (κ).

We argue that for every ordinal η, η ∈ Im (kκ∗). Fix such η and let g ∈ V [G] be a function such

that [g]W∗ = η. Let g∼ be a P = Pκ-name for it. For every ξ < κ, let–

e(ξ) = {r ∈ P \ ξ : for some A ⊆ κ with |A| < κ, r 
 g∼(ξ) ∈ A}

e(ξ) is ≤∗-dense open by lemma 3.2.8. By Fusion, there exists p ∈ G such that for every ξ < κ,

p �ξ
 for some A ⊆ κ with |A| < κ, (p \ ξ)−ξ 
 g∼(ξ) ∈ A
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Fix ξ < κ and let A∼ be a Pξ-name for the above subset A ⊆ κ. Let–

A(ξ) = {γ < κ : ∃q ≥ p �ξ, q 
 γ ∈ A∼}

Then for every ξ < κ, |A(ξ)| < κ, and p−ξ 
 g∼(ξ) ∈ A(ξ). Recall that for every p ∈ G,

(jW (p))
−[Id]W∗ ∈ H. Thus, in M [H],

[g]W∗ ∈ jW∗ (ξ 7→ A(ξ)) ([Id]W∗) = kκ∗ ( jκ∗ (ξ 7→ A(ξ)) (j1,κ∗ (κ)) )

but |jκ∗ (ξ 7→ A(ξ)) (j1,κ∗ (κ))| < jκ∗ (κ) = κ∗ ≤ crit (kκ∗), and thus [g]W∗ ∈ Im (kκ∗).

Lemma 3.4.23. Fix α < κ∗ and denote m = mα. Let 0 < j ≤ m. Then µ∗j
α is measurable in M ,

and its Prikry sequence in M [H] is the sequence of critical points obtained by iterating the measure

U j−1
µα

over Mα.

Proof. First, by lemma 3.4.17, µα appears in the Prikry sequence of µ∗j
α . Let λ be the element

after it in this Prikry sequence, and let us argue that λ = jUj−1
µα

(µα) = µj−1
α . Since jUj−1

µα
(µα)

is measurable in Mα+1 and has cofinality above κ in V , there exists β > α such that µβ = µj
α;

Also, kβ (µβ) = kβ
(
jα+1,β

(
µj
α

))
= kα+1

(
µj
α

)
= µ∗j

α , and thus µβ = µj
α appears as an element

in the Prikry sequence of µ∗j
α . Thus, λ ≤ µj

α, and it suffices to prove that λ = µj
α. Assume for

contradiction that λ < µj−1
α = jUj−1

µα
(µα).

In Mα write–

µα = jα(h)
(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

))
and–

λ = jα+1(g)
(
j1,α

(
[Id]

′

0

)
, jα1+1,α

(
[Id]α1

)
, . . . , jαk+1,α

(
[Id]αk

)
, [Id]α

)
for some functions f, g in V . Recall that [Id]α = 〈µα, . . . , µ

j−1
α , . . . , µmα−1

α 〉, so we can assume that

for every ~ξ, ~ν1, . . . , ~νk, ~ν = 〈ν0, . . . , νm−1〉,

g
(
~ξ, ~ν1, . . . , ~νk, 〈ν0, . . . , νj−1, . . . , νm−1〉

)
< min{h

(
~ξ, ~ν1, . . . , ~νk

)
, νj−1}

Let t∗ be the initial segment of the Prikry sequence of kα (µα) which consists of all the ordinals

below µα. Fix a function 〈~ξ, ~ν1, . . . , ~νk〉 7→ t∗
(
~ξ, ~ν1, . . . , ~νk

)
which represents t∗ in Mα (as in lemma

3.4.17).
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For simplicity, we adopt the following notation below: whenever 〈~ξ, ~ν1, . . . , ~νk〉 are fixed, let

h = h
(
~ξ, ~ν1, . . . , ~νk

)
. Also, for every ν < h, we denote d−1(ν) = 〈ν1, . . . , νm−1〉 (whenever m 6= 1).

We also denote ν0 = ν and ~ν = 〈ν0, . . . , νm−1〉. Let C = C
(
~ξ, ~ν1, . . . , ~νk

)
be the club of closure

points of ν0 7→ g
(
~ξ, ~ν1, . . . , ~νk, ~ν

)
(this is a club in h. We remark that it is necessary in the proof

below only in the case where j = 1).

We now apply the Multivariable Fusion lemma. Fix 〈~ξ, ~ν1, . . . , ~νk〉, and let–

e
(
~ξ, ~ν1, . . . , ~νk

)
= {r ∈ P \ νk : for every ν ∈ A∼

r
h,

Ar
h \ ν ⊆

(
h \ νj−1

)
∩ C

(
~ξ, ~ν1, . . . , ~νk

)
}

First let us consider the case where j > 1. There exists p ∈ G such that for a set of ξ < κ in

W , the condition p_〈~ξ, ~µ∗
α1
(ξ), . . . , ~µ∗

αk
(ξ)〉 forces that the element which appears after µα(ξ) in

the Prikry sequence of h
(
~ξ, ~µ∗

α0
(ξ), . . . , ~µ∗

αk
(ξ)
)

is strictly greater then µ∗j−1(ξ). Thus, in M [H],

λ > µ∗j−1 > jW (g)
(
~κ, ~µ∗

α0
, . . . , ~µ∗

αk
, ~µ∗

α

)
≥ λ

which is a contradiction.

If j = 1, we use the club C defined above: Since µα < λ, it follows that λ > jW (g)
(
~κ, ~µ∗

α1
, . . . , ~µ∗

αk
, ~µ∗

α

)
which is again a contradiction as above.

Corollary 3.4.24. In M [H], recall the sequence–

d−1{κ} = 〈µ∗1
0 , . . . , µ∗m

0 〉 = 〈[Id]W 1 , . . . , [Id]Wm〉

For every 1 ≤ j ≤ m, the cardinal µ∗j = [Id]W j is measurable in M , and its Prikry sequence in

M [H] is the sequence of critical points in the iterated ultrapower, ω-many times, taken with the

measure U j−1 = W j−1 ∩ V ∈ V .

Finally, let us prove Theorem 3.1.3 and provide a sufficient condition for definability of jW �V .

Denote–
~U = 〈Uξ : ξ < κ〉

Recall that for every ξ ∈ ∆, Uξ is the measure on ξ in V such that Wξ = U×
ξ . We will argue below

that if ~U ∈ V , then jW �V is a definable class of V .
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Remark 3.4.25. The sequence ~U might be external to V , even though every measure in it belongs

to V . For instance, we may consider iterations where the measure used at stage α ∈ ∆ codes generic

information about Prikry sequences below α.

More specifically, Let η = min∆ be the first measurable, and assume that there are unboundedly

many measurables ζ < κ which carry at least η measures of Mitchell order 0 (see section 5 in [8]

for a detailed construction of a model satisfying the above assumptions). Let 〈ζξ : ξ < κ〉 be an

enumeration of the set of such measurables, and let 〈Uζξ,α : α < η〉 be an enumeration of η-many

measures of order 0 on each ζξ.

Denote by 〈ηn : n < ω〉 the Prikry sequence added to η in the iteration. For each ξ < κ, write

ξ = ξ′+n for ξ′ limit and n < ω. In the Prikry forcing at stage ζξ in the iteration, use the measure

U×
ζξ,ηn

= U∗
ζξ,ηn

. For every other measurable ζ ∈ ∆, use the extension of an arbitrary measure of

order 0. Note that the forcing P = Pκ generated this way uses only measures of order 0, so the

iterated ultrapower is taken with measures Eα = U0
µα

, which are a single measure, and not a product

of several measures on µα, for every α < κ∗.

Let G be a generic set for the above iteration over V . Clearly ~U /∈ V , as it codes the Prikry

sequence 〈ηn : n < ω〉 added to η.

Let us argue also that jW �V is not a definable class of V . As usual, let jW : V [G] → M [H]

be the ultrapower embedding. Let 〈λn : n < ω〉 be an enumeration of the first ω-many measurables

of MU = M0 which carry η-many measures. Then, by the analysis in this section, each λn carries

a measure UMU

λn,ηn
, which is iterated ω-many times in order to produce a Prikry sequence for a

measurable λ∗
n = j1,κ∗ (λn) of M . So λn remains measurable in Mλn (as all the steps in the

iteration 〈Mα : α < λn〉 are ultrapowers on measurables below λn), and–

jλn+1 = j
U

Mλn
λn,ηn

◦ jλn

Here, U
Mλn

λn,ηn
is the ηn-th measure in the enumeration jλn (ζ 7→ 〈Uζ,α : α < η〉) (λn) of η-many

normal measures of order 0 on λn in Mλn
. Note that–

j1,λn

(
UMU

λn,ηn

)
= U

Mλn

λn,ηn

Now, Assume for contradiction that jW �V is definable in V . Then the embedding k : MU → M ,

k ([f ]U ) = [f ]W∗ = jW �V (f) ([Id]W∗)
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is definable in V as well. Fix a set X ⊆ λn in MU . Then–

X ∈ UMU

λn,ηn
⇐⇒ λn ∈ j

U
MU
λn,ηn

(X)

⇐⇒ j1,λn (λn) ∈ j1,λn

(
j
U

MU
λn,ηn

(X)

)
⇐⇒ λn ∈ j1,λn+1(X)

⇐⇒ λ∗
n ∈ k(X)

and thus UMU

λn,ηn
, and in particular ηn, can be read from k. Thus, if jW �V is definable in V , then

so is the sequence 〈ηn : n < ω〉, which is a contradiction.

Finally. let us remark that it is possible that jW �V is definable in V , even though ~U /∈ V . As

above, let 〈ηn : n < ω〉 be the Prikry sequence added to the first measurable η. On the first ω-many

measurables 〈ζn : n < ω〉, choose the measures 〈Wζn : n < ω〉 as above, namely Wζn = U∗
ζn,ηn

. For

every other ζξ (ω ≤ ξ < κ), use the measure derived from the least normal measure of order 0 on ζξ

in V , with respect to a prescribed well order W of Vκ. In this case U /∈ V , but jW �V is definable:

For every α ≤ κ∗, the normal measure Uµα is chosen least, among normal measures of order 0 on

µα, with respect to the well order jα (W) (the use of the generic Prikry sequence added to η is done

boundedly below κ, and thus does not influence the value of Uµα
).

Proof of Theorem 3.1.3. We begin by proving the following claim:

Claim 3.4.26. Assume that ~U ∈ V . Then 〈〈U0
ξ , . . . , U

mξ−1
ξ , U

mξ

ξ = Uξ〉 : ξ ∈ ∆〉 ∈ V as well.

Proof. We prove by induction on α ∈ ∆ that 〈〈U0
ξ , . . . , U

mξ−1
ξ , U

mξ

ξ 〉 : ξ ∈ ∆ ∩ α〉 is definable over

V from Uα and 〈Uξ : ξ < α〉.

Fix α ∈ ∆. If Uα does not concentrate on ∆ ∩ α, then mα = 0 and Umα
α = Uα. Assume

otherwise. Denote m = jUα
(〈mξ : ξ ∈ ∆ ∩ α〉) (α). We argue that mα = m. Consider the generic

extension V [Gα] up to coordinate α. Uα concentrates on elements ξ ∈ ∆ for which m = mξ.

Each such ξ ∈ ∆ satisfies that ξ is the m-th element in d−1{d(ξ)}. Thus, in Ult (V [Gα] , U
×
α ),

d−1{κ} = m and thus m (U×
α ) = m. Thus indeed mα = m.

By the analysis done in this section (more specifically, corollary 3.4.19 and lemma 3.4.20, applied

in V [Gα]), for every 0 ≤ j < m,

U j
α =

[
ξ 7→ U j

ξ

]
Uα
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(where U j
ξ exists for a set of ξ-s in Uα, since j < m, and the function which maps each ξ < α to U j

ξ

is definable in V by the induction hypothesis). Thus the sequence 〈U0
α, . . . , U

mα−1
α , Umα

α = Uα〉 is

definable over V from 〈〈U0
ξ , . . . , U

mξ−1
ξ , U

mξ

ξ 〉 : ξ ∈ ∆ ∩ α〉 and Uα.

Now let us proceed to the proof of the theorem. We prove by induction on α ≤ κ∗ that

jα : V → Mα is definable in V . Fix α < κ∗ and assume that jα : V → Mα has been defined in V .

Let us define the measure Eα.

We use below the usual notations: for some α1 < . . . < αk < α and h ∈ V ,

µα = jα(h)
(
j1,α

(
[Id]

′

0

)
, jα1+1,α ([Id]1) , . . . , jαk+1,α ([Id]k)

)
(for sake of definability, we can use the least 〈α0, . . . , αk〉 and h, taken with respect to a prescribed

well order of Vλ for λ high enough). For every ξ ∈ ∆, let E(ξ) be the measure on [ξ]
mξ−1 which

corresponds to the sequence–

U0
ξ C U1

ξ C . . . C U
mξ−1
ξ

Since ~U belongs to V , the mapping ξ 7→ E(ξ) belongs to V as well, by the claim. By corollary

3.4.19, for every α < κ∗,

Eα = jα

(
〈~ξ, ~ν1, . . . , ~νk〉 7→ E(h

(
~ξ, ~ν1, . . . , ~νk

)
)
)(

j1,α

(
[Id]

′

0

)
, jα1+1,α ([Id]1) , . . . , jαk+1,α ([Id]k)

)
and this definition can be carried inside V .
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Chapter 4

The Easton Support

4.1 Introduction

In this chapter we consider the Easton support iteration of Prikry forcings. The situation turned

out to be radically different from the Nonstationary and Full support iterations. Namely, we show

the following:

Theorem 4.1.1. Let κ be a measurable cardinal with 2κ = κ+. Let 〈Pα, Q∼β : α ≤ κ, β < κ〉 be an

Easton-support iteration of Prikry type forcing notions.

Assume that ∆ ⊆ κ is unbounded, such that for every α < κ, Q
∼α is forced to be trivial if and

only if α /∈ ∆. Let U ∈ V is a normal measure on κ with ∆ /∈ U , and i : V → N is an elementary

embedding, definable in V , such that the following properties hold1:

1. crit(i) = κ.

2. κN ⊆ N .

3. κ /∈ i(∆).

4. U = {X ⊆ κ : κ ∈ i(X)}.

5. |i(κ)| = κ+.

6. {i(f)(κ) : f ∈ V, f : κ → κ} is unbounded in i(κ).

Assume also that every element of N has the form i(f) (β1, . . . , βl) for some f ∈ V and β1 < . . . <

βl < i(κ).
1A typical example of such N is an ultrapower of V by its κ-closed extender, and i : V → N is its embedding.
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Then there exists a measure W ∈ V [G] extending U , such that, denoting Ult (V [G] ,W ) '

MW [jW (G)], there exists k : N → MW with crit(k) > κ such that jW �V = k ◦ i.

Furthermore, under mild assumptions on the forcings participating in the iteration, there are

(2κ)
+
= κ++ normal measures W as above extending U (see theorem 4.2.2). This generalizes the

Kunen-Paris theorem on the number of normal measures [17].

