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Abstract

We study the Magidor iteration of Prikry forcings below a measurable limit of measur-
ables k. We first characterize all the normal measures k carries in the generic extension,
building on and extending the main result of [1]. Then, for every such normal measure,
we prove that the restriction of its ultrapower, from the generic extension to the ground
model, is an iterated ultrapower of V' by normal measures. This is done without core model
theoretic assumptions; GCH<, in the ground model suffices.

Introduction

In this paper we revisit the Magidor iteration of Prikry forcings, which was first introduced by
M. Magidor in his celebrated paper [10]. Its earliest application was to produce a model where
the least strongly compact cardinal is the least measurable cardinal, settling a question of Tarski.

Assuming that x is a measurable limit of measurables, the Magidor iteration can be used to
destroy the measurability of every measurable cardinal o < k, while preserving cardinals and
the measurability of x itself. Given such an iteration P and a generic set G C P over the ground
model V', we consider the following questions:

1. What are the normal measures on « in V [G]?

2. Given a normal measure W € V [G] on &, let jw: V [G] = M [H] ~ Ult (V [G] , W) be its
ultrapower embedding!. Is jy [y an iteration of V' (by its measures or extenders)?

3. Given a normal measure W € V [G], is jw [v a definable class of V?

The first question is part of a larger body of work regarding the characterization and possible
structure of the normal measures, carried by a cardinal x, in forcing extensions which preserve
its measurability. A very partial list of landmark results in this area include the works of Kunen-
Paris [9], where the maximal possible number, k™, of normal measures on &, is obtained;
Friedman-Magidor [4], where it is proved that any intermediate value 1 < A < s*F can be
obtained as the number of normal measures on «; and Ben-Neria, [3], [2], where it is shown that
every well-founded order can be realized as the Mitchell order on .

In the context of the Magidor iteration, this question was extensively studied by Ben-Neria
in [1]. For every normal measure U € V on &, he assigned a corresponding measure U* € V [G]
on k, and showed that the mapping U +— U™ is a bijection between the set of normal measures

IWe used the following well known fact: The model Ult (V [G], W) is isomorphic to a transitive model, which
is, by elementarity, a generic extension of some ground model M with a generic set H C jy (G) over it.



on k in V, and the set of normal measures on « in V [G]. This was done under the assumptions
that 07 does not exist and the ground model V is the core model. In this paper, we extend this
result, weakening the assumption on the ground model V:

Theorem 0.1. Assume GCH<, holds in V. Let W € V[G] be a normal measure on k.
Then W = U* for some normal measure U € V on k. Moreover, the measures (U*: U €
V is a normal measure on k) are pairwise distinct.

The proof relies on some of the methods presented by Ben-Neria in [1]; however, the core-
model theoretic aspects of the argument are replaced with the tools developed in [6].

The second question is motivated by key results and ideas from inner model theory. Assume
that the core mode K exists and j: V — N is an arbitrary elementary embedding, where N
is transitive. Under limitations on the variety of large cardinals available in the universe, the
restriction j [x is an iteration of K by its measures and extenders. For instance, if there is no
inner model with a cardinal « of Mitchell order o(a) = a™*, then, by results of Mitchell [11],
j Ik is an iteration of I by its measures; Assuming that there is no inner model with a strong
cardinal, j [ is an iteration of K by its extenders [8]. In our context, assuming that V = K is
the core model and G C P is generic for the Magidor iteration over it, the ultrapower embedding
Jjw: V[G] — M [H] restricts to an iteration of V' = K, provided that there is no inner model
with a Woodin cardinal (see [12]).

The main question that rises is to what extent the structure of jy [y, as an iteration of V,
depends on properties of V' rather than properties of the Magidor iteration itself. It turns out
that the core model theoretic assumptions imposed on V' can be entirely omitted:

Theorem 0.2. Assume GCH<, holds in V. Let W € V [G] be a normal measure on . Then
Jw Tv is an iterated ultrapower of V' by normal measures.

Moreover, a concrete description of jy [y as an iterated ultrapower is given. This uses and
extends ideas appearing in [7], where iterations of Prikry forcings were considered under the
simpler nonstationary support.

The answer to the third question depends on the choice of the normal measures used along
the iteration to singularize the measurables of V' below k. In general, jy [y may not be definable
in V (see remark 3.25, and, more generally, section 5.2 in [6]). We provide a sufficient condition
for definability of jw [v as a class of V. By Theorem 0.1, given a measurable a < k, the measure
used in the Prikry forcing at stage « in the iteration P must have the form UX = (U,)”, for
some normal measure U, on o in V. Denote U = (Uy: a < Kk, ais measurable in V). Then:

Theorem 0.3. Assume GCH<,, holds in V. Ifo? €V then jw [v is a definable class of V.

We remark that it is not necessarily the case that U e V, even if jy v is a definable class
of V' (see remark 3.25).

This paper is organized as follows: In the first section we present the forcing and its basic
properties. In section 2 we prove theorem 0.1. In section 3 we prove theorems 0.2 and 0.3, and
completely describe the Prikry sequences added to measurables of M above k in H.

Conventions and Notations. We assume throughout this paper that GCH<, holds in
V. In forcing, we use the following convention: Given pair of conditions p, ¢ in a forcing notion,
p > g means that p extends ¢, namely provides more information than ¢. Finally, given a measure
U € V on some measurable, we denote by My the transitive collapse of the ultrapower Ult (V,U).
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1 The Forcing

Definition 1.1. An iteration (P, Qp: a < K, B < k) is called a full support (Magidor) iteration
of Prikry-type forcings if and onlyif, for every a < k and p € P,,
1. p is a function with domain « such that for every 8 < o, p | p € P3, p | B IF p(p) €
Qp and (Qp, <q,.<g,) 1 a Prikry-type forcing.

2. There exists a finite set b C r such that for every B ¢ b, p [glk p(8)>50q,, where >7% is
the direct extension order of Qg.

Suppose that p,q € P,. Then p > q, which means that p extends q, holds if and only if:

1. For every B <o, p | BIFp(B) >5 q(B) (where >3 is the order of Qg).

2. There is a finite subset b C «, such that for every B € a\b, p [ B1F p(B) >4 q(B) (where
>7% is the direct extension order of Qs).

If b= 0, we say that p is a direct extension of q, and denote it by p >* q.

Let (P,,Qp: o < £, B < k) be a full support iteration of Prikry forcings, such that, for
every V-measurable cardinal, o, @, is non-trivial, and is forced to be Prikry forcing with a given
P,-name for a normal measure on « (we will prove in lemma 2.2 that o remains measurable after
forcing with P,). If « is not measurable in V', @, is the trivial forcing.

We denote A = {a < k: « is measurable in V}. For every a € A, let W be the Py-name for
a normal measure on «, which is forced by P, to be the measure used in the Prikry forcing Q..
Assume that p € P, is a given condition and a € A. We denote by t7 and AL the P,-names
such that p [4IF p(a) = (tE, AP). In V [G], we denote by d: A — & the function which maps
each former measurable in A to the first element in its Prikry sequence. Finally, we adopt the
following useful notation, introduced by O. Ben-Neria in [1]: Given a condition p € P, and
a < K, let p7* >* p be the condition p* which satisfies, for every measurable £ > «,

P ek AL = AP\ (e +1)
The following lemma is standard (see [5] for example):
Lemma 1.2. P = P, satisfies the Prikry property.

The main ideas in the proof of the Prikry property of P, appear also in the proof of the
following Fusion property:

Lemma 1.3 (Fusion Lemma). Let § < k be a limit ordinal and p € Ps. For every o < 0, let
q(a) be a Py-name such that p [,k g(a) >* p\ . Then there exist p* >* p such that for every
a<d,
P lalb (" \ @)™ =7 g(a)
Before proving the lemma, let us state an immediate useful corollary of it.

Corollary 1.4. Let § < k be a limit ordinal and p € Ps. For every a <, let e(a) be a P,-name
such that—

p ok 7e(a) is a dense open subset of P\ « above p \ a,

with respect to the direct extension order.”

Then there exist p* >* p such that for every a < 6,

p* lal (P"\ @) ™" € e(e)



Proof of lemma 1.3. Define a sequence (p¢: & > 9) of direct extensions of p, such that for every
€ <9, pe lelF pe \ € >* q(§), and, for every n < £ < 4,

L op<py <* (pe) "
2. Pn rn: Dbe r17~
Take py = p. Assume that £ < k and (p,,: 7 < &) have been defined. Let us define p¢. First, set—

pe [e= U per Ter
gr<e

We now define a Pe-name for a condition r» € P\ €. If £ is non-measurable, r(£) (the value of
r at coordinate &) is trivial. If it is: Let ¢ be a Pg-name, and, for every {' < £, take Pe-names
ég/ such that pe [elF pgl(f) = <L,é§/>. Set r(§) = <L,A§/<fé§/>. Finally, let r\ (£ +1) be a
direct extension of all the conditions (pes \ (§+1): & < &) (the direct extension order above
¢ is more than &-closed). This defines r. Since every pair of direct extensions of p \ £ have a
common direct extension, we can pick pg \ € such that it direct extends both r and ¢(£). Note
that A7¢ C Agz<5/vlgs/, and thus, for every 1 < &, A¢°\ (n+1) € AZ". Thus p, <* (pe)” "

This finishes the construction. Define p* = U,5 <5 Pe ¢ We claim that p* is as desired. Let
a < 6. Then p* [4= pa o Thus, this condition forces that (p, \ @)™ € e(a). It also forces
that (p* \ a)”“ direct extends (p, \ @)~ %, and thus it direct extends g(a), as desired. O

Lemma 1.5. P = P, preserves cardinals.

Proof. We prove by induction that for every d < k, Pjs preserves cardinals. This is clear for
successor values of . By GCH<,, this is clear as well if § is not a limit of measurables. Thus,
let us assume that § < k is a limit of measurables and p is a cardinal. If u < 9, factor
Ps = P, *Qu * P> . Since the direct extension order of P, is more than p-closed, it preserves
w; @, preseves p because it is either trivial or a Prikry forcing; finally, by induction, P,
preserves pu. If = 4, then p is a limit of measurables, each of them is preserved by induction. If
p > 6%, pis preserved since |Ps| = 67 by GCH<,,. Thus, it suffices to prove that Ps preserves ¢+
for every limit of measurables §. It suffices to prove that Ps has the 57 — c.c.: For any antichain
A C P;s of cardinality 61, there exists a subset A’ C A of cardinality §*, such that the following
holds: There exists a finite set b C §, and, for every a € b, a P,-name for a finite increasing
sequence o €[], such that—

Vpe A'VBed\b,p lslkp(B) > 0g
and—
Vpe A'Va € b 3A,p ok pla) = (ta, A)

Given these properties, every pair of conditions in A’ are compatible, which is a contradiction. [J
Lemma 1.6. P = P, doesn’t add fresh subsets of k, k™.

The above lemma is proved, for example, in [6]. We remark that this proof uses the fact that
some normal measure on « in V extend to a normal measure in V' [G], and this is indeed the case
(this is well known, and in any case, will be proved in the next section in lemma 2.2. The proof
will not rely on the current lemma or its consequences).