We then focus on the question what can be said about the embedding k : N → MW . In

particular, ask whether it is an iteration of N by measures or extenders (without assuming that

V = K is the core model). We will prove in theorem 4.3.2 that this is the case where P = Pκ is an

iteration of Prikry forcings (under some restrictions on the normal measures used; see subsection

4.3.2). Furthermore, in this case, k is an iterated ultrapower with normal measures only.

4.2 The Forcing

Definition 4.2.1. An iteration 〈Pα, Q∼β : α ≤ κ , β < κ〉 is called an Easton support iteration of

Prikry-type forcings if and only if,

1. For every α < κ, the weakest condition in Pα forces that 〈Q
∼α,≤∼Qα

,≤∼
∗
Qα

〉 is a Prikry type

forcing notion.

2. For every α ≤ κ and p ∈ Pα,

(a) p is a function with domain α such that for every β < α, p � β ∈ Pβ, and p � β 
 p(β) ∈

Q
∼β.

(b) If α ≤ κ is inaccessible, then supp(p) ∩ α is bounded in α (supp(p) ⊆ α is the set of

indices γ on which p(γ) is forced to be non-trivial).

Suppose that p, q ∈ Pα. Then p ≥ q, which means that p extends q, holds if and only if:

1. supp(q) ⊆ supp(p).

2. For every β ∈ supp(q), p � β 
 p(β) ≥β q(β) (where ≥β is the order of Qβ).

3. There is a finite subset b ⊆ supp(q), such that for every β ∈ supp(q) \ b, p � β 
 p(β) ≥∗
β q(β)

(where ≥∗
β is the direct extension order of Qβ).

If b = ∅, we say that p is a direct extension of q, and denote it by p ≥∗ q.
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The following properties are standard (see [7] for example):

Lemma 4.2.2. For every λ ≤ κ, Pλ satisfies the Prikry property.

Lemma 4.2.3. For every λ ≤ κ which is Mahlo, Pλ has the λ− c.c..

Let U be a normal ultrafilter over κ. Let 〈Pα, Q∼β | α ≤ κ, β < κ〉 be an Easton support iteration

of a Prikry type forcing notions. Suppose that the following hold:

1. There exists an unbounded subset ∆ ⊆ κ, ∆ /∈ U , such that, for every α < κ,

(a) α ∈ ∆ −→ 
Pα
Q
∼α is nontrivial.

(b) α /∈ ∆ −→ 
Pα
Q
∼α is trivial.

2. For every α < κ, 
Pα
〈Q
∼α,≤∼

∗
α〉 is α−closed.

3. For every α ∈ ∆, 
Pα |Q
∼α| < min(∆ \ α+ 1).

Let G be a generic subset of P = Pκ. We would like to analyze the normal measures on κ

in V [G] extending U . The standard way to do so appears in [7], we present it here for sake of

completeness.

Lemma 4.2.4. There exists a normal measure U∗ ∈ V [G] on κ which extends U .

Proof. Let 〈A∼α : α < κ+〉 be an enumeration, in V , of P = Pκ-names, such that every X ∈

(P(κ))
V [G] has the form (A∼α)G for some α < κ+. Such list of names exists since P = Pκ is κ− c.c..

Now, construct, in V [G], a ≤∗-increasing sequence of conditions 〈qα : α < κ+〉, such that, over

N [G], qα ‖ κ ∈ jU (A∼α). Such a sequence exists since V [G] � ”〈jU (P ) \ κ,≤∗〉 is κ+ − closed.”

Let 〈 q∼α : α < κ+〉 be a P -name for the above sequence. Now, define U∗ ⊇ U as follows: For

every α < κ+, (A∼α)G ∈ U∗ if and only if there exists p ∈ G and α < κ+ such that–

p_ q∼α � κ ∈ i(A∼α)

We argue that U∗ defined above is a normal measure which extends U .

Assume that δ < κ and 〈X∼α : α < δ〉 is a Pκ-name for a partition of κ in V [G]. For every α < δ,

define–

Yα = {β < κ+ : ∃p ∈ Pκ, p 
 X∼α = A∼β}
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Since P is κ− c.c., |Yα| < κ. Denote–

Y =
⋃
α<δ

Yα

Then Y ⊆ κ+ is a bounded subset. Pick α∗ < κ+ high enough which bounds Y . Let us argue that

there exists p ∈ G and a unique β < δ such that–

p_ q∼α∗ 
 κ ∈ jU (A∼β)

and thus (A∼β)G ∈ U∗.

Work in N [G]. Note that 〈Aβ : β ∈ Y 〉 covers the sequence 〈Xα : α < δ〉. Since qα∗ is ≤∗ above

any qβ for β ∈ Y ,

∀ξ < α, qα∗ ‖ κ ∈ i(X∼ξ)

Since 〈i (Xξ) : ξ < δ〉 is a partition of i(κ), there exists a unique ξ∗ < δ such that qα∗ 
 κ ∈ i (A∼ξ∗).

Let p ∈ G be a condition forcing this. Then p_ q∼α∗ 
 κ ∈ i (X∼ξ∗), as desired.

A similar argument shows that U∗ is normal. Indeed, given a Pκ-name for a regressive function

f∼ : κ → κ, define, for every α < κ,

Xα = {ξ < κ : f(ξ) = α}

and proceed as before to find a unique α < κ such that Xα ∈ U∗. �

In particular, U can be extended to a normal measure U∗ ∈ V [G], such that the ultrapower

embedding jU∗ : V [G] → M [jU∗(G)] satisfies that jU∗ �V = k ◦ jU , for an embedding k : MU → M

which satisfies crit(k) > κ. Indeed, define k ([f ]U ) = [f ]U∗ for every f : κ → V in V .

A natural question here is whether this is the only way to generate a normal ultrafilter on κ in

V [G]. In [8, 9] it was established that this is the case when considering the Nonstationary support

iteration. However, this is not true anymore once full support iterations are considered: in [2] and

later in [15], iterations of the standard Prikry forcing were considered. It was proved that every

normal measure U ∈ V on κ with ∆ /∈ U can be extended to a normal measure U∗ ∈ V [G] similarly

as above, but not every normal measure extending U is generated this way; nevertheless, all the

normal measures on κ in V [G] were characterized, either as extensions U∗ of measures U ∈ V with

∆ /∈ U , or as the projections to normal measure of extensions U∗ of a normal ultrafilter U ∈ V

with ∆ ∈ U .
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It turns out that the picture in the Easton support iteration of Prikry type forcing notions

(and even of the standard Prikry forcings) is radically different. Given an elementary embedding

i : V → N with critical point κ, definable in V , the normal measure derived from it, U = {X ⊆

κ : κ ∈ i(X)}, can be extended to a normal measure W ∈ V [G] such that jW �V = k ◦ i, for some

k : N → M with crit(k) > κ. In the case of iterations of the standard Prikry forcing, k is an iterated

ultrapower of N by normal measures only (see section 4.3), while i : V → N can be an embedding

derived from an extender (as in the formulation of theorem 4.1.1).

Let us demonstrate that, in the Easton support iteration, there are many more possibilities to

get normal measures W ∈ V [G]. We show that an arbitrary embedding i : V → N can be used to

extend the normal measure U derived from it.

Lemma 4.2.5. Assume that i : V → N is an elementary embedding definable in V , with crit(i) = κ,

such that |i(κ)| = κ+, κ /∈ i(∆), N ⊆ V and κN ⊆ N . Denote–

U = {X ⊆ κ : κ ∈ i(X)}

Then G is i(P ) �κ= P -generic over N , and:

1. For every q ∈ i(P ) \ κ, there is H ∈ V [G] with q ∈ H, which is 〈i(P ) \ κ,≤∗ 〉-generic over

N [G].

2. Given such H ∈ V [G], define–

UH = {(A∼)G : A∼ is a P − name for a subset of κ, and there exists

p ∈ G ∗H such that p 
 κ ∈ i (A∼)}

Then UH is a normal, κ−complete ultrafilter on κ which extends U .

Proof.

1. We can enumerate, in V [G], all the maximal antichains in 〈i(P ) \ κ,≤∗〉 with order type κ+,

by i(κ)-c.c. of the forcing, and since V [G] � |i(κ)| = κ+. Note that κ 6∈ i (∆), so in the sense

of N [G], the forcing 〈i(P ) \ κ,≤∗〉 is more than κ-closed. Moreover, since V � κN ⊆ N ,

and P = Pκ is κ−c.c., V [G] � <κN [G] ⊆ N [G]. Therefore, every sequence of length κ of

conditions in i(P ) \ κ which belongs to V [G] belongs to N [G] as well. Thus, in the sense of

V [G], the forcing 〈i(P ) \ κ,≤∗〉 is κ+-closed.
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Starting from any condition in i(P ) \ κ, we can construct (in V [G]) a sequence of direct

extensions of it, meeting every maximal antichain. This sequence generates a ≤∗-generic over

N [G] for i(P ) \ κ, which belongs to V [G].

2. First, we prove that W = UH is a normal, κ-complete ultrafilter on κ which extends U . It is

not hard to verify that W is a filter. We prove that W is a κ-complete ultrafilter. Assume

that 〈Xα : α < δ〉 is a partition of κ, for some δ < κ. Work in N [G]. Let D ⊆ i(P ) \ κ be the

≤∗-dense open set of conditions which decide the unique α < δ for which κ ∈ i (X∼α). Then

such a statement is forced by some r ∈ H. Let p ∈ G be a condition which forces that r has

this property, and also decides the value of α. Then p_r 
 κ ∈ i (Xα) and thus Xα ∈ W .

Normality of W follows by a similar argument, using the dense set of conditions deciding the

value of i(f∼)(κ) for a given regressive function f : κ → κ. The argument works since we don’t

force over κ in N .

�

Remark 4.2.6. M. Magidor pointed out the following: Assuming that N ⊆ V and i : V → N

is definable in V [G], it follows that N is already a class of V . Indeed, pick a formula ϕ and a

parameter a ∈ V [G] such that for every x, y in V , ϕ(x, y, a) holds in V [G] if and only if i(x) = y.

For every ordinal α pick a condition pα ∈ G which decides the value of the set
(
Vi(α)

)N , which

is the set y for which ϕ (Vα, y, a) holds. Since P is a set forcing, there exists p∗ ∈ G such that,

for unboundedly many ordinals α, pα = p∗. Then N can be defined as a class of V using p∗,

N =
⋃
{y : ∃α ∈ ON, p∗ 
 ϕ (Vα, y, a∼)}.

In general, the settings of lemma 4.2.5 are not enough ensure that jUH
�V = k ◦ i for some k

with crit(k) > κ. For instance, given a normal measure U on κ in V with ∆ /∈ U , the embedding

i = jU2 satisfies the settings of lemma 4.2.5, but cannot be used to extend U to a measure UH for

which jUH
= k ◦ i for some embedding k with crit(k) > κ. This follows since i fails to satisfy clause

3 in the next claim:

Proposition 4.2.7. Assume that U ∈ V is a normal measure on κ, W ∈ V [G] is a normal measure

which extends U , i : V → N is an elementary embedding and jW �V = k ◦ i for some k : N → M

with crit(k) > κ. Then–
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1. {X ⊆ κ : κ ∈ i(X)} = U .

2. |i(κ)| = κ+.

3. {i(f)(κ) : f ∈ V, f : κ → κ} is unbounded in i(κ).

Proof.

1. {X ⊆ κ : κ ∈ i(X)} = U : Indeed, let X ⊆ κ in V with κ ∈ i(X). By applying k : N → M

it follows that κ ∈ jW (X) and hence X ∈ W . Since X ∈ V and U = W ∩ V , it follows that

X ∈ U .

2. |i(κ)| = κ+: This holds since, in V [G], |jW (κ)| = 2κ = κ+ (since, in V , 2κ = κ+), and

i(κ) ≤ jW (κ).

3. {i(f)(κ)|f : κ → κ} is unbounded in i(κ): Given β < i(κ), let f ∈ V [G] be a function

such that [f ]W = k (β). Since k (β) < k (i(κ)) = jW (κ), we can assume that f : κ → κ. The

Easton support ensures that there exists g : κ → κ in V which dominates f . Thus i (g) (κ) ≥ β

(indeed, by applying k : N → M on both sides, this is equivalent to jW (g)(κ) ≥ k (β) = [f ]W ,

which holds, since g dominates f . Note that, when applying k, we used the fact that crit(k) >

κ).

�

Theorem 4.1.1 will be proved by a sequence of lemmata, concluded in lemma 4.2.14. The main

idea in the proof of theorem 4.1.1 is to add representing functions for all the generators of i above

κ. This is needed since jW �V has a single generator κ.

Definition 4.2.1. An ordinal β is called a generator of i : V → N if there are no n < ω, ordinals

β1, . . . , βn below β and a function f ∈ V such that β = i (f) (β1, . . . , βn).

In the next lemma we construct a function α 7→ θα in V [G], which will be utilized, alongside

functions in V , to represent the generators of i in Ult (V [G] ,W ).

Lemma 4.2.8. There exists a Pκ-name for a sequence of ordinals, 〈θα : α < κ〉, such that the

following property holds:
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1. For every β < κ and p ∈ Pκ, there is α0 < κ such that for every α ≥ α0 there exists p∗ ≥∗ p

such that p∗ 
 θα = β.

2. For every α < κ and condition p ∈ Pκ, there exists a condition p∗ ≥∗ p which decides the

value of θ∼α.

Remark 4.2.9. When iterating Prikry forcings, the natural candidate for the function α 7→ θα is

the function which maps every α ∈ ∆ to the first element in its Prikry sequence (this function does

not have domain κ, but this can be fixed by defining the function of elements outside of ∆ as the

value of the first element of ∆ above them). The main problem with such a function is that it fails to

satisfy clause 2 of the lemma (from density, every ≤∗-generic set has some α ∈ ∆ for which it does

not decide the first element in its Prikry sequence). However, we can base the function α 7→ θα on

α 7→ the first element of the Prikry sequence of α. There will be still many places of disagreement

between them, but for every given β < κ there will be α < κ such that β is the first element of the

Prikry sequence of α.

Proof. For every α < κ, let τα < κ be the least ordinal such that P �(α,τα) is not α− c.c.. We will

argue below that such τα < κ exists, but first, let us show that this suffices: Pick an unbounded

subset X ⊆ κ, such that, for every α, α′ ∈ X,

α < α′ =⇒ τα < τα′

(for instance, let X be the club of closure points of the function α 7→ τα). Enumerate X = 〈xα : α ∈

∆〉. For every α ∈ ∆, let 〈qxα,ξ : ξ < xα〉 be an antichain in P(xα,τxα ) of cardinality α. Define θα to

be the unique ordinal ξ < xα for which qxα,ξ ∈ G �(xα,τxα ) (if there is no such ξ, which is possible

since the antichain is not necessarily maximal, set θα = 0).

Now, given β < κ and a condition p ∈ Pκ, pick first α ∈ ∆ for which xα bounds the support

of p. Direct extend p to p∗ such that p∗ �(xα,τxα )= qxα,β . Then2 by our definition, p∗ forces that

θα = β.

Let us prove now that for every α < κ and condition p ∈ Pκ, there exists p∗ ≥∗ p which decides

the value of θα.