In [6] it is proved that, if a forcing notion P preserves cardinals and does not add fresh subsets

to cardinals in the interval {n, (2”)‘/} , then every k-complete ultrafilter in the generic extension

extends a k-complete ultrafilter of V. Since we assume GCHc,, the following follows:



Corollary 1.7. Let G C P, be generic over V, and let W € V [G] be a k-complete ultrafilter on
K. Then WNV eV.

We conclude this section by proving a property of P = P, which will be applied several
times throughout this paper.

Lemma 1.8. Let 6 < k be an inaccessible cardinal. Let p € Ps and assume that o is a Ps-name
for an ordinal. Then there exists p* >* p and a set A € V with |A| < 0 such that p* IF o € A.

Proof. Denote by D the dense open subset of Ps which consists of conditions which decide the
value of o. We will apply on D the following claim:

Claim 1.9. Let 6 < k be a limit ordinal and let D C Py be a dense open subset of Ps. Assume
that p € Ps. Then there exists p* >* p such that for every p* < q € D,

gl " (P \(r+1) " eD

where 7y is the mazimal coordinate which satisfies—

”

q [ 7q(v) is not a direct extension of p* ()
(and, if such vy does not exist, then v =0).

Proof. Fix a non-measurable a < § and G, C P, generic over V such that p [,€ G,. Given
P [a< q € Gq, we define a subset of P\ o which is <*-dense open above p \ a:

eqla)={reP\a:q reDor (V' >*r, ¢r' ¢ D)}

Since « is non-measurable, the direct extension order of P\ a is more than |G| -distributive.
Let e(a) be a Py-name for the set—

e(a)= [ el

q€Ga

then p [, forces that e(a) is <*-dense open above p \ a.
Apply lemma 1.3. Let p* >* p be such that, for every non-measurable a < 4,

P lalb (" \ @)™ € e(a)

Assume now that p* < g € D. Let v be as in the formulation of the claim. Then = + 1 is not
measurable, so—

P lyalb (0 \ (1) e e(y + 1)

In particular, )
g Tyl (0 \ (v + 1) e e(y + 1)

Finally, since there exists a direct extension ' = ¢\ (y+1) >* p* \ (y+1) such that
q lye17 1 € D, it follows that ¢ [,41 (p*\ (v +1)) 77! € D, as desired. O

Pick a direct extension g >* p, by applying the claim on the set D of conditions deciding the
value of a. We will construct below a direct extension ¢* >* ¢; After this is done, we will prove
that ¢* has a direct extension p* >* ¢* as desired in the lemma. Namely, p* satisfies that for
some set of ordinals A with |A] <, p* IF a € A.



First, let us construct ¢* >* ¢. Assume that v < J, and ¢* [, has been defined. To define
q* (), we shrink the set A%, We shrink it to a set A € W, such that, for every n < w, exactly
one of the following holds: Either for every s € [A]", there exists a set of ordinals A, with
|As| < 9, such that—

(t97s, A\ max (s)) " (¢\ (y+1) " Ik o € A,

or, there is no such s.

This results in a direct extension ¢* >* ¢. It suffices to prove that ¢* has a direct extension
p* which belongs to D. Assume otherwise. Let r > ¢* be a condition in D, which is chosen
with the least number of non-direct extensions. Let « be the maximal coordinate in which a
non-direct extension was taken in the extension r > ¢*. Clearly r > ¢, and in this extension, as
well, v is the maximal coordinate in which a non-direct extension is taken. Thus, by the choice
of g,

Pl (@\(y+1) 7 eD

Let n < w be such that r [, forces that lh (t;) =n+1lh (tily) Then r [, forces that for every
5 € [é’;]n, there exists a set A with |A,] < §, such that—

(#7275, AL \max (s)) " (¢\ (v +1)) " I g € A,

By taking union on the possible values of the sets Ag as above, there exists a set A € V with
|A| < 6 such that—

Py (AN T g\ (v +1) T Fa e A

and this contradicts the minimality of the number of non-direct extensions in the choice of
r>q*. O

Corollary 1.10. Assume that § < k is inaccessible, p € Ps and let f be a Ps-name for a
function from & to the ordinals. Then there exists p* >* p and a function F: § — [Ord]<5 nV,
such that for every a < 90,

()" I f(a) € F(a)

Proof. For every a < 4, set—
e(a) = {r € P\ a: there exists A C Ord with |A| < ¢ such that r IF f(«) € A}

by lemma 1.8, e(«r) is <*-dense open. Thus, by Fusion, there exists p* >* p such that for every
a <90,

p* lalF there exists A, C Ord with |A,| < 4 such that (p* \ @) “ Ik f(a) € Aa
Finally, for every a < 8, let F(a) ={3: 3¢ > p* la, Ik B € Ao} Then (p*)"* I+ f(a) € F(w)
and |F'(«)| < 0, as desired. ~ O
2 Normal Measures in the Generic Extension

This section is devoted to the proof of theorem 0.1. The same result was first observed by O.
Ben-Neria in [1], assuming that V' is the core model and there is no inner mode with overlapping
extenders. We will reduce the assumptions on V to GCHx,..



Throughout this section, we will extensively use arguments and notations introduced in [1]:
For every normal measure on k, U € V, we will define a measure U* € V [G] which extends U.
It will turn out that U* is normal if and only if o(U) = 0. Let U* be the normal measure below
U* in the Rudin-Keisler order. We will prove that every normal measure on « in V [G] has the
form U* for some U € V.

We prove theorem 0.1 by induction. Thus, we assume in this section that for every ¢ < &,
the measure W used to singularize £, already has the form Ug for some normal measure Ug € V
on £.

Remark 2.1. In [1], as in other applications of the Magidor iteration, it was assumed that the
measures (We: € € A), which were used to singularize the measurables of A, are all derived from
normal measures of Mitchell order 0 (in the sense that, for every & € A, there exists U € V of
order 0, such that W = Ug*) We do not assume this in the current paper. Each measure Wy
has, by induction, the form ng for some normal measure Ug € V', but Ug does not necessarily

has Mitchell order 0.

We start by extending every normal measure U € V on k, to a measure U* € V [G]. For
every Py-name A for a subset of x, (4), € U* if and only if, for some p € G,

{§<H:p*§IF§V€é}€U

or simply (ju(p))™" IF & € ju (4) in My.

Lemma 2.2. U* is a measure on £ in V [G] which extends U. Moreover, U* is normal if and
only if U has Mitchell order 0 in V.

Proof. 1t’s not hard to verify that U* is a filter which extends U. Let us prove that it is a
k-complete ultrafilter. Assume that (A¢: § < J) is forced by a condition p € G to be a partition
of k, for some § < k. Assume that ¢ is an arbitrary condition above p. For every a € (4, k),
consider the P,-name for the following set e(«), which is forced by ¢ [, to be <*-dense open
above ¢\ «,
e(fa) ={r>"q\a: 3 <, rlFac A}
by lemma 1.3, there exists p* € G above p, such that for every a € (6, k),
P lalF 36" <0, (p"\a) " IFa e Ag
and thus—
prIE 3T <6, (Ju () "\ K IF k€ ju (Ae)
by extending p* to a stronger condition in GG, we can assume that p* decides the value of £*, and
so, for some £* < K,
(u ()" - & € ju (Ae)
as desired.
Let us assume that U has Mitchell order 0. Let f be a P,-name for a regressive function, as
forced by some p € G. We use a similar argument as before, but now e(a) is defined for every

non-measurable «;, to be the name for the following set, which is forced by any extension of p [,
to be <*-dense open above p \ a:

e(a) ={re P\a: ¥ <a, r\}—i(a)zf*}

where we used the fact that « is not measurable, and thus (P \ «,<*) is more than a-closed.
Thus, there exists p* € G such that-

P IR 38" <k, (uP) \ k)" IFju(f) (k) =&



By extending p* to a condition in G, we can assume that p* decides the value of £*. Thus,
{&E < k: f(§) =&} € U*, as desired.

Finally, assume that U* is normal. Let jy«: V [G] — M [H]| be the ultrapower embedding.
Note that x is not measurable in M, since, else, k would have been singular in M [H], and
therefore also in V' [G]. Thus,

k € ju- ({§ < k: £ is not measurable in V'})

and thus U = U* NV concentrates on non-measurables. O
Let us define the measure U* € V' [G].

Definition 2.3. Assume that U € V is a normal measure on k. If U has Mitchell order 0,
define U* = U*. Assume otherwise. Let d: A — k be the function which maps every measurable
cardinal of V' to the first element in its Prikry sequence in V [G]. Set—

U =d,(U)={ACk:d ' [A] € U"}

We will prove that whenever U* is non-normal, namely, A € U*, d projects U* to the normal
measure below it in the Rudin-Keisler order; this projected measure is U* defined above.

Lemma 2.4. Let U be a normal measure on x in V. Then U™ is a normal measure on K in
V[G].

Proof. We can assume that U has Mitchell order > 0. It suffices to prove that [d],. = k.

First, note that for every = < k, d~'{x} is finite. Indeed, given an arbitrary condition p € P,
let b C & be the finite set such for every £ € k\ b, p [¢>" 0q,. For every such &, let p* >* p be
such that z is removed from every measure one set. Then p* forces that d~'{x} is finite, and
since p was arbitrary, this indeed holds in V [G].

This shows that [d]};,. > k. Assume that f € V' [G] is a function in V' [G] such that, for every
e A, f(§) <d(&). Let p be a condition which forces this. Assume that ¢ > p is arbitrary, and
let & be an ordinal which such that for every £ > &, q [¢lF ¢(§) >* Og.. For every { € A above
&o, we describe a name for a subset of P \ £ which is forced by ¢ [¢ to be <* dense open subset
of P\ £ above ¢\ &,

e(§) = {r = ¢\ : there exists v < & such that r \ £ I f (§) =~}

The density follows since every name for an ordinal below the first element for a Prikry sequence
can be decided by a direct extension.
By fusion, there exists p* € G above p such that—

pr -3y <k, (Gu @)\ k)" IFju (f) (k) =7

and by extending p* to a condition in G, we can assume that it decides the value of v < k. So
(Gu ()" Ik ju (f) (k) =¥, and thus, in V' [G], [f]y. =7 < k, as desired. O

Claim 2.5. Let U € V be a normal measure on k. The following are equivalent:
1. U has Mitchell order 0 in V.
2. U* =U".
3. d'"A¢U*.



Proof. Clearly 1 implies 2 by the definition of U*.
Assume 2. If d’A € U* then d’A € U*, and thus, there exists p € G such that—

(Ju(p) "Ik ke ju(d'A)

but this cannot happen, since (jy(p))~ " forces that x does not appear as an element in any of
the Prikry sequences.

Finally, if U has Mitchell order higher than 0 in V', then A € U and thus A € U*. Therefore,
d'AeU*. O

Lemma 2.6. Let U be a normal measure on & in V. with o(U) > 0. Let jy-: V [G] = M [H]
be the ultrapower embedding of U*. Then [Id],. is measurable in M, and r appears as a first
element in its Prikry sequence in M [H|. [Id],, is mazimal with this property, namely, for
every measurable above [Id|;., k does not appear in its Prikry sequence. Furthermore, for every
p > [Id]. measurable in M, d(p) > [Id]..

Proof. Since A € U C U*, [Id];,. is measurable in M. But-
r = [dly. = ju- (d) (Ld]y-)

so k appears first in the Prikry sequence of [Id],. in M [H].
Finally, fix any condition p € G. Then—

(ju(p)) ™" I+ for every p € ju (A)\ ( + 1), ju(d)(n) >

In particular, {{ < k: for every p € A\ (€4 1), d(u) > &} € U*. Thus, for every measurable
> [Id)y., d(w) > [Id),.. O

Let us assume now that W is an arbitrary normal measure on x in V [G]. Our goal will be
to prove that W = U* for some normal measure U € V. Denote by jw: V [G] - M [H] the
ultrapower embedding of W over V' [G]. We start with the following observation:

Claim 2.7. Let W be a normal measure on k in V [G]. Then—

K\ U (d(a),a] e W

aEA

Proof. 2 Assume otherwise. Then X = (J,ca (d(@),a] € W. We argue that there exists a
regressive function f: X — s which is not constant modulo W (this is a contradiction, since
W € V [G] is normal, and hence all the sets in W are stationary in ). Indeed, for every n € X,
let o, € A be the first a such that n € (d(a),a]. Then define f() = d (). f is not constant
modulo W since otherwise there exists £ < k with d~1{¢} infinite. O

Remark 2.8. W NV is a normal measure in V' of Mitchell order 0. Indeed, by corollay 1.7,
WnV eV. Clearly WNV is normal in V. Finally, note that A ¢ WNV, namely k ¢ jw (A).
Otherwise, k was measurable in M, and thus singular in M [H] C V [G]. But k is regular in
V'[G], a contradiction.

Let us assume, by induction, that for every measurable ; < x, the normal measures on p in
VP« have the form U for some normal measure U on p in V. From the previous remark, we
can assume also that every such U™ concentrates on non-measurables of V' below .

2The proof presented here was offered by Omer Ben-Neria, and is a major simplification of the original argu-
ment.



Definition 2.9. Let W € V [G] be a normal measure on k. We now define a normal measure
W* e VIG] on k. If d'"A ¢ W, take W* = W. Assume otherwise. For every § < k, the set
d={8} is finite (see the proof of lemma 2.4). Define a set A* C A,

A" = {€ €A € = maxd Hd(©)})
A* is an unbounded subset of A, on which d is injective. Let—

W ={XCr:d"(XNA*)e W}
W* is a non-trivial, k-complete ultrafilter on k.

Let us review some of the properties of W* in the case where d’A € W. Clearly A, A* €
W*. d is a Rudin-Keisler projection of W* onto W, and is injective on A* € W*. Therefore
W =grx W*, and in particular jw = jw+, namely W, W* have the same ultrapower embedding
from V [G] to M [H]. In M [H], k = [d]y,. = jw+(d) ([Id]y,.), namely & is the first element in
the Prikry sequence of [Id]y,.. Finally, A* € W*, and thus—

[Id]y,. = max jw-(d)~{x}
so k does not appear as first element in the Prikry sequence of any measurable above [Id];,..

Lemma 2.10. W*NV €V is a normal measure on k in V.

Proof. By corollary 1.7, W*NV € V. If d’A ¢ W, then W* = W is normal, and so is W*NV.
Let us assume that d’A € W. Assume that f € V and {€ < k: f(§) < £} € W*N V. Denote
this set by A and assume that A C A (else, intersect).

For every p € P,, there exists a direct extension p* >* p and a finite subset b C x such that,
for every £ € A\ b,

P ek AL CEN(F(©)+1) and £ =)
thus, there exists such b C k and p* € G. Then p* forces that for every £ € A\ b, f(&) < d(§).
But A € W*, and thus A\ b € W*, so, in M [H]|, [f]. < [d]y~ = d([Id].) = k. Therefore,
there exists 8 < k such that—

{E<r: f&)=ptewW”
but this set belongs to V' (since f € V), and thus—

{E<r: f=pteWw nV
as desired. m

Remark 2.11. Given a normal measure on k, W € V' [G], we abuse the notation and denote by
d the function jw (d): jw(A) — k. Similarly, given a normal measure U € V on k, we use d to
denote the ju (P)-name ju (d).

Lemma 2.12. Let p € G be a condition. Then (jW(p))_[Id}W* € H. In particular, if d'A ¢ W,
Then jw(p)~™" € H.

Proof. jw(p) € H since p € G. In order to prove that (jW(p))_[Id]W* € H, it suffices to prove
that ordinals < [Id];;,. do not appear in Prikry sequences of measurables above [/d] . in M [H].

Clearly, for every pu > [Id],., d(pt) > k. Otherwise, there exist o < x and A € W* such that
for every £ € A, there is some u(¢) > € with d (u(£)) = a. In particular, d~'{a} is infinite, a
contradiction.
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Let us argue now that for every p > [Id]y;., d(p) > k. If d’ A ¢ W this is clear, since s does
not belong to the image of d in M [H]. Thus, let us take care of the case where d”"A € W. In
this case, recall that in M [H], [Id];;,. = maxd~*{x}. Thus, for every pu > [Id]};., d(p) # .

Finally, let us argue that for every p > [Id]y,., d(n) > [Id]y,.. It suffices to prove that for
every such p, d(p) & (k,[Id]y.]. If d’A ¢ W this is clear, since in this case W* = W and
[Id] . = k. Let us assume that d’A € W. We claim that in V [G], there exists a finite set b C &
such that for every measurable p > sup(b),

dw) ¢ |J (d©).¢

EeEAND

We prove this by a density argument. Fix a condition p € P,. Let b C k be the set of coordinates
such that for every p > sup(b), p [,lF p(r) >* 0. We extend p to p* >* p such that, for every
measurable p > sup(b),

Pl dw ¢ | (d©), ¢

EeANp

this is possible since, by the induction hypothesis, the weakest condition in P, forces that—

U @),

EeEAN

does not belong to any normal measure in V. Pick such p* € G. Then in V [G], for every
> sup(b),

dp) ¢ |J (d©).¢
3

eANp

This is true for every u € A\ sup(b) € W*. Thus, in M [H], for every pu > [Id]y,., d(p) ¢
(s, [Ty 0

Proof of Theorem 0.1. Let W € V [G] be a normal measure on k. Let U = W* N V. Let
k: My — M be the embedding which satisfies, for every f € V|

It’s not hard to verify that k is elementary and jw |v= jw+ [v= ko jy. Moreover, crit (k) >
if and only if d"A ¢ W: Indeed, if d"A ¢ W then W* = W is normal and thus k (k) = &, and if
d'"A € W then k = [d]y,. < [Id]y,. =k ([Id],) =k (k).
Let us argue now that W = U*.

Assume first that d”A ¢ W. Then Definition 2.9, W* = W, and by Remark 2.8, U has
Mitchell order 0. We argue that W = U* = U*. It suffices to prove that U* C W. Let X € U*,
and assume that X € V' is a P;-name such that (r)g)G = X. Then for some p € G,

(Ju(P)™" IF & € ju (X)

By applying k: My — M,
Gw ()" IF & € jw (X)
where we used that fact that k (k) = k. Since p € G and d"A ¢ W, (jw(p))” " € H, and thus,
in M [H], k € jw (X), as desired.
Assume now that d’A € W. Then A € W* and thus o(U) > 0. In this case, k(k) =
[Id]y . > k. Let us prove that W = U*. Since both are ultrafilters in V' [G], it suffices to prove
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that U C W. Assume that X € U*, and let X €V be such that (‘Z(,)G =X. Let pe G be a
condition such that—

Gup) "Ik & eju(d'X)
By applying k: My — M,

Gw @)™ Ik g ([Td]y.) € Gw (X)
but (jW(p))_[Id]W* € H by lemma 2.12, and thus, in M [H],

k= d([Idy.) € (Gw (X)) g = jw (X)

so X € W, as desired.

Finally, assume that U # U’ are normal measures in V. If both have Mitchell order 0,
then U* # U’" and thus U* # U’”. If exactly one of them, say U, has Mitchell order 0, then
d’"A € U\ U*. Thus, let us consider the case where both have Mitchell order higher than 0.
Let A€ U, B € U’ be disjoint sets. In V [G], let A* = ANA* € U*, B* = BNA* € U'". Then
d"A* e U*, d"B* € U, and d”" A* Nd"B* = () since d is injective on A*. Thus U* # U'*. O

The embedding k: My — M from the above proof will be used in the next sections to analyze
the structure of jy [v. For now, let us note that crit(k) = « if and only if d"A ¢ W.

3 The Structure of jy v

Given a normal measure W € V [G] on &, let jw: V [G] — M [H] be the ultrapower embedding,
and let U € V be a normal measure on k such that W = U>*. Our main goal in this section will
be to factor jy [v to an iterated ultrapower of V.

We divide this section to several subsections. In the first subsection, we isolate a natural
number m < w and a sequence U? <« U <1... < U™ = U of measures on & in V. In the second
subsection, we describe in detail the structure of jy [v and sketch the main steps in the proof.
We will also demonstrate the structure of jy [y in several simple cases. In the third subsection,
we develop a generalization of the Fusion lemma. This generalization will be applied in the fourth
subsection, where we complete the proof of theorem 0.2, provide a sufficient condition for the
definability of jy [v in V', and describe the Prikry sequences added by H for measurables of M
above k. For instance, we will prove that each measure U7, for 0 < j < m, is iterated in jw |v
w-many times, producing Prikry sequences for one of the measurables in the finite set d~{x}

The value of m < w and the exact measures participating in the sequence U° < Ul <1... g
U™ = U depend on W and on the measures in the sequence (W¢: £ € A) € V[G], namely the
measures used in G to singularize the measurables of A. For every £ € A, denote by Us € V' the
measure on & such that W, = Ug. By induction, for every & € A there exists a natural number

m¢ and a sequence Ug <g...d Ugmif1 < Ugng = U¢ of normal measures on £ in V. The identity
of the measures (Ug: £ € A, j < mg) determines the measures participating in the iteration of
Jw v, and whether or not this iteration is definable in V.

3.1 The system U’ <« U! <... < U™ associated with W

Denote m = m(W) = |d~'{x}| as computed in M [H]. Namely, m(W) < w is the number of
occurrences of k as a first element in Prikry sequences added to measurables in M. Possibly

12



m(W) =0, in the case where d”A ¢ W. Define, for every i > 1, the set A; C A:

Aj={geAr [gnd (@} =i—1} =
{€ € A: ¢ is the i-th element in d~'{d(¢)}}

For i =0, let Ag = '\ A, the set of non-measurables below x. We state some straightforward
properties:

Claim 3.1.
1. {£ < Kk: & appears as first element in m Prikry sequences below k} € W.

2. For all but finitely many £ € A, if m (We) =i — 1 for some 1 < i < w, then  is the i-th
element in d=1{d(&)}.

3. d'A 2d"AyD ... 2d"A,D ... (n<w).
4. m is the mazimal index such that d"A,, € W.