We will direct extend p is the interval (xα, τxα
), xα-many times, to decide whether qxα,ξ ∈

G �(xα,τxα ), for every ξ < xα. Note that this is possible since 〈P �(xα,τxα ),≤∗ 〉 is more than xα-
2It is crucial here that the Easton support is used.
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closed. Let p∗ ≥∗ p be the obtained condition. Then either there exists ξ < xα such that p∗ forces

that qxα,ξ is in the generic, and then p∗ 
 θ∼α = ξ; or, there is no such ξ, and then p∗ 
 θ∼α = 0.

Let us argue now that indeed, for every α < κ there exists τα < κ such that P �(α,τα) is not

α− c.c.: Pick τα such that there are α-many elements of ∆ in the interval (α, τα). Let 〈τα,ξ : ξ < α〉

be an enumeration of the first α-many elements in (α, τα) ∩ ∆. For every ξ < α, let x∼ξ, y∼ξ be

Pτα,ξ
-names, forced by 0Pτα,ξ

to be pair of incompatible elements of Q
∼τα,ξ

. Such a pair exists since

Q
∼τα,ξ

is nontrivial.

Now, for every σ ∈ 2α, let pσ ∈ P �(α,τα) be the condition which satisfies, for every ξ < α, that–

pσ �ξ
 pσ (ξ) =

{
x∼ξ If σ (ξ) = 0

y∼ξ If σ (ξ) = 1

Note that τα is the limit of the first α many elements above α in ∆, and thus τα is singular, so the

support of a condition in P = Pκ may be unbounded in τα.

Then 〈pσ : σ ∈ 2<α〉 is an antichain in P �(α,τα) of cardinality at least α. �

Remark 4.2.10. Given a function α 7→ θ∼α as in lemma 4.2.8, we slightly abuse the notation and

denote i (α 7→ θ∼α) by 〈θ∼α : α < i(κ)〉.

Lemma 4.2.11. Under the assumptions of theorem 4.1.1, there exists H ∈ V [G] which is 〈i(P ) \

κ,≤∗〉-generic over N [G], with the following property:

(∗) For every generator β ∈ i(κ) \ (κ+ 1) of i, there exists a function f = fβ ∈ V,

f : κ → κ and a condition q ∈ H such that q 
 β = i
(
α 7→ θ∼f(α)

)
(κ) .

where 〈θ∼α : α < i(κ)〉 is as in remark 4.2.10.

Proof. In V [G], let 〈Aξ | ξ < κ+〉 be an enumeration of maximal antichains in i(P ). Let 〈βξ |

ξ < κ+〉 be an enumeration of all the generators of i below i(κ). Define in V [G] a ≤∗ −increasing

sequence 〈rξ | ξ < κ+〉. Assume that 〈rξ : ξ < ξ∗〉 has been constructed for some ξ∗ < κ+. Pick a

condition r which ≤∗ extends all the conditions 〈rξ : ξ < ξ∗〉 constructed so far, and, by extending

it, assume that r extends a condition in Aξ∗ . Finally, let α0 < i(κ) be such that for every α ≥ α0

there exists r∗ ≥∗ r which forces that i (ξ 7→ θξ) (α) = βξ∗ . Pick any α ≥ α0 below i(κ) which

has the form i (f) (κ) for some f = fβξ∗ ∈ V , and let rξ∗ ≥∗ r be a condition which forces that

i (ξ 7→ θξ) (α) = βξ∗ .
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Finally, let H be the ≤∗-generic generated from 〈rξ : ξ < ξ∗〉. �

Remark 4.2.12. Repeating the above argument, we can construct 2κ
+-many distinct generic sets

H satisfying property (∗), by constructing a binary tree 〈rσ : σ ∈ 2<κ+〉 of conditions, which are ≤∗-

increasing in each branch, and for each σ ∈ 2<κ+ , rσ_〈0〉 and rσ_〈〉 are ≤∗-incompatible. Assuming

2κ
+

= κ++, this provides the maximal number of generic sets H in V [G] for 〈i(P ) \ κ,≤∗ 〉 over

N [G].

Below we will define for every such H a measure UH ∈ V [G] on κ which extends U ; under

mild assumptions on the forcing notions Q
∼α, we will prove that for H 6= H ′ satisfying property (∗),

UH 6= UH′ (see theorem 4.2.2). Assuming GCH, this produces the maximal number κ++ of normal

measures on κ, generalizing the well known result of Kunen and Paris [17].

Remark 4.2.13. Not every generic set H ∈ V [G] for 〈i(P ) \ κ,≤∗ 〉 satisfies property (∗).

Indeed, assume that ∆ consists only of inaccessibles and i : V → N has a nonempty set of

generators in (κ, i(κ)) which is bounded by some ordinal η = i(f)(κ) below min (i(∆) \ κ), for some

f ∈ V . This holds in the typical case where ∆ consists of measurables below κ and i is a (κ, κ+)-

extender (the length of i is κ+ since i has to satisfy the requirement |i(κ)| = κ+ of theorem 4.1.1).

Let σ : MU → N be the embedding which maps each element [g]U of MU to i(g)(κ) (here g ∈ V is

any function with domain κ). σ has critical point strictly above κ+, since (κ+)
N

= κ+.

In V [G], let HU ⊆ jU (P ) \ κ be ≤∗-generic over MU [G]. Let H ⊆ i(P ) \ κ be the generic

set generated from σ′′HU . We argue that H is indeed ≤∗-generic over N . Let D ∈ N [G] be

a ≤∗-dense open subset of i(P ) \ κ. Write D∼ = i(F ) (κ, β1, . . . , βl) for some function F ∈ V ,

l < ω and generators β1, . . . , βl < i(f)(κ) of i. We can assume that for every ξ, η1, . . . , ηl < f(ξ),

F (ξ, η1, . . . , ηl) ⊆ P \ ξ is forced to be ≤∗-dense open subset of P \ ξ. Define, in MU ,

DU =
⋂

γ1,...,γl<jU (f)(κ)

jU (F ) (κ, γ1, . . . , γl)

and note that, since the amount of sequences γ1, . . . , γl < jU (f)(κ) in MU is below min (∆ \ κ),

and 〈jU (P ) \κ,≤∗ 〉 is more than min (jU (∆) \ κ)-closed, DU is ≤∗-dense open subset of jU (P ) \κ.

Pick any q ∈ HU ∩DU . Then σ(q) ∈ D ∩H, since σ(DU ) ⊆ D.

Since σ′′G∗HU ⊆ G∗H, the embedding σ : MU → N can be lifted to an embedding σ∗ : MU [G ∗HU ] →

N [G ∗H].
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Pick now any generator β of i in the interval (κ, i(κ)). We argue that there is no f ∈ V such

that H 
 β = i
(
α 7→ θ∼f(α)

)
(κ). Indeed, otherwise, by elementarity of σ∗, there exists β∗ < jU (κ)

such that–

HU 
 β∗ = jU
(
α 7→ θ∼f(α)

)
(κ)

Let g ∈ V be a function such that β∗ = jU (g)(κ). Then–

β = σ∗ (β∗) = i (g) (κ)

contradicting the fact that β is a generator of i.

Given i,N, U as in theorem 4.1.1 and a generic set H ∈ V [G] for 〈i(P ) \ κ,≤∗〉 over N [G],

define–

UH = {(A∼)G : A∼ is a P − name for a subset of κ, and there exists

p ∈ G ∗H such that p 
 κ ∈ i (A∼)}

Then UH is a normal, κ-complete ultrafilter which extends U . This follows by repeating the

argument of lemma 4.2.5.

The model MUH
' Ult (V [G] , UH) is of the form M [G∗], where M is the image of V and

G∗ = jUH
(G) is jUH

(P )−generic over M in sense of MUH
. We conclude the proof of theorem 4.1.1

by defining an elementary embedding k : N → M and proving that crit(k) > κ.

In the next lemma we continue the abuse of notation as in remark 4.2.10, and denote–

jUH
(〈θξ : ξ ∈ ∆〉) = 〈θξ : ξ ∈ jUH

(∆)〉

Lemma 4.2.14. Assume the settings of theorem 4.1.1. Suppose that H is a generic set for

〈i(P ) \ κ,≤∗〉 over N [G] with the property (∗). Define then k : N → M as follows:

k (i(f)(κ, β1, ..., βl)) = jUH
(f)

(
κ, θ[fβ1

]
UH

, ..., θ[fβl

]
UH

)
For every l < ω, β1, . . . , βl < i(κ) generators of i and f ∈ V (the functions fβi

, 1 ≤ i ≤ l, are as

in lemma 4.2.11).

Then k : N → M is elementary, crit(k) > κ and jUH
�V = k ◦ i.

Proof. Denote W = UH . Let us prove that the embedding k defined above is elementary. Assume

that x, y ∈ N . There are functions f, g in V , generators β1 < . . . < βl < i(κ) such that–

x = i(f) (κ, β1, . . . , βl) , y = i(g) (κ, β1, . . . , βl)
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Assume now that k(x) = k(y), namely–

jW (f)
(
κ, θjW

(
fβ1

)
(κ), . . . , θjW

(
fβl

)
(κ)

)
∈ jW (g)

(
κ, θjW

(
fβ1

)
(κ), . . . , θjW

(
fβl

)
(κ)

)
Then–

{ξ < κ : f
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ)

)
∈ g

(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ)

)
} ∈ W

and by the definition of W , there exists p ∈ G and r ∈ H such that–

p_r 
 κ ∈ i
(
{ξ < κ : f

(
ξ, θ∼fβ1

(ξ), . . . , θ∼fβl
(ξ)

)
∈ g

(
ξ, θ∼fβ1

(ξ), . . . , θ∼fβl
(ξ)

)
}
)

By extending r ∈ H finitely many times, p_r 
 θ∼(i(fβm )(κ)) = βm holds for every 1 ≤ m ≤ k.

Thus, the last equation can be replaced with–

p_r 
 i(f) (κ, β1, . . . , βl) ∈ i(g) (κ, β1, . . . , βl)

but the forced statement above is entirely in N , and since a condition forces it, it is true in N .

Thus–

i(f) (κ, β1, . . . , βl) ∈ i(g) (κ, β1, . . . , βl)

as desired. The implication in the other direction is proved similarly.

Clearly crit(k) > κ. We finish the proof by showing that jW �V = k ◦ i. Let x ∈ V and let

cx : κ → V be the constant function with value x. Then–

k (i(x)) = k (i (cx) (κ)) = jW (cx) (κ) = jW (x)

as desired. �

Let us now study the properties of the embedding k : N → M . We assume the settings of

theorem 4.1.1.

Lemma 4.2.15. If ≤=≤∗, or at least ≤α=≤∗
α, for a final segment of α < κ, then k is the identity

and M = N .

Proof. Fix an ordinal η, and let f ∈ V [G] be a function such that η = [f ]W . We will prove that

η ∈ Im(k). Indeed, consider the set–

{p ∈ i(P )/G | ∃τ(p 
 i(f∼)(κ) = τ)}
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It is ≤ −dense in N [G]. So, if ≤=≤∗, then H meets it. Thus, there exists a condition q ∈ H, a

function g ∈ V and generators β1, . . . , βl of i, such that q 
 i (f∼) (κ) = i(g) (κ, β1, . . . , βl). Thus,

by the definition of W ,

{ξ < κ : f(ξ) = g
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ)

)
} ∈ W

and thus η = [f ]W = k (i(g) (κ, β1, . . . , βl)).

�

In general, M should not be equal to N . Thus, for example, they will differ if the Prikry forcing

was used unboundedly often below κ.

However, we do not know whether the assumption of 2.15 is necessary.

Question 4.2.16. Suppose that for unboundedly many α < κ, ≤α 6=≤∗
α. Is then M 6= N?

We do not know what are the requirements on the forcings Q
∼α for α ∈ ∆ which imply M = N .

We conjecture that the requirement should be that there is δ < κ, such that every set of ordinals

x of V [G] can be covered by a set y ∈ V of cardinality ≤ |x|+ δ.

Lemma 4.2.17. k′′H ⊆ G∗ \ κ.

Proof. Let q be in H, and let p ∈ G be a condition such that p 
 q∼ ∈ H∼ (recall that H ∈ V [G]).

Clearly,

p_ q∼ 
 q∼ ∈ Γ \ κ

where Γ is the canonical i(P )-name for the generic set for i(P ) over V .

Pick f : [κ]n → κ, f ∈ V and β1 < ... < βn < i(κ) such that q∼ = i(f)(β1, ..., βn). For every

m, 1 ≤ m ≤ n, there are fm : κ → κ, fm ∈ V such that qi(fm)(κ),βm
∈ H, namely, βm = θi(fm)(κ).

Let us argue that the set–

Aq = {ν < κ | f(θf1(ν), ..., θfn(ν)) ∈ G∼ \ ν}

is in W. Pick any q ≤∗ q∗ ∈ H which ≤∗ which forces that βm = θi(fβm )(κ), for every 1 ≤ m ≤ n.

Recall that–

q = i(f)(β1, ..., βn) = i(f)(θi(f1)(κ), ..., θi(fn)(κ))

127



and thus p_ q∼
∗ 
 κ ∈ i(A∼q).

�

The next lemma generalizes a Kunen-Paris result (see remark 4.2.12).

Theorem 4.2.2. Let H,H ′ ∈ V [G] be generic sets for 〈i(P ) \ κ,≤∗ 〉 over N [G]. Suppose that H

and H ′ satisfy (∗). Assume that for every β < κ, if q, q′ ∈ Qβ are incompatible according to the

order ≤∗, then–

Dβ(q) = {r ∈ Qβ | r is ≤ −incompatible with q}

is ≤∗ −dense above q′, or

Dβ(q
′) = {r ∈ Qβ | r is ≤ −incompatible with q′}

is ≤∗ −dense above q.3

Suppose that H 6= H ′, then UH 6= UH′ .

Remark 4.2.18. Note that if the Qβ-s are taken to be Prikry forcings, then the above property holds.

Indeed, assume that q = 〈t, A〉 and q′ = 〈t′, A′〉 are ≤∗-incompatible. Then t 6= t′. Assume without

loss of generality that t is an end extension of t′. Then D(q) = {r : r, q are ≤∗ -incompatible}

is ≤∗-dense open above q′. Indeed, pick a condition 〈t′, B〉 ≥∗ 〈t′, A〉. Shrink B to the set B∗ =

B \ (max(t) + 1). Then 〈t′, B∗〉 ≥∗ 〈t′, B〉 and is incompatible with q = 〈t, A〉.

Proof. Suppose otherwise, i.e. H 6= H ′, but UH = UH′ := W .

Let k : N → M be the elementary embedding defined from H and k′ : N → M from H ′.

Claim 4.2.19. k 6= k′.

Proof. Assume for contradiction that k = k′. Thus, by Lemma 4.2.17, every pair of elements from

H,H ′ are ≤-compatible. We will argue that this implies that H = H ′. It suffices to prove that

every pair of conditions q ∈ H, q′ ∈ H ′ are ≤∗-compatible.

Assume otherwise. Let α < κ be the least ordinal such that there are pair of conditions

q ∈ H, q′ ∈ H ′ for which q �α, q′ �α are ≤∗-incompatible. α cannot be limit, since ≤∗-compatibility

of all the initial segments of q, q′ below α implies that q �α and q′ �α are ≤∗-compatible themselves

(if α is inaccessible, this is clear since the support of q, q′ is bounded in α; if the supports of q, q′

3This type of condition usually holds. For example, if we iterate Prikry forcings, then just shrinking sets of
measure one will produce such type of incomparability.
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are unbounded in α, just intersect sets of measure one to find a common direct extension). Thus

α = β + 1 is successor, and q (β), q′ (β) are ≤∗-incompatible. By the property of the forcing Qβ ,

without loss of generality, Dβ (q) is ≤∗-dense open above q′. Since q′ ∈ H ′ (β), q′ can be extended

to a condition r ∈ H ′, such that r(β) ∈ Dβ(q). In particular, q ∈ H, r ∈ H ′ are ≤-incompatible,

which is a contradiction. � of claim 4.2.19.

Since k 6= k′, there exists a generator β of i such that k(β) 6= k′(β). Pick the least such generator

β.

Claim 4.2.20. For every generator β′ < β of i, there exists a function fβ′ ∈ V such that each

generic H,H ′ has a condition which forces that β′ = θ∼i
(
fβ′

)
(κ).

Proof. Let f, f ′ be functions such that some condition in H forces that β = θ∼i(f)(κ), and some

condition in H ′ forces that β′ = θ∼i(f ′)(κ). Let q ∈ H be a condition which decides the statement

θ∼i(f)(κ) = θ∼i(f ′)(κ) and assume for contradiction that it is decided negatively. By applying k,

k(q) ∈ jW (G) forces that–

θ∼[f ]W
6= θ∼[f ′]W

namely k(β′) 6= k′ (β′), contradicting the minimality of β. � of claim 4.2.20.

Recall now that k(β) 6= k′(β). Thus, there are two distinct functions f, f ′ in V such that–

1. Some condition in H forces that β = θ∼i(f)(κ).

2. Some condition in H ′ forces that β = θ∼i(f ′)(κ).

3. Without loss of generality, {ξ < κ : θf ′(ξ) < θf(ξ)} ∈ W .

By property (2) of the names 〈θ∼α : α < κ〉, presented in lemma 4.2.8, there exists an ordinal β′

such that some condition in H forces that θ∼i(f ′)(κ) = β′. By the above assumptions, β′ < β.

We argue that β′ is a generator of i as well. This will finish the proof: once we prove that β′ is a

generator of i, it follows from claim 4.2.20 that θi(f ′)(κ) represents β′ in the sense of both generics,

H,H ′. However, in the sense of H ′, it represents β, which is a contradiction.

Assume for contradiction that β′ is not a generator of i. Then there is a function g ∈ V and

β1, . . . , βl below β′, such that β′ = i(h) (κ, β1, . . . , βl). Since H forces that β′ = θ∼i(f ′)(κ), it follows

that–

{ξ < κ : g
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ)

)
= θf ′(ξ)} ∈ UH = W
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Thus the same set belongs to UH′ . Therefore, H ′ forces that–

β = θi(f ′)(κ) = i(g) (κ, β1, . . . , βl)

contradicting the fact that β is a generator of i (note that we used claim 4.2.20 when arguing that

the generators βi, 1 ≤ i ≤ l, are represented the same way in the sense of H,H ′). �

Definition 4.2.3. A measure W ∈ V [G] is called simply generated if W = UH for some U ∈ V ,

where H is generic for 〈jU (P ) \ κ,≤∗〉 over MU [G].

Remark 4.2.21. Given a simply generated normal measure W ∈ V [G] as above, with ∆ /∈ W ,

the parameters U and H are uniquely defined from it4. Indeed, we will prove in the next lemma

that U = W ∩ V belongs to V , and is a normal measure there with ∆ /∈ U , Now, assume that there

are H,H ′, generic over MU [G] for 〈jU (P ) \ κ,≤∗〉, with W = UH = UH′ . Then H,H ′ satisfy

the conditions of lemma 4.2.2 (since jU has no generators other than κ). Thus, by the theorem,

H = H ′.

Given W ∈ V [G] normal on κ (which is not necessarily simply generated), we can say the

following:

Lemma 4.2.22. Every normal measure W ∈ V [G] on κ extends a measure U = W ∩ V ∈ V .

Proof. First, let us argue that U = W ∩ V belongs to V . By [8], it suffices to prove that there are

no new fresh unbounded subsets of cardinals in the interval
[
κ, (2κ)

V
]
= [κ, κ+]. Thus, it suffices

to prove the following pair of claims:

Claim 4.2.23. P = Pκ does not add fresh unbounded subsets to κ.

Proof. The fact that there are no fresh unbounded subsets of κ follows essentially from the facts

that 2κ = κ+, and that there exists a normal measure on κ in V [G]: Given a normal measure

U ∈ V with ∆ /∈ U , take any U∗ ∈ V [G] which extends it. Given a fresh unbounded A ⊆ κ,

A = jU∗ (A) ∩ κ and thus, by elementarity, A belongs to the ground model M of Ult (V [G] , U∗).

Now set kU : MU → M to be the function which maps [f ]U to [f ]U∗ . Then kU is a well defined

elementary embedding since U ⊆ U∗, and crit (kU ) > κ by normality of U∗. Since 2κ = κ+ holds
4Note that when iterating Prikry forcings, ∆ /∈ W holds for every normal measure W ∈ V [G] on κ, since every

such W concentrates on regulars.
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in M , kU maps the sequence of subsets of κ to itself, and thus every subset of κ which belongs to

M , already belongs to V . So the above set A belongs to V , which is a contradiction. �

Claim 4.2.24. For every measurable (in V ) λ ≤ κ, Pλ doesn’t add fresh unbounded subsets of λ+.

In particular, Pκ does not add fresh subsets to λ+.

Proof. Let f ∈ V [G] be the characteristic function of a fresh unbounded subset of λ+. Let f∼ be a

Pλ-name and assume that p ∈ P forces that f∼ is fresh.

Let G ⊆ Pλ be generic over V . For every ξ < λ+, let pξ ∈ G be a condition which decides f∼ �ξ.

For every ξ < λ+ there exists αξ < λ such that the support of pξ is bounded by αξ. Let A ⊆ λ+

and α∗ < λ be such that |A| = λ+ and αξ = α∗ for every ξ ∈ A.

By shrinking A ⊆ λ+ even further (to a set of cardinality λ+), we can assume that there exists

q∗ ∈ Pλ such that, for every ξ ∈ A, pξ �α∗= q∗ �α∗ , and q∗ �[α∗,λ) is trivial.

Let h =
⋃
{g : ∃ξ < λ q∗ 
 f∼ �ξ= g}. Clearly, h : λ+ → 2 is a function and q∗ 
 f∼ = ȟ. �

� of lemma 4.2.22.

4.3 The Structure of jW �V

4.3.1 Properties of k

We continue and use the notations of theorem 4.1.1. We first state the following lemma.

Lemma 4.3.1. Let P = Pκ be an Easton support iteration of Prikry type forcings, and i : V → N ,

∆ ⊆ κ, U ∈ V , W ∈ V [G] and k : N → M be as in section 4.2.

Assume that there are no elements in (κ, crit(k)) ∩ i(∆). Then crit(k) ∈ i(∆), namely, it is the

least element above κ in i (∆).

Remark 4.3.2. The assumption (κ, crit(k)) ∩ i(∆) = ∅ holds in the typical case where P = Pκ is

an iteration of Prikry forcings. Indeed, assume, by contradiction, that there exists µ ∈ (κ, λ)∩ i(∆).

Then µ = k (µ), and thus in M [jW (G)], µ changes cofinality to ω. Therefore, in V [G], cf (µ) = ω,

and, in V , cf (µ) ≤ κ. The sequence witnessing this belongs to V ∩(κN) and thus, by our assumption

on N , belongs already to N . This contradicts the measurability of µ in N .

Proof. Denote λ = crit (k). Then for some h ∈ V and κ = β0 < β1 < . . . < βk,

λ = i(h) (κ, β1, . . . , βk)
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By the definition of k, λ > κ.

We first prove that λ ∈ i (∆). Assume otherwise. We can assume without loss of generality that

for every ξ, ν1, . . . , νk below κ, h (ξ, ν1, . . . , νk) > ξ does not belongs to ∆: this can be assumed by

replacing the function h with the function h′ : [κ]
n+1 → κ defined as follows: For every ξ, η1, . . . , ηk,

h′ (ξ, η1, . . . , ηk) equals h (ξ, η1, . . . , ηk) if h (ξ, η1, . . . , ηk) > ξ is not measurable in V ; and else,

h′ (ξ, η1, . . . , ηk) is an arbitrary non-measurable above ξ. By our assumption,

i (h) (κ, β1, . . . , βk) = i (h′) (κ, β1, . . . , βk)

so we can replace h with h′. Since λ is regular (as a critical point of an elementary embedding), we

can assume, using a similar argument, that each h (ξ, ν1, . . . , νk) is regular.

We can assume that for every ξ, µ1, . . . , νk, there are no elements of ∆ in the interval (ξ, h (ξ, ν1, . . . , νk)).

Let f ∈ V [G] be a function such that [f ]W = λ. Then–

[f ]W = λ < k(λ) = jW (h)
(
κ, θ[fβ1

]
W
, . . . , θ[fβk

]
W

)
By the definition of W , there exists p ∈ G and r ∈ H such that–

p_r 
 i(f∼)(κ) < i(h)
(
κ, θi

(
fβ1

)
(κ), . . . , θi

(
fβk

)
(κ)

)
Recall that, for every 1 ≤ i ≤ k, there exists a condition in H forcing that θi

(
fβi

)
(κ) = βi. Thus by

extending r inside H,

p_r 
 i(f∼)(κ) < i(h) (κ, β1, . . . , βk)

Since there are no measurables of N in the interval (κ, i(h) (κ, β0, . . . , βk)], we can find r′ ≥∗ r

inside H such that–

p 
 ∃α < i(h) (κ, β1, . . . , βk) , r′ 
 i(f)(κ) < α

and since P = Pκ is κ-c.c. and i(h) (κ, β1, . . . , βk) is regular, there exists α < i(h) (κ, β1, . . . , βk)

such that–

p_r′ 
 i(f∼)(κ) < α

Now apply k on both sides. By lemma 4.2.17,

M [jW (G)] � λ = [f ]W < k (α)

but α < i(h) (κ, β1, . . . , βk) = λ and thus λ < k(α) = α < λ, which is a contradiction. �
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Remark 4.3.3. Assume that P = Pκ is an iteration of the one point Prikry forcings. A one point

Prikry forcing on a measurable α is a forcing, which depends on a normal measure U on α, and is

defined as follows: Conditions are of the form A where A ∈ U or ξ for some ordinal ξ < α. The

latter kind of condition cannot be extended. A condition of the form A for A ∈ U can be extended

in two ways: A direct extension is a condition B where B ∈ U and B ⊆ A; a non-direct extension

is of the form ξ where ξ ∈ A is an ordinal.

We argue that in this case, the question whether (κ, crit(k)) ∩ i(∆) 6= ∅, and, as a result, the

value of crit(k), depend of the choice of H:

1. Denote by µ the first element above κ in i(∆). Assume first that H is chosen such that

the condition on coordinate µ is a measure one set. In this case, µ = crit(k). Indeed,

crit(k) < µ cannot hold, since then (κ, crit(k)) ∩ i(∆) = ∅ which implies, by the last lemma,

that µ = crit(k). And µ < crit(k) cannot hold since then k(µ) = µ. Denote by µ0 < µ the one

point added below µ in jW (G). Then H at coordinate µ has a condition which is incompatible

with µ0 (by shrinking the large set and applying a density argument). Thus µ = crit(k).

2. Denote now by µ the least element in i(∆), for which H does not specify the one-point element

added to it. We argue that crit(k) = µ, even though µ doesn’t have to be the least element

above κ in i(∆).

Repeat the proof of the last lemma, and note that the ≤∗ forcing in the interval (κ, µ) is trivial,

since no condition in this interval can be non-trivially extended. This replaces the assumption

that there are no elements of i (∆) in the interval (κ, i(h) (κ, β1, . . . , βk)). Therefore, µ =

crit(k).

Let us deal here with an Easton support iteration P of the Prikry forcings over a set ∆ of a

measurable length κ. Let U be a normal ultrafilter over κ in V with ∆ 6∈ U . Let G ⊆ P be a

generic and W be a normal ultrafilter in V [G] which extends U .

Let i : V → N be an elementary embedding as in theorem 4.1.1, and assume that W = UH and

k : N → M are as in lemma 4.2.14.

In the setting of iteration of Prikry forcings, much more can be said about the embedding

k : N → M . From remark 4.3.2, it follows that crit(k) is the least element in i(∆) above κ. In

particular, by elementarity, k(µ) ∈ jW (∆) in M , and thus a Prikry sequence is added to k(µ) in

jW (G).

133



Lemma 4.3.4. Denote µ = crit(k). Then µ appears in the Prikry sequence of k(µ).

Remark 4.3.5. µ is not necessarily the first element in the Prikry sequence of k(µ). The initial

segment of this Prikry sequence below µ depends on the choice of H. For every finite sequence

t ∈ [µ]
<ω, we can choose H ⊆ i(P ) \ κ such that t is an initial segment of the Prikry sequence of

µ. This way, in M [jW (G)], t will be an initial segment of the Prikry sequence of k(µ) below µ.

Proof. Let t be the finite initial segment of the Prikry sequence of k(µ) below µ, and assume that

〈ξ, η1, . . . , ηl〉 7→ t(ξ, η1, . . . , ηl) is a function in V , such that–

t = i (〈ξ, η1, . . . , ηl〉 7→ t(ξ, η1, . . . , ηl)) (κ, β1, . . . , βl)

for some generators β1, . . . , βl of i. For every ξ < κ, let s(ξ) = min{∆\(ξ + 1)}, so [ξ 7→ s(ξ)]W = µ.

In V [G], define, for every ξ < κ,

µ(ξ) = the first element above t
(
ξ, θfβ1

(ξ), . . . , θfβk
(ξ)

)
in the Prikry sequence of s(ξ)

and, if t
(
ξ, θfβ1

(ξ), . . . , θfβk
(ξ)

)
is not an initial segment of the Prikry sequence of s(ξ), set µ (ξ) = 0.

It suffices to prove that [ξ 7→ µ(ξ)]W = µ.

Assume first that η < µ. Work in N [G]. Since H is ≤∗-generic, it meets an element q ∈ i(P )\κ,

for which Aq
µ ⊆ µ \ (η + 1). Since q ∈ H, we can assume that tqµ is an initial segment of t: Indeed,

t, tqµ are compatible sequences, since, for any p ∈ G which forces that q ∈ H and decides the value

of tqµ, the condition k (p_q) = p_k(q) belongs to jW (G), and decides an initial segment, below

µ, of the Prikry sequence of k(µ). By our assumption, this initial segment is contained in t, and

p_k(q) forces that every possible extension of it is above η. Thus, in M [jW (G)], each element in

the Prikry sequence of k(µ) after t is strictly above η.

The argument given in the previous paragraph also shows that for every q ∈ H, tqµ is either

empty or equals to t: As mentioned, it must be an initial segment of t. Let us argue that if it is

proper, then it is empty. Apply the above paragraph for η = max(t). Then by direct extending

q inside H, it forces that the element after tqµ in the Prikry sequence of µ is strictly above η. By

applying k : N → M , there exists a condition in jW (G) which forces that the Prikry sequence of

k(µ) has an initial segment tqµ, followed only by elements above η. So tqµ cannot be a proper initial

segment of t.
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Assume now that η < [ξ 7→ µ(ξ)]W . Write η = [f ]W and assume that for every ξ < κ,

f(ξ) < µ(ξ) < s(ξ)

Let p ∈ G be a condition which forces this. Work in N [G]. Take q ∈ H such that tqµ = t. Then

i(p)_q = p_q forces that i(f∼)(κ) is below the first element above t in the Prikry sequence of µ.