Note that d is injective on each of the sets A;. Let us define, for every 1 < i < m, a measure
W as follows: .
W'={XCr:d"(XNA;) e W}

In particular, W™ is the measure W* defined in the previous section. Since d is injective on each
set A;,
w =RK Wl =RK W2 =RK --- =RK wm=w*

For every 1 <i # j <m ,let m; ;: A; — A; be the function which maps each £ € A; to the j-th
element in d~*(d (£)) (which typically exists. if not, set m; ;(§) = 0). Then m; ;, which projects
W onto W7, is injective on the set—

{€€Aix [d7H(d(§)| =m} e W'

Finally, denote, for every 1 <i < m, U' = W'NV € V, and note that U = U™.
For sake of completeness, let us denote W° = W and U° = W N V. By remark 2.8, U°
concentrates on Ag = k \ A. We begin by studying the properties of U°.

Lemma 3.2. U° < U is a normal measure of Mitchell order 0 in V. U® = U if and only
if U already has Mitchell order 0 in V. Finally, if U has Mitchell order above 0 in V, then
U'={ACk:rek(A)}NMy.

We will need the following claim:
Claim 3.3. Let U € V be a measure on k. Then My [G] and V [G] have the same subsets of k.

Proof. First let us assume that U concentrates on non-measurables. We will then adjust the
proof to the other case. Assume that A € V is a P-name for a subset of k. For every non-
measurable a < &, let e(a) be the <*-dense open subset of P\ a which decides the value of AN«
over VP By lemma 1.3, there exists p € G such that for every non-measurable o < k,

plal (p\ @)™ € e(a)
For every such «, let éa € V., be a P,-name such that—

plabFp\alFANna=A

~o
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The sequence (A, : « < k) belongs to My. Thus, A= (4), € My [G], since—

A={]J (4

a<k

We now adjust the proof for the case where A € U. We apply Fusion as before. For every
a € A, let—
e(fa) ={re P\a:3BCa,rl-FANd(a) =BNd(a)}

Before proving that e(«) is indeed <*-dense open, let us argue that this suffices. By Fusion,
there exists p € G, and, for every a € A, a Py-name B, for a subset of «, such that for each
such «,

ol (P\ @)™ I AN d(a) = Ba N d(a)

By closure under k-sequences, the sequence (B, : o € A) belongs to M. Therefore, in My [G],
A can be constructed as follows:

AU Ba)g, Nd(a))

a€A

Let us prove now that e(a) is <*-dense open. Pick r € P\ a. For every v € A7, let X, € W, =
UX, B, Cvands, >*r\ (v+1) be such that-

(tn (1), X)) s, lFANv =28,

This can be done since the direct extension order of P\ « is more than v-closed. Now let
B =[v— B,y . Pick X € W, such that for every v € X, BNv = B,.

Now direct extend r as follows: shrink ér such that it is contained in X N (A, <4X,). Then,
direct extend 7\ (a4 1) to be s4,). Let 7* >* r be the condition obtained this way. Then
r* € e(a) and this is witnessed by the set B C . O

Proof of Lemma 3.2. If U has Mitchell order 0 in V, then W = U* = U* and thus U? = WNV =
U. Let us assume that U has Mitchell order higher than 0, namely A € U.

We provide a definition of U° which is different from the definition U° = W NV as in the
statement of the lemma. From the definition we provide, it will be simple to see that U° € My;.
After that, we will prove that indeed U° = W NV.

InV [G]7 define for every o € A, Ul = Wo NV € V. InV, let U° = ju ((UY: a € A)) (k).
This is a jy(P) |«= P-name for a normal measure of Mitchell order 0 which belongs to My .
Let U° = (UO) € My. Then UY € V is a normal measure on x of Mitchell order 0. Since
U « U, it suffices to prove that U’ = W N V. Assume that A € U° holds, and consider this as
a statement in My [G]. For some p € G,

plk A€ jy (<Qg a€A>)(/<;)

Let o — A(a) be a function in V' which represents A in M. Then we can assume that for every
a €A, §
p lalF Ale) € Uy, C U

By lemma 1.3, there exists p* >* p such that, for all but finitely o € A,
(r") " IF d(a) € A(a)
where d(«) is the first element in the Prikry sequence of a.. Thus,

(o @)™ Ik & € ju (47" (4))
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and thus d=! (4) € U* in V [G]. Therefore,
d"(dTA) e U =W

so A € W, as desired.

Finally, let us assume that A € U and argue that U® = {A C k: k € k(A)} N My. Since
both are ultrafilters in My, it suffices to prove that U° C {A C k: k € k(A)} N My.

Let A € U° be a set, and assume that £ — A(€) is a function in V such that [¢ — A (&)],; = A.
Assume that p € G forces that A € QO. We can assume that for every £ < k, p [¢lF A (§) € U2,

and in particular, p [¢l- A (§) € U
Given any extension g > p in Py, there exists p* >* p and a finite subset b C x such that, for
every £ € A\ b,
Pl AY € A() and ¢ = ()

and thus, there exists such p* € G. Since A\ b € W* and jw+(p) € H, it follows that, in M [H],
r=d([d]y.) € [§ = Aely. =k (4)
as desired. ]

Lemma 3.4. For every 1 < i < m, U is normal and has Mitchell order higher than 0. Fur-
thermore,
U'=U<qU'<«U?<«...qU™=U

Proof. The proof that each U’ is normal is identical to 2.10, and essentially follows from the fact
that d projects each W* onto W.

For i > 1, each U’ has Mitchell order above 0: otherwise, & \A € Ut C Wi7 and this
contradicts the fact that A; € W' is disjoint from x \ A.

Let us prove that for every 1 < i < m, U* < UL, Work in V [G]. For every £ < &, let
U be the normal measure used at stage & in the iteration. We define an ultrafilter Ug: if U

concentrates on d” (A; NE), set Qé to be the ultrafilter which concentrates on A; N ¢ and is
projected via d onto UZ*. Else, set U} = Uy

Let Y4* € V be the sequence of names for the measures U¢ defined above. Consider in M+
the P.-name jyit1 (U') (k), and let—

F = (jUi+1 (%l) (H))G N Myi+1 € Myit

F is a normal measure on x which belongs to Myi+1. Thus, it suffices to prove that F = U°.
Pick X € F. Let p € G be a condition such that p - X € jin (Z/N{’) (k), namely—

{EeAipld- XNEcUY eU ™

we would like to argue that Ug in the above equation is the measure which concentrates on A;
and is projected via d onto Ug. This requires to have—

{eel:ipld-d'(Aing) e UL} e U™

Let us argue that p can be extended inside G such that this holds. Work over Mpi+1, and extend
p in G such that—
pll A € jyiv (UX) (k)
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It’s enough to argue that p decides the above statement in a positive way. Assume otherwise.
Then— ) )
{E<mipldrAing g Uy et cwitt

For every ¢ in the above set (but finitely many), d(¢) ¢ d”A;. In particular, WiT! concentrates
on such &-s, and thus in M [H], k ¢ d”A;, which is a contradiction.
Thus we can assume that p € G and—
{eeipldhd’ (XNANE) eUS} e U™
Therefore, ,
{EeA:plrdé) ed (XNA;NE} e UT!
and thus, in V' [G], ‘
{EcA:dé)ed (XNA)} e Witt

d'{¢eN:dE)ed (XnNA)}eWw

sod’ (X NA;) €W, and in particular, X € W So X e Ut = WN V.

Finally, let us argue that U° <t U'. Consider in M1 the name ji1 (U*) (k), and let F' € My
be its value with respect to the generic G. It suffices to prove that F = U°. given X € F, there
exists p € GG such that—

{eipldh XNEeUlyeU!
In V[G],
{€eA:dé)eXew!
Recall that Wt =gy W, and thus in M [H],
d([Ld]y1) € jwr(X) = jw(X) =k (ju(X))

where k: My — M is the embedding which satisfies & ([f];;) = [fly. Recall that crit(k) =
and thus k € k (kN jy (X)) = k(X). In particular, X € U°.

Remark 3.5. Denote (ug', ..., u5™) = d"{x} = ({d]yy1,..., [ Id]y.). Then for every 1
i <m-—1,U"={X C k:pl" € k(X)}. Indeed, assume that X C k and pl' € k(X)
k(ju(X)Nk) = jw«(X) N [Id]yy.. Since W' and W* are Rudin-Keisler equivalent and p’
[Id] -+, it follows that X € W*. Therefore X € U".

In My, we can derive a measure on k] using k as follows:
o= {X C[R™: (w3t . pd™ ) € k(X))

Corollary 3.6. & € My is the product measure U x ... x U™ on [k]™, namely, for every
X C k™, X € & of and only if-

{vo<w: {1 <k: . dvmo1 <k: Vo, ..., Vm1) €EX}eU™ .. }cU}eU®

Proof. Tt suffices to prove that for each X C [k]™, X € U° x ... x U™~! implies that X € &.
Indeed, given X in the product measure, there are sets Xo € U°,..., X,n_1 € U™ ! such that—

(XO X ... X an_l) N [I{}m - X
By Remark 3.5, it follows that—
st l5™) € B (Xo) % o X K (Xu1) € K(X)

as desired. O

A OF

Ult (M, &) is isomorphic to the finite iterated ultrapower of V| with decreasing order, with
UV<aUla...qU™ U™

16



3.2 Description of the Iteration

Assume that W € V' [G] is a normal measure on k. Let U € V' be a normal measure such that
W = U*. Denote k* = jw (x) (we will later prove that k* = jy(x)). Let jw: V [G] = M [H] be
the ultrapower embedding. We work by induction on a < k* and define an iterated ultrapower
(My: oo < k*). We define as well, for every a < k*,

1. Elementary embeddings j.: V — M, and k,: M, — M, such that jw [v= ks © Jq-
2. The ordinal p, = crit (k,), which will turn out to be measurable in M,.

3. A natural number 1 < m, < w, and a sequence of normal measures on i,

Uy <Q...aUp"!

Ha

each of them belong to M,. We also denote by &, be the measure on [u,]™* defined by
taking product of the above measures, namely, a set X C [uq]™* belongs to &, if and only
if—

{Vma_y < pa: {-- {v0 < pta: (Vo5 Vma—1 € X)} €U 3 e UL
Possibly m, = 1 and then &, = Uga.

Let us demonstrate the first two steps in jw [v. Recall the system W NV = U° < U «
... U™ =U. First, let My = Ult(V,U) = Ult (V,U™). Let ko: My — M be the embedding
which satisfies, for every f € V,

ko ([fle) = [flw-

ko is elementary since U C W*; furthermore, po = crit (kg) = k. Assuming that m =
ljw (d)~{x}| > 1, it turns out that mo = m and Uj, = U for every j < m — 1. Thus, &
is the product measure U° x ... x U™1 (as defined in the previous subsection). We will then
define My = Ult (My, &y). If m =0, pg = crit (ko) is the first measurable above x in My, mg =1
and & = U, 3 .

The iteration (M, : a < k*) is continuous, namely, for every limit o < k*, M,, is the direct
limit of (Mg: 8 < a). At successor steps, My4+1 = Ult (Mg, Eq)-

For simplicity, we denote the sequence [/d]. by [Id],. Arguing by induction, every element
in M, has the form—

Ja (f) (jl,a (H) 7jao+1,a ([Id]ao) yee ajakJrl,oz ([Id]ak)) (1)

for some f € Vand ap < ... < ap < a.