Thus, its value can be decided by taking a direct extension. So, by direct extending q inside H we

can assume that–

p 
 ∃α < µ, q 
 i (f∼) (κ) < α

and thus there exists α < µ in V , such that–

p_q 
 i(f)(κ) < α

Thus, in M [jW (G)], η = jW (f)(κ) < k(α) = α < µ, as desired. �

In the next subsection we will decompose the embedding k to an iterated ultrapower of N . We

now demonstrate the first step in the iteration:

Lemma 4.3.6. Let µ = crit(k) and let Uµ = {X ⊆ µ : µ ∈ k(X)} ∩N . Then Uµ ∈ N .

Proof. For every ξ < κ, denote by Wξ the measure in V [Gξ] used to singularize ξ in the Prikry

forcing at stage ξ in the iteration. Let Uξ = Wξ ∩ V . We first argue that there exists a set F ∈ N

of measures on µ, with |F| < µ, such that, for some p ∈ G and q ∈ H,

p_q 
 i (ξ 7→ U∼ξ) (µ) ∈ F (4.1)

Indeed, let α∼ be a jU (P )-name for the index of i (ξ 7→ U∼ξ) (µ) in a prescribed well order of the

normal measures µ carries in N . Work in N [G]. For some q ∈ H, there exists an ordinal β such

that q 
 α∼ = β. Thus, by κ − c.c. of the forcing i(P )µ = Pκ, there exist p ∈ G and a set S ⊆ 22
µ

of ordinals with |S| < µ, such that p_q 
 α∼ ∈ S. In particular, p_q forces that i (ξ 7→ U∼ξ) (µ)

belongs to F , where F is the set of measures on µ indexed in S.

Now apply k on equation (4.1), and work in M [jW (G)]. Since |F| < µ, it follows that there

exists a measure F ∈ F such that–

jW (ξ 7→ Uξ) (k (µ)) = k (F )
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so it suffices to argue that F = {X ⊆ µ : µ ∈ k(X)}∩N . Fix X ∈ F . Write X = i(g) (κ, β0, . . . , βk).

Then–

jW (g)
(
κ, θ[fβ1

]
W
, . . . , θ[fβk

]
W

)
∈ jW (ξ 7→ Uξ) (k(µ))

Recall the function ξ 7→ s(ξ) = min (∆ \ (ξ + 1)), for which [ξ 7→ s(ξ)]W = k(µ). We can assume

that for every ξ < κ,

g
(
ξ, θfβ1

(ξ), . . . , θfβk
(ξ)

)
∈ Us(ξ)

and let p ∈ G be a condition which forces this. Then for strong enough q ∈ H,

p_q 
 i(g) (κ, β1, . . . , βk) ∈ i (ξ 7→ U∼ξ) (µ)

and thus by direct extending q further, we can assume that q forces that the first element after t

in the Prikry sequence of µ belongs to i(g) (κ, β1, . . . , βk) = X. Thus k(q) ∈ jW (G) forces that the

first element after t in the Prikry sequence of k(µ) belongs to k(X). By the previous lemma, it

follows that µ ∈ k(X), as desired. �

4.3.2 Description of jW �V

We now generalize the previous subsection, in order to completely decompose jW �V . We continue

to assume that P = Pκ is an iterations of Prikry forcings. For technical reasons, we will assume

that the measures used in the iteration P = Pκ to singularize the measurables in ∆ are all simply

generated; this is needed only in the proof of claim 4.3.14 which will be presented in the next

subsection.

At each stage α ∈ ∆, let Q
∼α be the Pα-name for the Prikry forcing on α, using a simply

generated normal measure W∼α on α. Denote U∼α = W∼α ∩ V ∈ V . Let H∼α ⊆ (jU∼α
(Pα) \ α,≤∗),

H∼α ∈ V [Gα], be ≤∗-generic over MU∼α [Gα], such that W∼α = (U∼α)H∼α
.

Let G ⊆ Pκ be generic over V .

Our goal is to prove the following theorem:

Theorem 4.3.1. Let H ∈ V [G] be a generic set for 〈i(P )\κ,≤∗〉 which satisfies (∗). Let W = UH

be the corresponding normal measure on κ extending U , and denote its ultrapower embedding

jW : V [G] → M [jW (G)] ' Ult (V [G] ,W ) for some model M . Then jW �V factors to the form

jW �V = k ◦ i for some elementary k : N → M .
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Moreover, if P is an Easton support iteration, where at each step β ∈ ∆, Q
∼β is forced to be

Prikry forcing with a simply generated normal measure on β, then k is an iterated ultrapower of N

by normal measures and jW (κ) = i(κ).

This, in contrast to Full-Support and Nonstationary-Support iterations of Prikry forcings, where,

assuming GCH≤κ, jW �V is an iteration of V by normal measures only.

If all the measures considered, including W , are simply generated, jW �V is an iterated ultra-

power by normal measures only:

Theorem 4.3.2. Assume that P is an Easton support iteration, where at each step β ∈ ∆, Q
∼β is

forced to be Prikry forcing with a simply generated normal measure on β. Then for every simply

generated measure W ∈ V [G] on κ, jW �V is an iteration of V by normal measures. Moreover, if

U = W ∩ V then jW (κ) = jU (κ).

We will prove theorems 4.3.2 and 4.3.1 simultaneously. Assume that H ∈ V [G] is a generic for

〈i(P )\κ,≤∗〉 over N [G] with the property (∗). In the case where i = jU and N = MU , any generic

for 〈i(P ) \ κ〉,≤∗〉 is such. Let W = UH ∈ V [G] be the corresponding normal measure on κ. Let

jW : V [G] → M [jW (G)] be the corresponding ultrapower embedding.

Denote by B ⊆ (κ, i(κ)) the set of generators of i. By property (∗) of H, for every β ∈ B, there

exists a function fβ in V such that H forces that β = θi(f)(κ). The mapping β 7→ fβ is available in

V [G].

Recall the embedding k : N → M defined in lemma 4.2.14:

k (i(f) (κ, β1, . . . , βk)) = jW (f)
(
κ, θ[fβ1

]
W
, . . . , θ[fβk

]
W

)
for every f ∈ V and β1, . . . , βk ∈ B. Then k is elementary, crit(k) > κ and jW �V = k ◦ i.

Denote κ∗ = i(κ). Define by induction a linear directed system 〈〈Mα : α ≤ κ∗〉, 〈jα,β : α < β ≤

κ∗〉〉 such that:

1. M0 = N , j0 = i.

2. Successor Step: Assume that α < κ∗ and Mα has been defined. We will define an elementary

embedding kα : Mα → M , such that jW �V = kα ◦ jα. We denote µα = crit (kα) and define–

Uµα = {X ⊆ µα : µα ∈ kα(X)} ∩Mα
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We will prove that Uµα ∈ Mα and take Mα+1 ' Ult (Mα, Uµα). We also take jα,α+1 : Mα →

Mα+1 to be the ultrapower embedding jMα

Uµα
, and jα+1 = jα,α+1 ◦ jα.

3. Limit Step: For every limit α ≤ κ∗, the system 〈Mβ : β < α〉, 〈jβ,γ : β < γ < α〉 is linearly

directed, and we take direct limit to form the model Mα and the embedding jα : V → Mα.

For every α < κ∗, define kα : Mα → M as follows:

kα (jα (f) (κ, j0,α(β1), . . . , j0,α (βl) , µα1 , . . . , µαk
)) = jW (f)

(
κ, θ[fβ1

]
W
, . . . , θ[fβl

]
W
, µα1 , . . . , µαk

)
for every f ∈ V , β1, . . . , βl generators of i and α1 < . . . < αk < α.

Our goal is to prove by induction on α < κ∗ the following properties:

(A) kα : Mα → M is an elementary embedding, and jW �V = kα ◦ jα.

(B) µα is measurable in Mα. Moreover, it is the least measurable in jα (∆), which is greater or

equal to sup{µβ : β < α}, and whose cofinality is above κ in V .

(C) µµα appears in the Prikry sequence of kα (µα).

(D) Let Uµα
be defined in V [G] as above. Then Uµα

∈ Mα is a normal measure which concentrates

on µα \ jα (∆). Moreover,

kα (Uµα
) = jW (δ 7→ Uδ) (kα (µα))

where, for every δ ∈ ∆, Uδ = Wδ ∩ V , for Wδ which is the measure used in the Prikry forcing

at stage δ in the iteration P .

After that, we will prove in lemma 4.3.20, that kκ∗ : Mκ∗ → M is the identity, and thus jW �V =

jκ∗ . This will conclude the proof of theorems 4.3.2 and 4.3.1.

Remark 4.3.7. We remark that kα is well defined is the sense that there is no α′ < α and generator

β of i, for which j0,α(β) = µα′ . Indeed, assume otherwise. Note that µα′ = j0,α (β) ≥ j0,α′(β).

Strict inequality is not possible here, since if j0,α′(β) < µα′ then j0,α′(β) = j0,α(β) = µα′ , which is

a contradiction. Thus, j0,α′ (β) = µα′ (which is, by itself, possible for α′ < α - see remark 4.3.8),

but then, applying jα′,α on both sides, we get–

j0,α(β) = jα′,α (µα′) > µα′

where the last inequality follows since µα′ = crit (jα′,α).

138



Remark 4.3.8. It is possible that a generator β of i is measurable in N and belongs to i(∆). In

this case, there exists α < κ∗ such that µα = β = j0,α(β). Such β will appear as an element in the

Prikry sequence of kα (β) ∈ jW (∆), which also has the form θ[fβ ]W .

Properties (A) − (D) of kα, presented above, will be proved by induction on α < κ∗. The

proof of the inductive step at stage α < κ∗ will be carried out in subsection 4.3.4, using the tools

presented in [9] and [15]. Fixing α < κ∗, we can assume by induction that kα′ : Mα′ → M and

µα′ , Uµα′ , for α′ < α, satisfy properties (A)− (D). Denote by tα′ the initial segment of the Prikry

sequence of kα′ (µα′) below µα′ .

Definition 4.3.9. Fix α < κ∗ and a sequence of generators 〈β1, . . . , βl〉 for i. An increas-

ing sequence 〈α1, . . . , αk〉 below α is called a 〈β1, . . . , βl〉-nice sequence if there are functions

g1, . . . , gk, t1, . . . , tk in V, such that–

µα1
= jα1

(g1) (κ, j0,α1
(β1) , . . . , j0,α1

(βl))

tα1
= jα1

(tα1
) (κ, j0,α1

(β1) , . . . , j0,α1
(βl))

Uµα1
= jα1 (F1) (κ, j0,α1 (β1) , . . . , j0,α1 (βl))

and, for every 1 ≤ i < k,

µαi+1
= jαi+1

(gi+1) (κ, j0,α1
(β1) , . . . , j0,α1

(βl) , µα1
, . . . , µαi

)

tαi+1
= jαi+1

(ti+1) (κ, j0,α1
(β1) , . . . , j0,α1

(βl) , µα1
, . . . , µαi

)

Uµαi+1
= jαi+1 (Fi+1) (κ, j0,α1 (β1) , . . . , j0,α1 (βl) , µα1 , . . . , µαi)

Fix now α < κ∗. Assume by induction that properties (A)− (D) above hold for every α′ < α.

Fix also a sequence of generators 〈β1, . . . , βl〉 for i, and a 〈β1, . . . , βl〉-nice sequence 〈α1, . . . , αk〉

below α. We define, in V [G], functions which can be used to represent µαi
, tαi

, Uαi
. Assume that

µαi
is the ni-th element in the Prikry sequence of kαi

(µαi
).

First, set–

µα1(ξ) = the n1-th element in the Prikry sequence of g1(ξ, θfβ1
(ξ), . . . , θfβl

(ξ))

By induction, define, for every i < k,

µαi+1(ξ) =the ni+1-th element in the Prikry sequence of

gi+1(ξ, θfβ1
(ξ), . . . , θfβl

(ξ), µα1
(ξ), . . . , µαi

(ξ))
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and Uµαi
(ξ) = Wµαi

(ξ) ∩ V . Here, given δ ∈ ∆, Wδ is the measure on δ used in the Prikry forcing

which was applied at stage δ in the iteration.

Claim 4.3.10. [ξ 7→ µαi
(ξ)]W = µαi

and
[
ξ 7→ Uµαi

(ξ)

]
W

= kαi

(
Uµαi

)
.

Proof. We begin by proving that [ξ 7→ µαi(ξ)]W = µαi . We present the argument for i = 1. Higher

values of i ≤ k are proved similarly, using induction. Recall that–

µα1 = jα1 (g1) (κ, j0,α1 (β1) , . . . , j0,α1 (βl))

and by applying kα1
on both sides,

kα1 (µα1) = jW (g1) (κ, θ[fβ1
(ξ)

]
W
, . . . , θ[fβl

(ξ)
]
W
)

By induction, µα1
is the n1-th element in the Prikry sequence of kα1

(µα1
), and thus it is represented

as the n1-th element in the Prikry sequence of g1
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ)

)
.

As for
[
ξ 7→ Uµαi

(ξ)

]
W

= kαi

(
Uµαi

)
, this follows since, by induction,

kαi

(
Uµαi

)
= jW (δ 7→ Uδ) (kαi

(µαi
))

�

Let us argue that kα : Mα → M is elementary.

Lemma 4.3.11. kα : Mα → M is elementary.

Proof. Assume that x, y ∈ Mα, and let us prove, for example, that x ∈ y if and only if k(x) ∈ k(y).

Let f, g ∈ V , β1, . . . , βl and α1 < . . . < αk < α be such that–

x = jα(f) (κ, j0,α (β1) , . . . , j0,α (βl) , µα1
, . . . , µαk

) , y = jα(g) (κ, j0,α (β1) , . . . , j0,α (βl) , µα1
, . . . , µαk

)

Assume that α = α′ +1 is successor (the limit case is simpler). For simplicity, we assume also that

αk = α′. Then x ∈ y if and only if–

µα′ ∈ jα′,α

(
{ξ < µα′ : jα′(f)

(
κ, j0,α′(β1), . . . , j0,α′(βl), µα1

, . . . , µαk−1
, ξ
)
∈

jα′(g)
(
κ, j0,α′(β1), . . . , j0,α′(βl), µα1 , . . . , µαk−1

, ξ
)
}
)
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which is equivalent to–

{ξ < µα′ : jα′(f)
(
κ, j0,α′(β1), . . . , j0,α′(βl), µα1 , . . . , µαk−1

, ξ
)
∈

jα′(g)
(
κ, j0,α′(β1), . . . , j0,α′(βl), µα1

, . . . , µαk−1
, ξ
)
} ∈ Uµα′

which, by the definition of Uµα′ , is equivalent to–

µα′ ∈ kα′
(
{ξ < µα′ : jα′(f)

(
κ, j0,α′(β1), . . . , j0,α′(βl), µα1 , . . . , µαk−1

, ξ
)
∈

jα′(g)
(
κ, j0,α′(β1), . . . , j0,α′(βl), µα1

, . . . , µαk−1
, ξ
)
}
)

namely kα(x) ∈ kα(y).

�

Let us describe now the main ideas behind the proof that µα = crit (kα) is measurable in Mα.

Note that this is not trivial since kα : Mα → M is not definable in Mα. The full argument will be

presented in lemma 4.3.17, but will require a technical theorem (theorem 4.3.3). Mainly we would

like to follow the methods developed in [9] and [15], which deal with nonstationary and full support

iterations of Prikry forcings, respectively.

We consider the function f ∈ V [G], for which µα = [f ]W . We will prove that if µα is not

measurable in Mα, then µα = [f ]W ∈ Im (kα), contradicting the fact that µα = crit (kα). For that,

we first fix a function h ∈ V such that, for some sequence β1, . . . , βl of generators of i, and for some

nice sequence 〈α1, . . . , αk〉 below α,

µα = jα (h) (κ, j0,α (β1) , . . . , j0,α (βl) , µα1 , . . . , µαk
)

since µα = crit (kα), we can assume that for every ξ < κ,

f(ξ) < h
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

Pick a condition p ∈ G which forces this. For every ξ < κ, ~η = 〈η1, . . . , ηl〉 and ~ν = 〈ν1, . . . , νk〉,

denote–

e (ξ, ~η, ~ν) = {r ∈ P \ νk : there exists a bounded subset A ⊆ h (ξ, ~η, ~ν) such that r 
 f∼(ξ) ∈ A}

This set is ≤∗-dense open above conditions which extend p and force that–

〈θfβ1
(ξ), . . . , θfβl

(ξ), µα1(ξ), . . . , µαk
(ξ)〉 = 〈~η, ~ν〉 (4.2)
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We would like to follow [9] and [15], and construct a condition p∗ ∈ G above p, such that, very

roughly5, for every ξ, ~η, ~ν as above, and for every extension r of p∗ which forces (4.2),

r �νk

 r\νk

∈ e (ξ, ~η, ~ν)

Essentially, such p∗ will have the following property: every extension r of it which forces that

equation (4.2) holds, forces also that f (ξ) belongs to a bounded subset A (ξ, ~η, ~ν) ⊆ h (ξ, ~η, ~ν)

(which depends only on p∗ and 〈ξ, ~η, ~ν〉, and not on the choice of the extension of p∗ which forces

(4.2)). In [9] and [15] the construction of such p∗ was done by a Fusion argument which allows, in a

sense, to absorb a lot of data into a single direct extension p∗ of p. Such a method is not available

in the Easton support iteration. We bypass this problem by constructing, for every sequence

〈ξ, η1, . . . , ηl〉, a system of non-direct extensions of p,

〈p (ξ, η1, . . . , ηl, ν1, . . . , νk) : ν1 < . . . < νk < κ〉

and sets–

〈A (ξ, η1, . . . , ηl, ν1, . . . , νk) : ν1 < . . . < νk < κ〉

such that the following properties hold:

1. If p (ξ, η1, . . . , ηl, ν1, . . . , νk) forces (4.2), then it also forces that f∼(ξ) ∈ A (ξ, ~η, ~ν), which is a

bounded subset of h (ξ, ~η, ~ν).

2. For a set of ξ-s in W , p
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

belongs to G.

This suffices, since, by combining the above properties,

V [G] � {ξ < κ : f (ξ) ∈ A
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1(ξ), . . . , µαk

(ξ)
)
} ∈ W

and thus, in M [jW (G)],

µα = [f ]W ∈
[
ξ 7→ A

(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1(ξ), . . . , µαk

(ξ)
)]

W

=kα ( jα (〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν)) (κ, β1, . . . , βl, µ1, . . . , µk) ) ⊆ Im (kα)

where the last inclusion follows since jα (〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν)) (κ, β1, . . . , βl, µ1, . . . , µk) is a bounded

subset of µα = jα (h) (κ, β1, . . . , βl, µα1 , . . . , µαk
).

We will complete the missing details in the proof in lemma 4.3.17. Before that, we present the

proof of theorem 4.3.3.
5We omitted some of the details in the version described here, for sake of simplicity.
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4.3.3 Theorem 4.3.3 and its proof

We devote this subsection to the proof of the following theorem:

Theorem 4.3.3. Let p ∈ G be a condition. Assume that for every increasing sequence 〈ξ, ν1, . . . , νk〉,

and for every ~η = 〈η1, . . . , ηl〉 above ξ, the set–

e (ξ, η1, . . . , ηl, ν1, . . . , νk) ⊆ P \ νk

is ≤∗ dense open above conditions in P \ νk which force that–

〈η1, . . . , ηl, ν1, . . . , νk〉 = 〈θfβ1
(ξ), . . . , θfβl

(ξ), µα1
(ξ), . . . , µαk

(ξ)〉

Then there are s < ω, a new sequence of generators β′
l, . . . , β

′
s of i which contains β1, . . . , βl, and a

system of extensions of p,

〈p (ξ, η1, . . . , ηs, ν1, . . . , νk) : η1, . . . , ηs < κ, ν1 < . . . < νk < κ〉

with the following properties:

1. There exists a set of ξ-s in W for which–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
�µαk

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
\ µαk

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

2. There exists a set of ξ-s in W for which–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
∈ G

(Intuitively, for the majority of values of 〈ξ, η1, . . . , ηs, ν1, . . . , νk〉, the condition

p (ξ, η1, . . . , ηs, ν1, . . . , νk) which we will construct, forces that–

〈θfβ1
(ξ), . . . , θfβs (ξ)

, µα1(ξ), . . . , µαk
(ξ)〉 = 〈η1, . . . , ηs, ν1, . . . , νk〉

and its final segment belongs to e (ξ, η1, . . . , ηs, ν1, . . . , νk)).
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Remark 4.3.12. When we extend a sequence of generators 〈β1, . . . , βl〉 to a sequence 〈β′
1, . . . , β

′
s〉

we will naturally identify the set e (ξ, η1, . . . , ηl), with–

e′ (ξ, η1, . . . , ηs) = e (ξ, ηi1 , . . . , ηil)

where ij is the index for which β′
ij
= βj, for every 1 ≤ j ≤ l.

Similarly, whenever a function g ∈ V is given, whose variables are ξ, η1, . . . , ηl, ν1, . . . , νk, we

abuse the notation and denote g (ξ, η1, . . . , ηs, ν1, . . . , νk) to mean g (ξ, ηi1 , . . . , ηil , ν1, . . . , νk).

The proof of theorem 4.3.3 goes by generalizing the given sets e (ξ, η1, . . . , ηl, ν1, . . . , νk):

Definition 4.3.4. For every η1, . . . , ηl < κ, 1 ≤ i ≤ k and an increasing sequence 〈ξ, ν1, . . . , νi〉,

we define a set e (ξ, η1, . . . , ηl, ν1, . . . , νi) ⊆ P \ νi.

For i = k this is the set e (ξ, η1, . . . , ηl, ν1, . . . , νk) given in the formulation of the theorem.

Assume that 1 ≤ i < k. Work by recursion. Assume that for every ν < gi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi),

the set e (ξ, η1, . . . , ηl, ν1, . . . , νi, ν) is defined. Denote gi+1 = gi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi). Let us

define the set e (ξ, η1, . . . , ηl, ν1, . . . , νi), as follows: A condition q ∈ P\νi belongs to e (ξ, η1, . . . , ηl, ν1, . . . , νi)

if and only if the following properties hold:

1. (A technical requirement) q �gi+1 decides the statements–

Fi+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ gi+1
∩ V , tqgi+1

= ti+1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

Also, if q �gi+1 decides that tqgi+1
6= ti+1 (ξ, η1, . . . , ηl, ν1, . . . , νi), it also decides whether one

of the sequences is an initial segment of the other, and if so, which one it is. Finally, if it

forces that tqgi+1
is a strict initial segment of ti+1 (ξ, η1, . . . , ηl, ν1, . . . , νi), it also forces that

Aq
gi+1

⊆ gi+1 \max (ti+1 (ξ, η1, . . . , ηl, ν1, . . . , νi)).

2. (The essential requirement) If both statements in the technical requirement are decided posi-

tively, there exists a sequence–

〈 q (ν) : ν < gi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi) 〉

such that, for every ν < gi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi) above νi, q(ν) ∈ P \ν extends q \ν, and–

q 
 if µ∼αi+1(ξ) = ν, then q(ν) ∈ G \ ν and q(ν) ∈ e (ξ, η1, . . . , ηl, ν1, . . . , νi, ν)
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Similarly, given 〈ξ, η1, . . . , ηl〉, define e (ξ, η1, . . . , ηl) to be the set of conditions q ∈ P \ ξ which

decide whether F1 (ξ, η1, . . . , ηl) = Wg1(ξ,η1,...,ηl)∩V , t1 (ξ, η1, . . . , ηl) = tqg1(ξ,η1,...,ηl)
, and, assuming

that it is decided positively, have a system of extensions–

〈q (ν) : ν < g1 (ξ, η1, . . . , ηl)〉

such that, for every ν < g1 (ξ, η1, . . . , ηl), q(ν) ∈ P \ ν, and–

q 
 if µ∼α1(ξ) = ν then q(ν) ∈ G \ ν and q(ν) ∈ e (ξ, η1, . . . , ηl, ν)

If it is decided negatively, then q �g1 knows how to compare tqg1 and t1 (ξ, η1, . . . , ηl) as in the second

point above.

By induction, we will argue that for every i ≤ k and ξ, η1, . . . , ηl, ν1, . . . , νi, the set e (ξ, η1, . . . , ηl, ν1, . . . , νi) ⊆

P \ νi is ≤∗-dense open above conditions q ∈ P \ νi for which–

q 
 〈θfβ1
(ξ), . . . , θfβl

(ξ), µ∼α1
(ξ), . . . , µ∼αi

(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νi〉, and for

every 1 ≤ j ≤ i, Fj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ gj+1(ξ,η1,...,ηl,ν1,...,νj) and

tj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = tqgj+1(ξ,η1,...,ηl,ν1,...,νi)

The induction will be inverse: The basis, for i = k, is true, as it is known that the set

e (ξ, η1, . . . , ηl, ν1, . . . , νk) ⊆ P \ νk is ≤∗ dense–open above conditions q ∈ P \ νk which force

that–

〈θfβ1
(ξ), . . . , θfβl

(ξ), µ∼α1
(ξ), . . . , µ∼αk

(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νk〉

The inductive step is given in the following lemma:

Lemma 4.3.13. Fix η1, . . . , ηl < κ, 1 ≤ i < k and an increasing sequence 〈ξ, ν1, . . . , νi〉. Denote

gi+1 = gi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi). Assume that for every νi+1 ∈ (νi, gi+1), the set–

e (ξ, η1, . . . , ηl, ν1, . . . , νi, νi+1) ⊆ P \ νi+1

is ≤∗-dense open above conditions q ∈ P \ νi+1 for which–

q 
 〈θfβ1
(ξ), . . . , θfβl

(ξ), µ∼α1(ξ), . . . , µ∼αi(ξ), µ∼αi+1(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νi, ν〉, and for

every 1 ≤ j ≤ i+ 1, Fj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ gj+1(ξ,η1,...,ηl,ν1,...,νj) and

tj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = tqgj+1(ξ,η1,...,ηl,ν1,...,νi)
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then e (ξ, η1, . . . , ηl, ν1, . . . , νi) is ≤∗-dense open above conditions q ∈ P \ νi for which–

q 
 〈θfβ1
(ξ), . . . , θfβl

(ξ), µ∼α1
(ξ), . . . , µ∼αi

(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νi〉, and for

every 1 ≤ j ≤ i, Fj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ gj+1(ξ,η1,...,ηl,ν1,...,νj) and

tj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = tqgj+1(ξ,η1,...,ηl,ν1,...,νi)

Proof. Let q ∈ P \ νi be a condition which forces that–

θfβ1
(ξ), . . . , θfβl

(ξ), µ∼1(ξ), . . . , µ∼i(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νi〉

and for every 1 ≤ j ≤ i, Fj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ gj+1(ξ,η1,...,ηl,ν1,...,νj)

and tj+1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = tqgj+1(ξ,η1,...,ηl,ν1,...,νi)

Denote–

g = gi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

Ug = Fi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

t = ti+1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

Assume that q �g forces that–

W∼ g ∩ V = Ug, t = t∼
q
g

(if not, we are done since q ∈ e (ξ, η1, . . . , ηl, ν1, . . . , νi)). Denote n = lh(t). We will now apply the

following claim:

Claim 4.3.14. Assume that p ∈ G is a condition, n < ω and g ∈ ∆ is measurable in V . Assume

that Ug is a normal measure on g in V , t is a finite sequence below g of length n, and–

p 
 t∼
q
g = t, W∼ g ∩ V = Ug

For every ν < g, assume that e (ν) ⊆ P \ ν is a Pν-name for a subset of P \ ν, which is ≤∗

dense-open above conditions which force that ν is the (n+ 1)-th element in the Prikry sequence of

g. Then there exists a direct extension p∗ ≥∗ p and a sequence 〈p (ν) : ν < g〉, such that, for every

ν < g,

p∗ 
if ν appears after t in the Prikry sequence of g, then p(ν) ∈ (G \ ν) ∩ e(ν)

and p∗ �ν
 p (ν) ≥∗ p∗ �[ν,g)
_〈t_〈ν〉, A∼

p∗

g \ ν〉
_
p∗ \ (g + 1) .

146



Proof. For every ν < g, consider the set–

d(ν) = {r ∈ P �[ν,g) : r ‖ ν ∈ A∼
p
g, and if r 
 ν ∈ A∼

p
g then

r 
 ∃s ≥∗ 〈t_〈ν〉, A∼
p
g \ ν〉_p \ (g + 1) , r_s ∈ e(ν)}

Then d(ν) ⊆ P �[ν,g) is ≤∗-dense open above p �[ν,g). Let Hg be the Pg-name, forced by p �g, to be

the ≤∗-generic subset of jUg
(Pg) \ g, for which–

W∼ g = (Ug)H∼g

(such a generic exists since Wg is simply generated). Let q∼ ∈ Ult (V,Ug) be a Pg-name, forced by

p to be a condition in [ν 7→ d(ν)]Ug
∩ H∼g. Let ν 7→ q∼(ν) ∈ P �[ν,g) be a function in V such that

[ν 7→ q∼ (ν)]Ug
= q∼. Then we can assume that for a set of ν-s in Ug,

p �ν
 q∼(ν) ∈ d (ν) (4.3)

and, by lemma 4.2.17, p �g forces that there exists a set C∼ ∈ Wg, such that for every ν ∈ C,

p �ν
_ q∼(ν) ∈ G∼ �g

By shrinking C if necessary, we can assume that every ν ∈ C also satisfies equation (4.3). Now let

us define the extension p∗ ≥∗ p, and, for every ν < g, the condition p(ν) ∈ P \ ν. First, set–

p∗ �g= p �g

and, in V P �ν , set–

p(ν) �g= q∼(ν)

Work in an arbitrary generic extension for P �g, where p∗ �g belongs. For every ν ∈ C ∩Ap
g (which

thus satisfies p �ν
_ q∼(ν) ∈ G �g), there exists s(ν) ∈ P \ g, s (ν) ≥∗ 〈t_〈ν〉, A∼

p
g \ ν〉_q \ (g + 1),

such that p(ν) �g
_
s(ν) ∈ e(ν). Set–

p∗ (g) = 〈 t∼
p
g, A∼

p
g ∩ C ∩

(
4ν<g, ν∈C∩Ap

g
A∼

s(ν)
g

)
〉

(the definition above is carried in V [G �g], so C∼ is available there).