Remark 3.7. M,41 = Ult(M,,E,) can be viewed as iteration of length my of My, in the

following sense: denote—
M7t = Ult (Mo, Ut

M=% = Ult (M, U ?)

etc., up to—

0 1 770
M, = Ult (MQ,UM)
and take My = Mg. Denote—

me—1

po = Jus, (Ha)s Ha = Jus (Ba)s - piy= ™ = jyma-2 (1a)

Mo
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Then each element in My1 has the form—

ja,a-i—l(f) (:ucw :U’iw s ’M;nail)
for some f € V, and can be identified with [f]_. In particular, if Id: (k] — V is the identity
function, then—

[Id]ga = <:uouﬂ¢1)u s ,ugla—1>

Before we proceed, we would like to present several examples in the case where the Mitchell
order is linear in V.

Example 1: Assume that the Mitchell order on each measurable is linear in V. For every « €
A, let Uy 0 be the unique measure on « of order 0. Let P = P,; be the Magidor iteration, where,
for each a € A, the measure U o = U, is taken to be W,,. In V' [G], consider W = U, = U7.
In this case, d’A ¢ W, m(W) = 0 and j [v is an iterated ultrapower of V', starting with
Uy,0. After this step x is no longer measurable. Let a < k* = JUwo (k). In My, piq is the least
measurable > sup{pg: § < a} with cofinality above x in V', and M1 = Ult (Ma, U%‘j‘()) is the
ultrapower with the unique measure of order 0 on i, in M,,.

Example 2: Assume the same settings as in the previous example, but now W = U* for
arbitrary U of order higher than 0 (below x we still assume that measures of order 0 are used).
We argue that now, m = m(W) = 1. First, since o(U) > 0, d"A € W, and thus d~'{x} # 0
in M[H]. So m > 1. In order to prove that m = 1, it suffices to prove that the following
property holds in V [G]: There exists a finite subset b C k such that d is an injection on A\ b.
Furthermore, other then finitely many, all the Prikry sequences G adds to measurables in A are

pairwise disjoint. Let us provide the proof. For every a € A, let C, C « be the Prikry sequence
added to « in V' [G]. Then, for every a € A,

U Cs ¢ Uso = U(,>v<,0 (2)
B<a
since otherwise there exists p € G, such that (jy, ,(p)) " IFa € Uﬂ<jua,o(a) Cp: but (ju, ,(p)) "
forces that o cannot belong to Prikry sequences of measurables above «, a contradiction.
Now we can apply equation 2 in a density argument: Every condition p can be direct extended
to p* >* p by removing from each set AL € W, (where o € A) the set UB<a Cp. Then p* forces
that the Prikry sequences added to measurables of A, aside from finitely many, are pairwise
disjoint.
Thus m = 1, and the system U® <t U! consists of U, g = U < U' = U. The first step in jw [v
is Ult (V,U), and U, ¢ is applied w-many times to produce a Prikry sequence of critical points to
[Id]}y1, which is the only element in d~'{x}. For every a < k*, Ma41 = Ult (Mm Ui\i(j()) as in
the previous example. The main difference is that the length of the iteration, k* = jw (k) = ju (k)
is strictly higher than jy, , (k).
Example 3: Assume again linearity of the Mitchell order, but now fix in advance m < w,
and assume as well that o(k) = m + 1, namely, the normal measures on k are Ueo < Uk <
. <4 Ugm. We define the iteration P = P, such that for every o € A, the measure W, is
chosen as follows: If o(a) = I + 1 for some I < m, use the measure W, = U;;. In V[G], let
W =UY,,. We argue that m(W) = m. We work by induction: If m = 0, then d”A ¢ W and
thus m(W) = 0. Assume that m > 1. W* = U, concentrates on measurables o € A such that
Weo = U ,,,_1, and for each such o, m (W,) = m—1. So W* = U}, concentrates on measurables
a € A such that « is the m-th element in d=!{d(«)}, and thus m(W) = m. By linearity of the
Mitchell order, the system U°® <1 ... <« U™ is exactly the sequence Ueo QU1 < ... QUgm.
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d=Y{x} ={[Id)y ,...,[Id]yym } contains exactly m elements, and each [Id]y; (where 1 < i < m)
has Prikry sequence in M [H] which is generated by iterating the measure U, ;1 w-many times.

We would like to define the embedding k: M, — M. We do this assuming that embeddings
kg: Mg — M have been defined for every 8 < a. We also assume by induction that for each

such 8 < «, a sequence [ij; = (uzo, ... ,,u;mﬁ_1> has been defined. We then define k,: M, — M
as follows:

ka (]a(f) (jO,a (k) s Jao+1,0 ([Id]ao) s Joartla ([Id]ak))) =jw(/f) ([Id]w* ﬂi';o, cee 7ﬂZk)

forevery feVand 1 <ag <... < .
We will prove by induction on a < k* that the following properties hold:

(A) ko: M, — M is elementary.

B) Denote . = crit (k). Then pu, is measurable in M,. Moreover, p,, is the least measurable
u 1 Il
€ M, which is greater or equal to sup{ug: § < a} and satisfies (cf ()Y > k.

(C) Let pu}, = ko (o). Then p, appears as an element in the Prikry sequence of kq, (po) in H.
We will denote by ¢, the initial segment of the Prikry sequence of kg, (11o) below pg, and
by n. the length of ¢,,.

(D) Let {uzl, ..., u5™="11 be the increasing enumeration of d~! (1) below p%, and denote as
well p1*0 = pug, ul, = pme (possibly m, = 1 and then p,, does not appear as first element in
Prikry sequences of measurables below p}). For every 0 < j < m,, there exists a measure
Uia € M, on pi,, which satisfies—

o (UL,) = dw (6 U2) (ke (1))

Moreover,
0 1 Mo —1
U, <U,, Q...QU
(E) The measure &, which corresponds to Uga < Uﬁa < ....d Uﬁa_l is derived from

keo: My — M in the following sense:

Eo =X Cual™  (uadspils o i) € ko (X)} N M,

The proof of the above properties goes by induction on a. For a« = 0, ko: Mg = My — M
is the embedding which maps each [f];, to [f]}.; it has critical point uy = . In M [H], po
appears as a first element in the Prikry sequence of ko(uo) = [Id]y,., and of m — 1 measur-
ables po™ = [Id]yy1,. .., 00" 1 = [Id]yym-1. The measure & € My derived from ko using
{po, o™, ..., po*™ 1) is indeed the product of U <1 ... < U™ ! by remark 3.5.

We proceed and prove the properties for arbitrary 0 < oo < k*.

Lemma 3.8. k,: M, — M is elementary, and jw [v= ko © ja-

Proof. For a = 0, we already argued that ky: My — M in elementary.
For simplicity, we will prove that for every x,y € M,, M, E x € y if and only if M F k. (z) €

Let us focus on the case where oo = o’ + 1 is successor, as the limit case is simpler. There are
functions f,g € V and ap < ... < aj < o such that—

Tr = Ja(f) (jO,oc("ﬁ)vjaoJrl,a ([Id]ao) PR ajak+1,a ([Id]ak) 7ja’+1,a ([Id]a’))
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y = jal9) (Jo.a(k) Jagr1.a (Tdlyy) s+ s dartra (Hdly, ) s Jarsra ([Ld],))
We assumed that M, = Ult (M, ) F 2 € y, namely,

Ult (M, Ear) E [1d],) € jor .o (X)
where X is the set—
(€ () (Jor (s dawsrar (dlay) st (], ) €) €
Jar(9) (jo,a sJaortar ([Ldl o) -5 Japrrar (Hdl,,) 75)}

In particular, X € &, and thus [, € ko (X). Since jw [v= ko’ 0 jo, it follows that—

)-
jW (f) ([Id]W* 7:U/o¢07' . ~,Mak,MZ/) € JW (Id]W* 7:U/o¢07' . -,ﬁzk,ﬁ:w)
namely ko (z) € ka(y). O

We will present the proof of properties (B)-(E) is the next subsections.

3.3 Multivariable Fusion

Assume from now on that a > 0 is fixed, and we are at stage « in the inductive proof of properties
(A)-(E). In this subsection we develop a generalization of lemma 1.3 (the Fusion lemma).

Since a > 0, we may assume in equation 1 that oy = 0. This will simplify some of the
arguments below. We can also denote 5(; =U%x ... x U™ 1 x U™ (including U™, unlike &)

and [ d];J = [Id],” jo,1 (k) so that every element in M, has the form-

Ja (F) (e (Ullg) oo ([Tdla,) -G, () (3)
forsome feVand0=ag<a; <...<a; < .

Definition 3.9. Let p € P, be a condition and m > 1. We define, by induction, when an
increasing sequence (€,€Y, ... &™) below k is admissible for p. In case it is, we also define an
extension p (&, €L, ... €M) > p.

Intuitively, (£,&1,...,6™) is admissible for p if p can be extended (in a specific way, described
below) to a condition p™(€,&1, ... ™) which forces that d=1{¢} = {&*, ..., &m}.

We provide the definition under the assumptionp >* 0. Else, consider only sequences (€,&1, ... &™)
such that & is an upper bound of the finite set of the coordinates 8 < k in which p(8) non-directly
extends O,QB'

1. (&,€Y) is admissible for p if (p [51)_5 IF¢& e Apl. In this case, we define—
~ ¢ ;
€)= (1)) (&AL P\ (€ +1)
2. Assume that 1 < i <m —1 and (£,&,...,&) is admissible for p. Assume also that q =
(€Y, L €Y has been defined. Then (€,€Y, ... & €LY is admissible for p if g=% [eivrll

e égiﬂ. In this case, we define—

A<£7§1>"'7£i7£i+1> = (q*& r§i+1)/\ <<§> é§1+1> p\ (§i+1 + 1)

In the case where i = m — 1, we make a minor change in the above definition and set—

T = (g o) (€, AR T P\ (€™ + 1)

(namely, remove £™ 4+ 1 from large sets in places above £™ ).
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In other words, if 5: (6,1, ..., &™) is admissible for p, then we set—

P E =(p 1) UD ALY T (0 leren) © (), AR

(0l rem) ™S (), 4207 0\ (€ + 1))

In V [G], denote, for every & € d”A with |d’1{§}} =m, d"H& = (Wt (), ..., ug™(€)) =
fi5(&). Then in M [H], the sequence [§ — fif(£)]y, is—

(Bopts oo me™ g™ = (Idlyy s Tl s - - s Td]yym—s s Id]ym )

Theorem 3.10. Letp € P,. For every increasing E: (€,64,...,6™), lete (E) be a P:-name for

a subset of P\ & which is <*-dense open above conditions which force that d=1{&} = (¢1,...,&m).
Then there exists p* >* p and a set X € U° x Ut x ... x U™ such that for every increasing
(6,61, ..., €™y € X which is admissible for p*,

prlelbp* (€ M\ Eee (g€ EM)

Furthermore, if p* as above is chosen in G, then U x U x ... x U™ concentrates on the set of
admissible sequences for p*, and—

{€ < (&5 (©), - 15" (€)) is admissible for p*, p* (€, ug" (€), -, 5™ (§)) € G
and p* Tl p* (€15 (), g™ () \E € e (& 15" (€), -, mg™(€)} €W
Proof. Assume for simplicity that p >* 0. Else, just work with values of £ above some ordinal

for which p\ p >* 0.
Let us first sketch the main steps of the proof. We will first define, for every sequence

5: (€,€1,...,€™), a condition p (E) =p (f,fl, e ,fm) >* p. We define it such that for every
1 <i<m,if (£ ..., €Y is admissible for p (5),

p(€) (666 fenl € € ATY)

This can be done in a trivial way, by taking a direct extension which removes ¢ from the measure
one sets at the relevant coordinate; we will avoid such trivialities by shrinking the measure
one sets only above £ + 1 (namely, instead of shrinking a large set A to a set B, shrink it to

(ANE+1))U(B\(E+1))).

Once p (5) is defined, we define a condition r (E) € P\ &: If the sequence E is admissible for
D (5), we take (5) >* (p (E) <5>) \ &, with r (E) €e (5) Else, take r (5) =p (5) \ &

The second step will be to define, for every initial segment (£, &%, ..., €%) of (£,&1,...,6™), a
condition 7 (£, &,...,&") € P\ &, such that the family (r (£,&',...,&%) : i < m) is coherent in

the following sense: There exists a set X € UY x U' x ... x U™ such that, for every 56 X and
for every 1 <i < j<m,

r (57517“-751.) f5i+1: r (57517"'7§j) [gi+1

The set X obtained in this step will be the set X from the formulation of the lemma. Since X
belongs to the product measure, we can fix sets Xo € U°, ..., X,, € U™ such that—

(X()XXlX...XXm)m[H]mgX
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The third step will be to plug together all the conditions r (f, IS ,fi), i < m. We will do
this step by step, by constructing a sequence of direct extensions of the original condition p,

where each p’ has the following property: For every increasing sequence (£, &%, ... €Y € X x
... % X; which is admissible for p?,

() (65 e (et )

Eventually, the condition p* = p™ will be as required in the formulation of the theorem.

The fourth and final step will be the proof of the ”furthermore” part in the formulation of
the theorem.

Step 1: Construction of p (5) € Pandr (5) € P\&. Fix a sequence E: (€,¢1,...,6m). We

construct p (5) >* p. Work in the forcing P [[¢m-1 ¢m), above a generic extension for P [¢m—1

which contains p [¢m-1. We choose p (5) [[em—1,em)=" P [[gm-1 ¢m) such that:

AL, = (a2, e+ D) LB (E+1)

and-— .

p (5) [(gm-1,em)=T
where B € Wem-1 and 7 € P [(gm-1¢m) are chosen such that ((£),B)"r || & € A7, (in the
forcing P r[§7n71’§m,)).

Now work in P r[§7n72’£7n71). We choose P (g) r[§7n72’§7n71)2* P r[£7n—2’§7n71) in a similar
manner:

A%, = (42,0 (E+ ) UB\ (64 1)
and— R
P (&) lenem=r7
where B € Wem—2 and 7 € P [(gm—2 ¢m-1) are chosen such that ((§), B) "7 || £ € é’gm,l, and also
decide in which way p ({) [[¢m—1,em) decides the statement § € épm.
Continue in this fashion, direct extending p in the intervals [¢%,¢™!), shrinking A%, only
above ¢ + 1, and deciding how p [jgi+1 ¢y (£, €, ... &) decides the statement & € A%, for

ij )
r(€)

every j > i+ 1; By our construction, it actually decides the statement & € égj

sets were shrinked only above & + 1.
This produces the desired condition p (E) >* p. Now we define the conditions r ({) e P\¢

as above.
Step 2: Construction of the conditions r (¢,&',...,¢7) € P\ € for every j < m. Given
j<mand (£ ..., 8, let—

r (57517"'7£j) = |:<§j+1a"'7§m> =T (57517'"7€j7€j+17"'a§m) r§j+1:|Uj+1><m><Um

Fix such j and (¢,&%,...,¢&7). Since all the measures U, k < j, are normal measures on x, there
are sets X/, (&,&,....¢0) e U, X7 (&€, ...,¢%) € U™ such that for every increasing

sequence (£9FL . ¢m) € X;+1 (&€ ...,8) x ... x XJ, (&,€4,...,¢),

r (57517"'753.) FEJ*IZ r (6;&17---a§m) ngl

, since the large
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Define, for every k < m,

X, =) ( A vX,i(f,fﬂ...,@)) e U*

ek \(6€8 )

Namely, ke Xy, if and only if, for every j < k and increasing sequence (€,€%,...,89) below &k,
¢ e Xi (6,€,...,8).

Then Xy € U, ..., X,, € U™ satisfy that for every j < m, and for every increasing sequence
(¢4 6m e (Xox ... x Xpm) N [K™,

(gt . em >eXﬂ+1(g o) xLx XD (6,6, 8)
and thus— ‘
r(ﬁvfla"wéﬂ) kﬂ*lzr(fagl,"'agm) [£j+1

as desired.

Step 3: Construction of the sequence p <* p¥ <* ... <* p™.

We first construct p® >* p. Recall that for every & € Xo, a condition r(£) € P\ £ is defined
such that r(£) >* p\ €. By the Fusion lemma 1.3, we can choose p® >* p such that for every

€ € Xo, p° lel-p°\ € > q(€). 4
Assume that i < m and p’ has been constructed such that, for every (£,¢&1, ..., €% € Xg x
. X X; which is admissible to it,

Pk () (e €. e e) T (et )

We now construct p't! >* pi. We will define, for every &1 € X,,;, a direct extension
q (&) >* pt \ gL pitt >x pt will be generated from the conditions (g (&) gt € Xit1)
using the Fusion lemma 1.3. Fix ¢! € X;,; and work in the quotient forcing P\ ¢!, For
every £ € A’g;l N Xy, we define a direct extension—

((E), Be) "se 27 {{6), AL \ €+ 1)) 70\ (€ +1)
such that, if-
1. The increasing enumeration of d~1{¢} N &F! is a sequence (€1,..., &%) of length i;
2. (¢ ) e Xy x .o x Xy
3.7 (&,&, ..., €, € e belongs to the generic extension up to coordinate £71;

then ((£), Be) "se > 1 (&,&%, ..., &, «f”l)\f”l Such By, re can be chosen since r (£, ¢!, E”l)\
€71 is an extension of p \ £ which is obtained by direct extending after appending f to t§l+1
(if possible). Finally, take—

g€+ = (), A% 0 ( A B£>>A5d(£i“)

§<§i+1

This concludes the construction of p*!l. Let us show that for every (&, ¢, ..., &%) € Xy x
. X X;41 which is admissible for p'*!,

P ()T (6L et )T (e et
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Pick such a sequence (&,¢1,..., ¢4 ¢+, By induction, since p't! >* p and (€,€1,...,¢%) €
Xo X ... x X; is admissible for pit!,

H_l f I (( H_1)/-\ <£vfl7"'7£i> f[g,giﬂ))_&i > T(§7§17'~'7§i) r§i+1:T(faglv"'agivgi-i_l) f§i+1

Now, work in a generic extension Ggi+1 € Pgitr which contains (p'1) ™ (£, &1, &71) e,

. _ gt
By fusion, p'™! [z forces that (p''\ &) ¢ extends g (§"'). By the above formula,
r (&€, ..., &) lgis1€ Geinr. Thus, by the choice of ¢ (£711),

i+1

(. " e+ o (€T 41)) T 2 (eEh ) g

This is true for every generic Ggi+1 which contains (p™1) ™ (&, &4, ..., &) e, so-

P ()76 et )T (e LT

as desired.
Step 4: The ”furthermore” part in the formulation of the theorem. Denote p* = p™ and
assume that p* € G. p* satisfies that for every increasing sequence (£, &%, ..., ™) € Xox...x X,

and for every 1 <7 < m,

-\ ¢
(p*“< >) e
{€ < k: {E5(€)) is admissible for p*} € W

Take X € W such that X C XoNd’XiN...Nnd"X,,. For every £ € X, [if(§) € Xo x
X1 X ... x Xy, Then X can be shrinked to a set in W for which the decisions in equation 4
are positive when substituting £ = /i5(€): Indeed, otherwise, in M [H], it would not hold that
d=Hr} = (g, ... ug™).-

Let us verify that {£ < k: p* " (@§(£)) € G} € W. We need to verify that for a set of £-s
in W the following holds: for every 1 < < m and for every measurable p € (u*=1(§), p**(€)),
() > i (€).

Recall the following property from the proof of lemma 2.12: If d"A € W (namely m > 0;
if m = 0 there is nothing to prove), then there exists a finite subset b C k such that for every

measurable p > sup(b),
¢ U

EeAnp

Ae (4)

Let us argue that—

from now on, we consider values of ¢ above sup(b), such that d='{¢} contains only measurables
p for which the above holds (the set of such &-s is clearly in W). Let p € (u*1(§), p*(€)).
First, note that p < ,uzi, and thus—

€ =d(p(€) & (dn), p]

so d(p) > &, and thus d(u) > €. This also proves the desired property for ¢ = 1. Assume now
that i > 1. Then p > p**~1(€) and thus—

d(p) ¢ (d (=), w1 (©)] = (& n™ (9]

since we already proved that d(u) > &, it follows that d(u) > p**=1(€), as desired. O
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Recall that, given 8 < «, ug appears as an element in the Prikry sequence of kg (ug). Also,
ts is the initial segment of this sequence, consisting of all the ordinals below pg; we also denote
ng = lh (tg). Finally, there exists a natural number mg < w and a corresponding sequence of
measures, )

0 1 mg—
Uy, Uy Q... <aUpg,

each of them belong to Mg.

We would like to construct, in V, functions which represent ,u[g,tg,UgB (0<j<mg)in

Ult (V [G],W). To do this, we first need to understand how the same objects are represented in
the iterated ultrapower jz: V — Mg, in the sense of the following definition.

Definition 3.11. Fiz 0 < o < k™. An increasing sequence 0 = ag < a1 < ... < oy below o is
called nice, if the are functions g;, fi, F} for every 1 <i <k and 0 < j < m,, such that-

Koy = jal (91) (jl,al ([Id]é))
tal = ja1 (fl) (jl,m ([Id}:)))
Uty = o (FL) Gt (1)) (0= j <)
and, for every 1 <i <k,
Hacer = Jawer (ir1) (ren (dlo) s Jon s (Hdlay) - oo (Hdl,))
tozH_l = jai+1 (fi+1) (jl,oq ([Id]z)) 7j0£17041‘+1 ([Id]al) s 7j0¢i704i+1 ([Id}al))
UZQ,‘H = Jai (FZJJrl) (jl,m ([Id]:)) s Jar @i ([Id}al) see s Jouaig ([Id]ai)) (O <Jj< m”‘iﬂ)
Finally, denote by n; the length of the sequence t,,.

The main application of nice sequences is to construct functions representing the cardinals
in the sequences i}, in Ult (V [G], W), using only functions in V' and partial information about
Prikry sequences added in V [G]. We demonstrate this, working by induction.