Let p∗ \ (g + 1) = s (ν∼), where ν∼ is the (n+ 1)-th element in the Prikry sequence of g. Finally,

let–

p (ν) \ g = 〈t_〈ν〉, Ap∗

g \ ν〉_p∗ \ (g + 1)
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where the above definition is possible if p �ν
_p(ν) �g
 ν ∈ A∼

p∗

g ; if not, let p (ν) \ g be arbitrary.

This completes the definition of q∗ ≥∗ q and 〈p (ν) : ν < g〉. Let us prove that for every ν < g,

p∗ 
if ν appears after t in the Prikry sequence of g, then p(ν) ∈ (G \ ν) ∩ e(ν)

and p∗ �ν
 p (ν) ≥∗ p∗ �[ν,g)
_〈t_〈ν〉, A∼

p∗

g \ ν〉
_
p∗ \ (g + 1) .

Fix ν < g and let G be a generic set for P which includes p∗, such that, in V [G], ν appears after

t in the Prikry sequence of g. In particular, ν ∈ C and thus q(ν) ∈ G �[ν,g). By the definition of

p(ν), and since p∗ ∈ G, q(ν) ∈ G �[ν,g), it follows that p(ν) ∈ G \ ν, as desired.

� of claim 4.3.14.

Apply claim 4.3.14 with respect to the set e (ξ, η1, . . . , ηl, ν1, . . . , νi, ν) ⊆ P \ ν (recall that

ξ, η1, . . . , ηl, ν1, . . . , νi are fixed), and direct extend q further, to a condition q∗ ≥∗ q, which has a

system of extensions–

〈q (ν) : ν < g〉

as in the statement if the lemma.

It follows that, for every ν < g,

q∗ 
 if µ∼αi+1
(ξ) = ν then q(ν) ∈ G \ νi and q(ν) \ ν ∈ e (ξ, η1, . . . , ηl, ν1, . . . , νi, ν)

Therefore 〈q(ν) : ν < g〉 witnesses the fact that q∗ ∈ e (ξ, η1, . . . , ηl, ν1, . . . , νk).

� of lemma 4.3.13.

We now proceed towards the proof of theorem 4.3.3. We use the same notations as in the

formulation of the theorem.

By induction, the following holds: For every ξ, η1, . . . , ηl, the set e (ξ, η1, . . . , ηl) ⊆ P \ ξ is ≤∗

dense open above conditions q ∈ P \ ξ which force that–

〈θfβ1
(ξ), . . . , θfβl

(ξ)〉 = 〈η1, . . . , ηl〉

and that–

F1 (ξ, η1, . . . , ηl) = W∼ g1(ξ,η1,...,ηl) and t1 (ξ, η1, . . . , ηl) = tqg1(ξ,η1,...,ηl)

We would like to perform another step, and move from conditions in P \ ξ to conditions in

P . This might require extending the sequence generators β1, . . . , βl. We do this in the following

lemma, which concludes the proof of theorem 4.3.3.
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Lemma 4.3.15. There exists s < ω, a sequence of generators 〈β′
1, . . . , β

′
s〉 of i which extends

〈β1, . . . , βl〉, and a system of conditions–

〈p (ξ, η′1, . . . , η′s, ν1, . . . , νk) : η′1, . . . , η′s < κ, ξ < ν1 < . . . < νk〉

(all of them extend the condition p ∈ G given in the statement of theorem 4.3.3), such that,

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
�µαk

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
\ µαk

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

and-

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
∈ G}

Proof. Recall that W = UH is generated from the elementary embedding i : V → N . Let us consider

the set–

i (〈ξ, η1, . . . , ηl〉 7→ e (ξ, η1, . . . , ηl)) (κ, β1, . . . , βl) ⊆ i(P ) \ κ

it is ≤∗-dense open in i(P )\κ, and thus meets a condition r ∈ H. Since r ∈ N , it can be represented

using a sequence of generators 〈β′
1, . . . , β

′
s〉, on which we can assume that it contains 〈β1, . . . , βl〉.

Let–

〈ξ, η′1, . . . , η′s〉 7→ r (ξ, η′1, . . . , η
′
s) ∈ P \ ξ

be a function in V , such that–

r = i (〈ξ, η′1, . . . , η′s〉 7→ r (ξ, η′1, . . . , η
′
s)) (κ, β

′
1, . . . , β

′
s)

Now, for every 〈ξ, η′1, . . . , η′s, ν1, . . . , νk〉, let us define the condition p (ξ, η′1, . . . , η
′
s, ν1, . . . , νk) ∈ P .

We do this recursively, and define, for every 1 ≤ i ≤ k, a condition p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi) ∈ P .

Simultaneously, we prove that–

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)
�µαi

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)
\ µαi

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)

and-

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)
∈ G}

This will complete the proof of the lemma, and thus, the proof of theorem 4.3.3.
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• First, fix ξ, η1, . . . , ηs, and let us define p (ξ, η1, . . . , ηs). If p �ξ
 r (ξ, η1, . . . , ηs) ∈ e (ξ, η1, . . . , ηl),

set p (ξ, η1, . . . , ηs) = p �ξ
_r (ξ, η1, . . . , ηs). Else, let p (ξ, η1, . . . , ηs) be an arbitrary condition

above p. We argue that–

{ξ < κ : p �ξ 
 r
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
∈ e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
and

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
∈ G} ∈ W

Recall that r ∈ H was defined such that–

p 
 r ∈ i (〈ξ, η1, . . . , ηl〉 7→ e (ξ, η1, . . . , ηl)) (κ, β1, . . . , βl)

applying the embedding k : N → M and reflecting down modulo W gives–

{ξ < κ : p �ξ 
 r
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
∈ e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
} ∈ W

Finally, p 
 r ∈ H and thus p 
 k(r) ∈ jW (G), by lemma 4.2.17. Reflecting this down gives–

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
∈ G} ∈ W

• Fix ξ, η′1, . . . , η
′
s, ν1 and let us define p (ξ, η′1, . . . , η

′
s, ν1). Denote g1 = g1 (ξ, η

′
1, . . . , η

′
s).

If p (ξ, η′1, . . . , η
′
s) �ξ
 p (ξ, η′1, . . . , η

′
s) \ ξ ∈ e (ξ, η′1, . . . , η

′
s), then p (ξ, η′1, . . . , η

′
s) �ξ= p �ξ

decides the statements–

F1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ g1 ∩ V , tqg1 = t1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

and, if it decides them positively, it forces that there exists a sequence 〈q(ν) : ν < g1〉 witness-

ing this. Define–

p (ξ, η′1, . . . , η
′
s, ν1) = p (ξ, η′1, . . . , η

′
s) �ν1

_
q(ν1)

If p (ξ, η′1, . . . , η′s) �ξ1 p (ξ, η′1, . . . , η
′
s)\ξ ∈ e (ξ, η′1, . . . , η

′
s) , or p (ξ, η′1, . . . , η′s) �ξ
 p (ξ, η′1, . . . , η

′
s)\

ξ ∈ e (ξ, η′1, . . . , η
′
s) but the statements–

F1 (ξ, η1, . . . , ηl, ν1, . . . , νj) = W∼ g1 ∩ V , tqg1 = t1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

are decided negatively, let p (ξ, η′1, . . . , η′s, ν1) be an arbitrary condition above p (ξ, η′1, . . . , η
′
s).
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We argue that–

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ)
)
�µα1 (ξ)




p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ)
)
\ µα1

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ)
)

and-

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ)
)
∈ G}

First, by the previous point,

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�ξ
 p

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
\ ξ ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
} ∈ W

By the properties of the set e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
, the condition–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�ξ

decides the statements–

F1

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
= W∼ g1 ∩ V

and–

t
p

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ)

)
g1 = t1

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
Claim 4.3.16. For a set of ξ-s in W , the above statements are decided in a positive way.

Before the proof of the claim, let us proceed with our argument. By the claim and definition

4.3.4,

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ)
)
= p

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�µα1

(ξ)

_

q (µα1
(ξ))

and, by the properties of the set e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
, the condition–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
forces that–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ)

)
= p

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�µα1

(ξ)

_

q (µα1(ξ)) ∈ G∼
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and–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ)

)
\ µα1(ξ) = q (µα1(ξ)) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ)

)
Thus, for a set of ξ-s in W ,

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�ξ
 p

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
\ ξ ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
} ∈ W

Which finishes the second step. Thus, it remains to prove claim 4.3.16:

Proof. Let us prove first that–

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�ξ
 F1

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
= W∼ g1 ∩ V }

Assume otherwise. Then in M [jW (G)],

jW (〈ξ, η1, . . . , ηs〉 7→ F1 (〈ξ, η1, . . . , ηs〉)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s)) 6=[
ξ 7→ W

g1

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ)

) ∩ V

]
W

but both sides are equal to k1
(
Uµα1

)
, contradicting property (D) of the embedding kα1 .

Now let us prove that–

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
�ξ


t
p

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ)

)
g1 = t1

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

)
}

Assume otherwise. Then the condition s = jW

(
ξ 7→ p

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ)

))
(κ) forces

that–

tskα1

(
µα1

) 6= kα1
(tα1

) = tα1

Note that s ∈ jW (G) �kα1

(
µα1

) and tα1
is the initial segment of the Prikry sequence of

kα1
(µα1

) below µα1
in M [jW (G)]. Thus, one of the sequences ts

kα1

(
µα1

) and tα1
is a strict

initial segment of the other. By the second requirement in definition 4.3.4 , s �kα1

(
µα1

) decides

which one is an initial segment of the other. Now this yields a contradiction:
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1. If tα1 is a strict initial segment of ts
kα1

(
µα1

): Recall that s = kα1(s
′), where–

s′ = jα1
(〈ξ, η1, . . . , ηs〉 7→ p (ξ, η1, . . . , ηs)) (κ, j0,α1

(β′
1), . . . , j0,α1

(β′
s))

Then s′ �µα1
forces that tα1

is a strict initial segment of ts′µα1
. Work over Mα1

. Let γ <

µα1
be an ordinal, forced by s′ �µα1

to be a bound on the first ordinal in ts
′

µα1
\tα1

(such a

bound exists since the forcing jα1
(P ) �µα1

is µα1
-c.c. in Mα1

). Applying kα1
: Mα1

→ M ,

γ < µα1 is an upper bound on the first ordinal in ts
kα1

(
µα1

) \ tα1 . However, in M [jW (G)],

this element is µα1
itself, which is strictly above γ. A contradiction.

2. Else, ts
kα1

(
µα1

) is a strict initial segment of tα1
: Denote γ = max (tα1

). Then, by def-

inition 4.3.4, s forces that the initial segment of the Prikry sequence of kα1
(µα1

) is

ts
kα1

(
µα1

), followed by an element strictly above γ; in particular, tα1 is not an initial

segment of the Prikry sequence of kα1
(µα1

) in M [jW (G)], which is a contradiction.

� of claim 4.3.16.

• Assume now that 1 ≤ i < k is arbitrary, and for every ξ, η′1, . . . , η
′
s, ν1, . . . , νi, a condition

p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi) is defined. Denote gi+1 = gi+1 (ξ, η

′
1, . . . , η

′
s, ν1, . . . , νi). For every

νi+1 < gi+1, let us define the condition p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi, νi+1). If p (ξ, η′1, . . . , η′s, ν1, . . . , νi) �νi


p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi) \ νi ∈ e (ξ, η′1, . . . , η

′
s, ν1, . . . , νi) and p (ξ, η′1, . . . , η

′
s, ν1, . . . , νi) �νi

forces the statements–

Fi+1 (ξ, η1, . . . , ηl, ν1, . . . , νi) = W∼ gi+1 ∩ V , tqgi+1
= ti+1 (ξ, η1, . . . , ηl, ν1, . . . , νi)

then p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi) �νi

forces that there exists a sequence 〈q(ν) : ν < gi+1〉 wit-

nessing this. In this case, define–

p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi, νi+1) = p (ξ, η′1, . . . , η

′
s, ν1, . . . , νi) �νi+1

_
q(νi+1)

Else, let p (ξ, η′1, . . . , η′s, ν1, . . . , νi, νi+1) be an arbitrary condition which extends the condition

p (ξ, η′1, . . . , η
′
s, ν1, . . . , νi).
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Let us argue now that–

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)
�µαi+1

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)
\ µαi+1

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)

and-

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)
∈ G}

We do this as in the previous point. First,

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ)

)
�µαi

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ)

)
\ µαi(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ)

)
} ∈ W

Thus, for a set of ξ-s in W , the condition–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ)

)
�µαi

(ξ)

decides the statements–

Fi+1

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)
=

W∼ gi+1

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1

(ξ),...,µαi
(ξ)

) ∩ V

and–

t
p

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1

(ξ),...,µαi
(ξ)

)
gi+1

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1 (ξ),...,µαi

(ξ)

) = ti+1

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)

arguing as in claim 4.3.16, both statements are decided positively for a set of ξ-s in W . Thus,

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ), µαi+1(ξ)

)
=

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ)
)
�µαi+1

(ξ)

_

q
(
µαi+1

(ξ)
)

and the condition q
(
µαi+1

(ξ)
)

is forced, by–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ)

)
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to be in–

G \ µαi+1
(ξ) ∩ e

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)

Therefore,

{ξ < κ : p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ), µαi+1(ξ)

)
�µαi+1

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαi(ξ), µαi+1(ξ)

)
\ µαi+1(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)

and-

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαi
(ξ), µαi+1

(ξ)
)
∈ G}

as desired.

� of lemma 4.3.15. � of theorem 4.3.3.

4.3.4 Properties of kα

In this subsection we complete the proof of properties (A) − (D) of kα. After that, we will prove

in lemma 4.3.20 that kκ∗ : Mκ∗ → M is the identity, and conclude the proof of theorems 4.3.2 and

4.3.1.

Lemma 4.3.17. µα = crit (kα) is measurable in Mα. Moreover, µα is the least measurable above

sup{µβ : β < α} which has cofinality above κ in V .

Proof. Write µ = [f ]W and µ = jα (h) (κ, j0,α(β1), . . . , j0,α (βk) , µα1
, . . . , µαm

), for some f ∈ V [G],

h ∈ V , β1, . . . , βl generators of i and α1 < . . . < αk < α.