1. For every & < k with |d™1(¢)| = m, recall the sequence (u3*(€), ..., 5™ (€)) which is the
increasing enumeration of d~1(¢). Denote—

5(8) = (& 5 (&), -, 5™ (€))
Then in M [H], the sequence [§ — [i§ ()], is—

(k= :uOvy“Sl? s ,‘usm—l”ugm> = <[Id]W ) [Id]Wl IR [Id]Wm—l ) [Id]W"’>

2. Given £ < k, let piq, (§) be the (ny 4+ 1)-th element in the Prikry sequence of g1 = g1 (fi(€))
(typically, this is the element which appears in this sequence after the initial segment

*M g —1

f1 (f5(€)), which represents to, in Ult (V [G],W) ). Let (uil(€),. .., tta (£)) be the
increasing enumeration of d=' (pq, (€)) below gi. Denote pin, ** (€) = g1 and—

fi, (€) = (ptay (€), 112 (), - - 1 (€))
Then in M [H] ~ Ult (V [G], W),

[€ = fie, ()] = (Hars iy -+ e 1)
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namely, this sequence starts with uq,, concatenated with the increasing enumeration of
d Y pte, } in M [H]. Let us verify this. Assume for simplicity that t,, is empty, namely
ny = 0, or, in other words, p,, is the first element in the Prikry sequence of ko, (fia,) (the
fact that p,, appears in this Prikry sequence, follows from property (C) of k,,). The first

element in [ — ﬁ;l(g)]w is—

d([§ = g1 (i (E))w) = d Gw (91) (Hdly , U]y s - - [Tdlyym)) = d (Ko, (o)) = pay

From this it is implied that the rest of the elements in [§ — [L’Zl(f)] are the increasing

w
enumeration of d™*{jiq, } below ka, (ta,), which is exactly (u%!, ... ,MZT"lfl)

3. Assuming that 0 < j < k and the functions i, (£),..., [, (£) have been defined, let
o, (§) be the njy1-th element in the Prikry sequence of g;11 (ﬁ(";(f), fin, (€),- - Ha, (f))
in M [H]. Let (,uglm &),... ,uzgijflfl(f)) be the increasing enumeration of d=* (pa,., (€))

below— .
s (€)= g1 (£ 75, (6), -, 0, (6))
Also, denote—
fy i (€) = (i (€)oo i3 7H(E))
Then in M [H] ~Ult (V [G], W),

*mj+171>

— 1
(€ 2, (©] = (e iy

namely, this sequence starts with p,,,,, concatenated with the increasing enumeration of
d™"{pta,,, } in M [H]. This is proved similarly to the previous point.

Denote jio = crit (ko). Write pto = jo(h) (K, fags - - - Hay, ), Where ag < ... < o, < « is a nice
sequence. Let my, ..., my be such that m; = m,,. Denote m = my. Let g;, fi, Ff be functions
as above. ' 4

Note that, by induction, [§ = F (6 pag (€) - -+ o, (f))]w = [5 — UZL%H(&)}W for every
0<i<kand0<j<mg,, (Recall that, for a measurable n € A, U,Jl' is the j-th measure in
the system U,? < ... < U, associated with n). Thus, for a set of &-s in W,

FLoy (& 100 (€)s - - s 110, (£)) = Uiai+1(g)

Definition 3.12. Fiz a nice sequence 0 = ag < a1 < ... < ag below a. Given a condition
p € P, and a sequence of increasing sequences—

F oo = 1 1 -1 -1 —1
<€7V1a'~'ayk>:<<£a€a--'a£m>a<ylayla-~'vl/1n0 >a<V27V21a'~'7V;n1 >7 """ 7<yk,yé7._.,y1::nk >>
we define whenever (5_; Vi,...,0k) is admissible for p, and in this case, we define an extension

p/\<€7ﬁla"'aﬁk> 2 p.

1. An increasing sequence 5: (€,&1,...,€™) is admissible for p if it is admissible for p in the
sense of definition 3.9. If it is, the extension p ™ (£,&Y,... &™) is defined the same as in
3.9.
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2. Let1 <1< k. Assume that (5, Vi,...,U;) is admissible for p and q = p“(f, Vi,...,U;) has
been defined. Denote—

Git1 = Gi+1 (5,1717 . ~,ﬁi>

tiv:i = fit1 (5,1/1,..., )

FzJJrl FiJJrl (gaﬁlv'-wﬁi) (O§]<m(m+1)
We say that <5, D1y...,Uig1) is admissible for p if, in the forcing P 1[4, the sequence
Vi1 = Vi1, Viys - Vit 1) is admissible for q [4,., in the sense of definition 3.9, and

if-
(¢ 1giar)” (Figr) Wltigr ™ Wiga), AL, ) extends q(giv1), and (F) :j <ma,,,)
is the system of measures (U? _:j<m (UX )>

git+1 gi+1

Assuming this holds, let—

PE T, o Vi) = ((¢ Tgisa) ™ (Fit1))

—

(titn ™ (ir1), Ag) " a\ (gie1 +1)
Given i < w and a condition p which forces that—

We define, similarly to above, whenever a sequence

1 1 1 1
((Vid1, Vig1 Vi ) Wk Vigy oo v 0))
is admissible for p above <§, V1y...,0;). If this is the case, we can define similarly the condition
— i+1—1 1
p <<Vi+1ayi1+17'--7yzl|-fl >a """" 5<V/€7V}17" V]:;nk >>

Theorem 3.13 (Multivariable Fusion). Let p € P,; be a condition and, for every sequence—

(E Ty ) = (6, €Y €™, (v, vd o T Wi v )
let e (5, ,.. .,D’k) be a P, -name for a subset of P\ vy which is <* dense open above any

condition which forces that (fig(§), iy, (§), - - -, i5, (§)) = (€., ...,0). Then there exists p* >* p
and a set X € 5(;, such that for every sequence of increasing sequences,

(01, D) = ((6,€Y, €™, (v, vk, Y e v )
which is admissible for p*, and such that (€,€%,...,6™) € X,
TE ) T TR T v € e (£, )
Furthermore, there exists p* € G, for which—

{6 <k (€ Hay (), [l (£)) is admissible for p*,
A(f o, (), s fin, (§)) € G and
P By i) T, F DT ) \ B ee(gﬁgl,...,ﬁ;k)} cew
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Proof. For every 1 < i < k and a sequence <{, ..., V), we define a set e ({, Dlyenny ﬁi), which is
<* dense open above conditions which force that—

(d7HEY (pan (), ey (€)™ THEN -+ (e (), e (€)™ TH(E)) =

(& ..., &™), (v, vy, ..., u{”1_1>, R (7987 S l/im‘_1>>
as follows:
e (E, Piyens ﬁz) ={r € P\ v;: forevery (J;11,...,Vk) which is admissible for
r above (€, 71, ..., 0:), 7 (Fis1, s D) T -
G B \ v € € (71,0, )}
Lemma 3.14. Ife (E, Uly... Ui, ﬁi+1) 18 <*-dense open above conditions which force that—

<ﬁ8(£)> ﬁzl (E)’ s ?ﬁzl_H (£)> = <€7 1717 BRRE) ﬁiv ﬁi+1>
then e (5, Dlyenny ﬁi> is <*-dense open above conditions which force that—
(16 (&), fin, (§), - g, (§)) = (& T, .., 1)
Proof. Fix (f_; Vi,...,0;). Let r € P\ v; be a condition which forces that—

—

(16(8), i, (&), - -5 fig, (§)) = (&, 7, -, 1)

Denote for simplicity m = m;41 and—
Gi+1 = git1 (571717'“351‘) s tiv1 = fina (5, ﬁla"',ﬁi) , Fl, =F, (57’71,--~,’71‘) (0<j<m)

We apply theorem 3.10. For that, consider the forcing P [(,, 4,,,) and the sequence FZ-OJr1 <

F}H <g...< F[_'ﬁfl of measures on g; 1. We describe a set d(v;41, z/ilﬂ, ce I/Z:_Il) C P lvi,911)

\Vi4+1 which is <* dense open above conditions which force that d™ ' {v;41} = (v},4, ..., l/ﬁf)'
1 ~1 : ~

d(Vit1,Vig1r -5 Vig1 ) =S € P lwiyr.ginn)t i sIF (i1 ™ (Vig1), Ag,. ) > 7(gi+1), then there

exists a direct extension ¢ >* (f;417 (Vit1), Ay, )" 7\ (git1 + 1)

~

such that s "¢ € e (E, R 778 z7i+1>}

By theorem 3.10, there exists r* [, >* 7 [,,,, and a set X which belongs to the product measure

gi+1=—
1 m—1 : : 1 m—1
Eiy1=FY x Fl | x ... x FUT", such that for every increasing (viy1,v}y,,..., v/} ;) € X,
* * 1 m—1 1 m—1
L lE T Vi, iy, v ) \ i €d (Z/H_l,I/H_l, R 2 )

Let us define 7* \ g;+1. Assume that we work in the generic extension for P, , and r* |
which is already defined, belongs to it. For every v;4; € Al

gi+1»
above maxt;41, we denote

gi+1
d~Y (i) = <1/i1+1, ol z/ﬂ]l). Let q (vigr1) >* (tiv1 ™ (Vit1), A;Hl)Ar \ gi+1 be a condition such
that— o
(r* ™ (Vig1, - - ~7Vﬁfl> \vit1) q(vis1) €e (5, e ﬁi+1)
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(and take g (vi41) =7\ gi+1 if such ¢ does not exist).

We can now define r* (g;41). Generate from the set X € &1 a corresponding set Y € W, _,.

Just pick Y to be a set such that every increasing sequence from Y x wiéY X ... X w;lflﬁoY
belongs to X. Let—

P (gis1) = (0 A, 0V Umaxtin)) 0 ((Bunyacg, ALL) Umaxtis )

Finally, let us define r*\ (gi41 + 1) to be ¢ (2i41)\ (gi+1 + 1), where here, v; 1 = d (gi11) can
be read from the generic up to g;+1 + 1. This concludes the definition of r* € e {, cee z7i>. O

Inductively, it follows that for every increasing sequence & = (6,61, €™), the set e(g), de-

fined similarly as above, is <*-dense open above conditions which force that d=*{¢} = (£, ..., ™).
Apply theorem 3.10 one more time to obtain, from the condition p given in the formulation of
the theorem, the required direct extension p*. O

3.4 Proof of Properties (B)-(E)

Lemma 3.15. u, = crit(ky) is measurable in M, .

Proof. Write po = jo (h) (jlya ([Idh)) s Jon+1,a ([Id]al) sy Jar+la ([Id]ak)). We can assume
that for every f_: Ulyeoo, Ug,

(&7 ) >
since po > fiq, (this can be done by modifying the value of h (f_; Dlyenny D’k) to 0 whenever

h (E, Plyeee, ﬁk) < vg). We can also assume similarly that h (E, Viyeons ﬁk> is a regular cardinal.
Let f € V[G] be a function such that ;1o = [f]y,. Let us assume, for contradiction, that for
every (f_; Viy.. Uk), h (E, Diyeons 17k> is non-measurable.