Since µ < kα (µ), we can assume that for every ξ < κ,

f (ξ) < h
(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

and let p ∈ G be a condition which forces this. Given ξ, η1, . . . , ηl, ν1, . . . , νk, consider the set–

e (ξ, η1, . . . , ηl, ν1, . . . , νk) = {r ∈ P \ νk : for some bounded subset A ⊆ h (ξ, η1, . . . , ηl, ν1, . . . , νk) ,

r 
 f∼(ξ) ∈ A}

Then e (ξ, η1, . . . , ηl, ν1, . . . , νk) is ≤∗-dense open above conditions which extend p and force that–

〈θfβ1
(ξ), . . . , θfβl

(ξ), µα1(ξ), . . . , µαk
(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νk〉
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By Theorem 4.3.3, the sequence 〈β1, . . . , βl〉 can be extended to a sequence 〈β′
1, . . . , β

′
s〉, and p can

be extended to a system of conditions,

〈p (ξ, η1, . . . , ηs, ν1, . . . , νk) : ξ, η1, . . . , ηs < κ, ν1 < . . . < νk < κ〉

such that, for a set of ξ-s in W ,

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
�µαk

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
\ µαk

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

and–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
∈ G

Assume now that 〈ξ, η1, . . . , ηs, ν1, . . . , νk〉 are given, such that–

p (ξ, η1, . . . , ηs, ν1, . . . , νk) �νk

p (ξ, η1, . . . , ηs, ν1, . . . , νk) \ νk ∈

e (ξ, η1, . . . , ηs, ν1, . . . , νk)

Let A∼ be a Pνk
-name, forced by p (ξ, η1, . . . , ηs, ν1, . . . , νk) �νk

to be a witness to the fact that

p (ξ, ~η, ~ν)\νk ∈ e (ξ, ~η, ~ν). Namely it is a bounded subset of h (ξ, ~η, ~ν), and p (ξ, ~η, ~ν)\νk 
 f∼(ξ) ∈ A∼.

Let A (ξ, ~η, ~ν) be the set of ordinals γ < h (ξ, ~η, ~ν) such that, some r ≥ p (ξ, ~η, ~ν) �νk
forces

that γ ∈ A∼. Since νk < h (ξ, ~η, ~ν), A (ξ, ~η, ~ν) is a bounded subset of h (ξ, ~η, ~ν). The function

〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν) lies in V .

By the results of theorem 4.3.3, there exists a set of ξ-s in W for which–

G 3p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)



f∼(ξ) ∈ A
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)

Thus, in M [jW (G)],

[f ]W ∈
[
ξ 7→ A

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)]

W
=

kα (jα (〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1
, . . . , µαk

)) ⊆ Im (kα)

where the last inclusion follows since–

jα (〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1 , . . . , µαk
)
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is a bounded subset of–

µα = jα (〈ξ, ~η, ~ν〉 7→ h (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1
, . . . , µαk

)

which is crit (kα).

Thus we proved that µα ∈ Im (kα), which is a contradiction. �

Lemma 4.3.18. µα appears in the Prikry sequence added to kα (µα) in M [jW (G)].

Proof. In M [H], denote by t∗ the initial segment of the Prikry sequence of kα (µα) which consists

of all the ordinals below µα. Denote by n∗ the length of t∗. Let 〈ξ, ~η, ~ν〉 7→ t∗ (ξ, ~η, ~ν) be a function

in V such that–

t∗ = jα (〈ξ, ~η, ~ν〉 7→ t∗ (ξ, ~η, ~ν)) (κ, j0,α (β1) , . . . , j0,α (βl) , µα0 , . . . , µαk
)

(we assumed here that t∗ can be represented using the same generators as µα. If this is not the

case, modify the set of generators).

We can assume that for every 〈ξ, ~η, ~ν〉, t∗ (ξ, ~η, ~ν) is a sequence of length n∗. Since kα (t∗) = t∗,[
ξ 7→ t∗

(
ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)]

W
= t∗

In V [G], denote, for every ξ < κ,

µα(ξ) =the (n∗ + 1) -th element in the Prikry sequence of

h
(
~ξ, θfβ1

(ξ), . . . , θfβl
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

Clearly [ξ 7→ µα(ξ)]W ≥ µα.

We argue that equality holds. We will prove that for every η < [ξ 7→ µα(ξ)]W , η < µα. Assume

that such η is given, and let f ∈ V [G] be a function such that [f ]W = η. Then we can assume that

for every ξ < κ,

f(ξ) < µα(ξ)

and let p ∈ G be a condition which forces this.

For every ξ, ~η, ~ν, consider the set–

e (ξ, ~η, ~ν) = {r ∈ P \ νk : ∃γ < h (ξ, ~η, ~ν) , r 
 if t∗ (ξ, ~η, ~ν) is an initial segment of the

Prikry sequence of h (ξ, ~η, ~ν) , then f∼(ξ) < γ}
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then e
(
~ξ, ~ν1, . . . , ~νk

)
is ≤∗ dense open above conditions which force that–

〈θfβ1
(ξ), . . . , θfβl

(ξ), µα1(ξ), . . . , µαk
(ξ)〉 = 〈η1, . . . , ηl, ν1, . . . , νk〉

This, since, given a name for an element f∼(ξ) which is forced to be strictly below µα(ξ), (which is

the element which appears right after t∗ (ξ, ~η, ~ν) in the Prikry sequence of h (ξ, ~η, ~ν)), the element

can be decided by taking a direct extension.

By Theorem 4.3.3, the sequence 〈β1, . . . , βl〉 can be extended to a sequence 〈β′
1, . . . , β

′
s〉, and p can

be extended to a system of conditions,

〈p (ξ, η1, . . . , ηs, ν1, . . . , νk) : ξ, η1, . . . , ηs < κ, ν1 < . . . < νk < κ〉

such that, for a set of ξ-s in W ,

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
�µαk

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
\ µαk

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

and–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
∈ G

Assume now that 〈ξ, ~η, ~ν〉 = 〈ξ, η1, . . . , ηs, ν1, . . . , νk〉 are given, such that–

p (ξ, ~η, ~ν) �νk

p (ξ, ~η, ~ν) \ νk ∈ e (ξ, ~η, ~ν)

Let γ∼ be a Pνk
-name, forced by p (ξ, η1, . . . , ηs, ν1, . . . , νk) �νk

to an ordinal below h (ξ, ~η, ~ν), such

that p (ξ, ~η, ~ν) \ νk 
 f∼(ξ) < γ∼. Let γ (ξ, ~η, ~ν) be the supremum of the set of ordinals τ < h (ξ, ~η, ~ν)

such that, some r ≥ p (ξ, ~η, ~ν) �νk
forces that γ∼ = τ . Since νk < h (ξ, ~η, ~ν), γ (ξ, ~η, ~ν) < h (ξ, ~η, ~ν).

The function 〈ξ, ~η, ~ν〉 7→ γ (ξ, ~η, ~ν) lies in V .

By the results of theorem 4.3.3, there exists a set of ξ-s in W for which–

G 3p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)



if t∗
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)

is an initial segment of the Prikry sequence of

h
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)
, then

f∼(ξ) < γ
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)
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Thus, in M [jW (G)], where indeed t∗ is an initial segment of the Prikry sequence of kα (µα),

[f ]W ∈
[
ξ 7→ γ

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)]

W
=

kα (jα (〈ξ, ~η, ~ν〉 7→ γ (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1 , . . . , µαk
)) < µα

as desired. �

Lemma 4.3.19. Let Uµα = {X ⊆ µα : µα ∈ kα(X)} ∩ Mα. Then Uµα ∈ Mα. Furthermore,

kα (Uµα) = jW (δ 7→ Uδ) (kα (µα)), where, for every δ ∈ ∆, Uδ = Wδ ∩ V , for Wδ which is the

measure used in the Prikry forcing at stage δ in the iteration P .

Proof. We first prove that jW (δ 7→ Uδ) (kα (µα)) ∈ Im (kα). Then, we will prove that the measure

F ∈ Mα for which jW (δ 7→ Uδ) (kα (µα)) = kα(F ) equals to Uµα .

In order to prove that jW (δ 7→ Uδ) (kα (µα)) ∈ Im(kα), we prove that there exists a family

F ∈ Mα of measures on µα, with |F| < µα, such that jW (δ 7→ Uδ) (kα (µα)) ∈ kα(F ) = k′′αF .

Fix, in V , an enumeration W of all the normal measures on measurable cardinals below κ. For

every 〈ξ, ~η, ~ν〉, let γ (ξ, ~η, ~ν) be the index of Uh(ξ,~η,~ν) in this enumeration. Note that each measure

Uh(ξ,~η,~ν) belongs to V , but the sequence 〈Uh(ξ,~η,~ν) : ξ, ~η, ~ν < κ〉 might be external to V . So the

function 〈ξ, ~η, ~ν〉 7→ γ (ξ, ~η, ~ν) doesn’t necessarily belong to V .

Fix 〈ξ, ~η, ~ν〉 and consider the set–

e (ξ, ~η, ~ν) ={r ∈ P \ νk : there exists a set of ordinals A of cardinality strictly smaller than

h (ξ, ~η, ~ν) , such that r �h(ξ,~η,~ν)
 γ (ξ, ~η, ~ν) ∈ A}

Then e (ξ, ~η, ~ν) ⊆ P \ νk is ≤∗-dense open, since P �h(ξ,~η,~ν) is h (ξ, ~η, ν)-c.c..

Now apply theorem 4.3.3 and argue as in the previous lemma: There exists (in V ) a mapping

〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν) such that, in M [jW (G)],[
ξ 7→ γ

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)]

W
∈[

ξ 7→ A
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)]

W
=

k′′α (jα (〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1 , . . . , µαk
))

In Mα, let F be the set of measures on µα which are indexed in the enumeration jα(W ) by an

index in the set A = jα (〈ξ, ~η, ~ν〉 7→ A (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1 , . . . , µαk
). Note that
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|A| < µα and thus |F| < µα. Then jW (δ 7→ Uδ) (kα (µα)) is enumerated by the ordinal–[
ξ 7→ γ

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)]

W
∈ k′′αA

and thus jW (δ 7→ Uδ) (kα (µα)) ∈ k′′αF , as desired.

Let F ∈ Mα be a measure on µα such that–

jW (δ 7→ Uδ) (kα (µα)) = kα(F )

Let us argue that F = Uµα . It suffices to prove that F ⊆ Uµα . Fix a set X ∈ F . Assume that–

X = jα (〈ξ, ~η, ~ν〉 7→ X (ξ, ~η, ~ν)) (κ, j0,α (β1) , . . . , j0,α (βl) , µα1 , . . . , µαk
)

(We assumed again that X can be represented using the same generators as µα. If this is not the

case, modify the set of generators of µα ). Then kα(X) ∈ jW (δ 7→ Uδ) (kα (µα)).

As in the previous lemma, let n∗ be the length of t∗, the initial segment of the Prikry sequence

of kα (µα) below µα. For every 〈ξ, ~η, ~ν〉, let–

e (ξ, ~η, ~ν) = {r ∈ P \ νk : r �h(ξ,~η,~ν)‖ X (ξ, ~η, ~ν) ∈ Uh(ξ,~η,~ν),

if it decides positively, then r �h(ξ,~η,~ν)
 A∼
r
h(ξ,~η,~ν) ⊆

X (ξ, ~η, ~ν) ; else, r �h(ξ,~η,~ν)
 A∼
r
h(ξ,~η,~ν) is disjoint

from X (ξ, ~η, ~ν) . Moreover, r �h(ξ,~η,~ν)‖ lh
(
trh(ξ,~η,~ν)

)
> n∗,

and if it decides positively, then there exists a bounded subset

A (ξ, ~η, ~ν) ⊆ h (ξ, ~η, ~ν) for which r �ξ,~η,~ν
 the (n∗ + 1) -th

element of trh(ξ,~η,~ν) belongs to A (ξ, ~η, ~ν)}

By theorem 4.3.3, there exists a larger set of generators β′
1, . . . , β

′
s and, for every 〈ξ, ~η, ~ν〉, a condition

p (〈ξ, ~η, ~ν〉), such that, for a set of ξ-s in W ,

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
�µαk

(ξ)


p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
\ µαk

(ξ) ∈

e
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)

and–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
∈ G
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Let us argue first that for a set of ξ-s in W ,

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1(ξ), . . . , µαk

(ξ)
)
�µαk

(ξ)

decides that–

lh

t
p

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1

(ξ),...,µαk
(ξ)

)
h

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1

(ξ),...,µαk
(ξ)

)
 ≤ n∗

Indeed, assume otherwise. Let A∗ (ξ, ~η, ~ν) be the bounded subset of h (ξ, ~η, ~ν) which consists of

all the ordinals, which are forced by some extension of p (ξ, ~η, ~ν) �νk
to be in A (ξ, ~η, ~ν) (whenever

p (ξ, ~η, ~ν) forces that the length of tp(ξ,~η,~ν)h(ξ,~η,~ν) is greater than n∗). Then, in M [jW (G)],

µα ∈ kα (jα (〈ξ, ~η, ~ν〉 7→ A∗ (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1 , . . . , µαk
))

But this is a contradiction, since jα (〈ξ, ~η, ~ν〉 7→ A∗ (ξ, ~η, ~ν)) (κ, j0,α (β′
1) , . . . , j0,α (β′

s) , µα1 , . . . , µαk
)

is a bounded subset of µα.

Therefore, we can assume that–

p
(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)
�µαk

(ξ)

forces that–

lh

t
p

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1 (ξ),...,µαk

(ξ)

)
h

(
ξ,θf

β′
1
(ξ),...,θf

β′
s
(ξ),µα1

(ξ),...,µαk
(ξ)

)
 ≤ n∗

Denote now p∗ =
[
ξ 7→ p

(
ξ, θfβ′

1
(ξ), . . . , θfβ′

s
(ξ), µα1

(ξ), . . . , µαk
(ξ)
)]

W
. Then p∗ �kα(µα) forces that

µα ∈ A∼
p∗

kα(µα). By the definition of the sets e (ξ, ~η, ~ν), the set A∼
p∗

kα(µα) is forced to be either disjoint

or contained in kα(X). Since kα(X) ∈ jW (δ 7→ Uδ) (kα (µα)), it cannot be disjoint (again, by the

definition of e (ξ, ~η, ~ν)). Therefore µα ∈ kα(X) and thus X ∈ Uµα
, as desired. �.

Finally, let us argue that jκ∗ = jW �V . Recall that κ∗ = i(κ), and note that κ∗ = sup{µα : α <

κ∗}.

Lemma 4.3.20. M = Mκ∗ , jW (κ) = i(κ) and jκ∗ = jW �V .

Remark 4.3.21. In particular, if i = jU (namely W is simply generated) then jW (κ) = jU (κ). On

the other hand, possibly jU (κ) < i(κ), and then jW (κ) > jU (κ).

Proof. Define, similarly to kα : Mα → M , the embedding kκ∗ : Mκ∗ → M as follows:

kκ∗ (jκ∗ (f) (κ, j0,κ∗(β1), . . . , j0,κ∗ (βl) , µα1
, . . . , µαk

)) =

jW (f)
(
κ, θ[fβ1

(ξ)
]
W
, . . . , θ[fβl

(ξ)
]
W
, µα1 , . . . , µαm

)
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for every f ∈ V , β1, . . . , βl generators of i and α1 < . . . < αm < κ∗. Clearly crit (kκ∗) ≥ κ∗. It

suffices to prove that kκ∗ is the identity function.

Let τ be an ordinal, and let f ∈ V [G] be a function such that [f ]W = τ . By the κ-c.c. of Pκ,

there exists F ∈ V such that for every ξ < κ, f(ξ) ∈ F (ξ) and |F (ξ)| < κ. Therefore, in M [jW (G)],

τ = [f ]W ∈ [F ]W = kκ∗ (jκ∗(F )(κ))

But–

|jκ∗(F )(κ)| < jκ∗ (κ) = κ∗ ≤ crit (kκ∗)

so η ∈ Im (kκ∗) as desired. �
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