By changing f on a set outside of W, we can also assume that for every £ < k,

F©) < b (s (), (6)) (5)

Indeed, this can be done since—

Ul = i < ka (a) = [ b (€ fiay (€).- -, lan ()

w

Let p € G be a condition which forces that for every £ < k, equation 5 holds. From now on,
work with conditions in P = P,, above p. We define, for every—

(7 ) = (6 €L €, s 0 )
a set— .
6(551717"'717/6) gP\Vk
which is <* dense open above conditions which force that (fia,(£),. .., fa,(§)) = (1, .., Vk):

e(f,ﬁl,...,ﬁk> :{TEP\uk:3a<h(g,ﬁl,...,ﬁk), rlk J(€) < a)
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The <*-density of e ({, Dlyenny ﬁk) essentially uses the fact that h = h (5, v, .. .,ﬁk) is not
measurable; employing this, f(£) can be reduced to a P,-name, and thus be evaluated by less
then h many possibilities by femma 1.8.

Let us apply now the Multivariable Fusion Lemma. There exists p* € G and sets Xg €
U ..., X,, € U™ such that for every sequence of sequences (&, 7, ..., ) which is admissible
for p*,

(p*“<5ﬁl,...,ﬁk>) I (p*“<5ﬁl,...,ﬁk>) \u € e (E,ﬁl,...,ﬁk)

whenever £ € Xy X ... X, is increasing.
For every such (&, 91, ..., ), let—

A(E,ﬁl,...,ik) :{7<h(§,ﬁl,...,ﬁk) . 3¢ > <p*“<5,ﬁl,...,ﬁk>) s

alby =g (E7,...,7)}

where o
~Y

/N

f, V1,..., Uk ) is the P, -name for the ordinal o which witnesses the fact that (p*“ (5_; Ui, .., 17;€>)\
Vp € e (5, Dlyenny ﬁk). Then A (5, 2 .,ﬁk) is a bounded subset of h (E, U, .,ﬁk>, since

vk < h ({, 7, .. .,ﬁk) and GCH<,, holds in V.
For a set of &-s in W,

P () € A (&, (€)1, (9)

In particular, in M [H],
Ul €iw (€ 5oy 7)o A (E 0y B ) ) (R ity B, =
ko (ja (<5, Dio. D) s A (5 .. .,ﬁk)) (jl,a ([Id];) et (Td)) s ot ([Id]ak)))
But-
Ja (707 = A (€7 7) ) (e () G (Hlg,) oot ([Tl ) )| <

oo (1) (e (Hdly) sdarsria (Ed]a,) s+ ot ((Ed]a,) ) = Ha

and thus po = [f]y, € Im (ko) a contradiction. O

Corollary 3.16. p, is the least measurable p in M, such that p > sup{p.: o’ < a} and
(ef(m)" > k.

Proof. Assume for contradiction that there exists a measurable A in M,,, such that sup{pa/: o/ <
a} <A< pg. Let us argue that (cf )Y < k.

First, A = ko ()A), since crit (ko) = fia, and thus A is measurable in M. Note that A < p, <
K* = jo (K), 850 A < jw(x) and thus A has cofinality w in M [H]. Thus, (cf(/\))V[G] = w, and, in
particular, (cf(\)" < k. O

Lemma 3.17. u, appears as an element in the Prikry sequence of ka (fta)-
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Proof. In M [H], denote by t* the initial segment of the Prikry sequence of k,, (11o) which consists
of all the ordinals below p,. Denote by n* the length of ¢*. Let (5_; Diyooo, Ug) > tF (E, 172 ﬁk)

be a function in V' such that—
t* = Ja (@ Diyenn, Ug) = t° (57 Uiyeon, ﬁk)) <j1,a ([Id];J Jentta (Hdly,) - s Jagtta ([Id]ak))

(this can be done by modifying the nice sequence (s, ..., d%), if necessary, so that ¢t* can be
represented by it). We can assume that for every <§_; Viy..., Uk, t* (f_: Dlyenns 17k> is a sequence
of length n*. Since k, (t*) = t*,

(et (E iz, ©, i, ©)] =1

w

In V [G], denote, for every £ < k,
1o (&) = the (n* 4+ 1)-th element in the Prikry sequence of h (E, Hgy (€)s -+ fin, (f))

Clearly [£ = pa(§)]ly = pa- We argue that equality holds. We will prove that for every n <
€ = pa(&)]y, 1 < pia- Assume that such 7 is given, and let f € V [G] be a function such that
[flw =n- Then we can assume that for every £ < &,

f(&) < palé)

and let p € G be a condition which forces this.
Let us apply now the Multivariable Fusion Lemma. For every (£, 7, ..., 7), consider the
set—

e(gﬁl,...,ﬁk) —{reP\u: 3a<h(5,ﬁl,...,ﬁk), rlF it (5,51,...,17;@)

is an initial segment of the Prikry sequence of h (5, Dlyenny D’k) ,

then f(§) < a}
then e 5, ,...,0 ) is <* dense open above conditions which force that d=1{¢} = (¢1, ... &™)
and (7, ..., V) = {fa (&), -, o, (§)). This follows in several steps: First, use the <*-closure

to reduce f (€) to a Py, 1-name, where h = h (£, 74, ..., ﬁk). This can be done by taking a direct
extension of a given condition in the forcing P\ (h +1). Second, reduce f(§) to a P, name,
by applying on the Prikry forcing at coordinate h the following fact: If ¢* = t* (E, Viy... Uy

is an initial segment of the Prikry sequence of h, and a given an ordinal is forced to be below
the successor of t* in this sequence, then its value can be decided by taking a direct extension.
Finally, apply lemma 1.10 and direct extend in the forcing P(,, ), to bound the value of ,J: €3
by an ordinal below h.

Thus, there exists p* € G, such that for every <5, V1,..., V) which is admissible for p*,

P E T, B Tl P T E R B \ vk E e (5 7, .. .,ﬁk)
in particular, p*ﬂ(g, Pi,...,Uk) |, forces that there exists o < h (5, Viyoons ﬁk) such that—
P\ E f(6) <@ (6)
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Let—
A(f,ﬁl,...,ﬁk) ={y:3q>p" &0, ., 0k) vy qIF =7}

(where, as in the previous lemma, ¢ is a P,,-name for the ordinal « in equation 6).
Then p* IF f(€) € A(f,ﬁzl(f),...,ﬁ;k(g)), and A(E, ﬁl,...,ﬁk) is a bounded subset of

h (E, Uiye.n, ﬁk). Arguing as lemma 3.15, it follows that n = [f],;, € Im (ko) N ko (fta) = fa, as
desired. O

Lemma 3.18. Assume that for every measurable § < k, Ug¢ is a Pe-name for a measure on §
which belongs to V. Let U = jo (§ = Ug) (ta). Then there exists a set F € M, of measures on
Lo in My, with |F| < pa, such that, for some p € G,

Gw ()™ {fiag: -+ fia,) IF ko (U) € kG F

In particular, there exists a measure F' € F such that ko (F) = (ko (U)) -

~

Proof. For every £ < k, fix an enumeration s¢ of all the normal measures on £ in V. Apply
Multivariable Fusion. Define for every (£, 4,. .., V) the set—

e (5, Doy ﬁk) ={r € P\ vg: there exists a set of ordinals A of cardinality
strictly smaller than h (5, Dlyenny ﬁk) , such that
"
" rh(gxﬁlv-'wﬁk)”_ Qh(gyﬁlvu:ﬁk) € Sh(f,ﬁl,...,ﬁk)A}

As before, there exists p* >* p in G, such that for every <§, U1,...,U) which is admissible for
P,

P E T, B Tl P T E R B \ vk E e (E,ﬁl,...,ﬁk)

Let A (5, Dlyenny D’k) be the set of ordinals, forced by some extension of p*“(f, Piyees Uk) Ty
to be an element of the set A above. Then A (E, Ulyouns D’k> is a set of ordinals of cardinality
strictly below h (5, Dlyenny ﬁk).

In V [G],

V1,

(<m0 T E AL O B (O) F Upenn, ) € e AT (E AL O, ©)} €W

Now, in M., denote—

F = Gal)ua)" do (€700 0) = A (€71 7)) (e () s () s (1)
Then |F| < fia, and, in M [H],

(]W(p*))ﬂ </72;07 v a/jzk> I ka (%) € kg]:
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We now apply the above lemma on specific names for measures U¢. For every measurable
& < K, let We = Ug be the measure used to singularize & at stage £ in the iteration P = Pj.

Each such Wg can be assigned to a sequence of Rudin-Keisler equivalent measures on &,
Wg,...,Wm5 We
as defined in section 2. Denote Ug = Wg NV eV for every 0 < j < mg. Then—
0 1 me
U/ <aU; <...QU;
Corollary 3.19. For every 1 < j < my, there exists a measure Uﬂa € M, on g, such that—
J ) = ;5 J J
ko (Uﬂa) Jw (5 = U£> (ko (Ha)) = |:€ — U (Hao(g)’ 7#0%(5))

We consider the above corollary as the definition of the measures Uj, J for every 1 < j < myg.
Note that, by elementarity, U} < U, < ...< Um"_1 Let &, be the measure on []™ which
corresponds to the iterated ultrapower Wlth Uit~ I's> > USa in decreasing order. We argue
that &, is derived from k,: M, — M.

Lemma 3.20. USQ ={X C pa: pa € ka(X)} N M,. Furthermore, if mq > 1, then for every
1<j<ma-—1, |

U, = {X Cpa: p € ka(X)} N M,
Remark 3.21.

1. Let us note that for every j as above, jo < pl, < ko (fta), $0 U;i is an ultrafilter which
concentrates on [iq.

2. We deliberately did not define, in corollary 3.19, the measure U}’ - it is not derived from
ke and does mot participate in jw [v. The exception is o = 0 where U™ = U is the first
step in the iteration.

Proof. We first provide the proof for Uga. Assume that X € M, and p, € ko(X). Write—

X = ja (€70, 7) = X (€50, 7) ) Gra (R) s Jaosa (o) s+ ()

where, without loss of generality, the nice sequence (ay,...,ax) can be used to represent fi, in
M., in the usual sense that for a function h € V,

Mo = Ja(h) (jl,a (l_{) 7ja0,a (ﬁao) PR 7jak,oc (ﬁak))
Apply Multivariable Fusion. For every <§, Viy..o, k), let—

e (g, 1717. . .,ﬁk> = {’I“ S P\Vki r rh(f,f/‘l,.“,fik)n X (g, 517. . .,ﬁk) S UX(Eﬁl Ak),
if it decides positively, then r [h(g Vk)H_ A h(Er ) C
X (5 ﬁl,...,ﬁk); clse, 7 1y ()b A (e 15 disjoint

from X (5, vy, .. .7171@) . Moreover, r rh(éﬁl ____ ﬁk)H lh (tz(g,ﬁl,...,ﬁk)> >n*,

and if it decides positively, then there exists a bounded subset
A (5 7. .,ﬁk> ch ({ .. .,ﬁk) for which 1 [y, (g ) the n*-th

element of t;(f,z?l 11111 7) belongs to A (f, U, .. )}
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Applying the same tools above, there exists a condition p* € G and a bounded subset A* (f_; Plyeens D’k> ,
such that—

& <mep Tgazo.ms, ©.z, ) 1f1h< h(725 (€, ). ,uak@))) 2 n” then the

n*-th element in the Prikry sequence of
h(E5(€), i, (6), - -, Fin, (€)) belongs to A (f5(€), fin, (&), - - -, fia, ()} €W

Since A* ([5(€). ji5, (€), . it (€)) is bounded in A (5(€)., is, (€), .. it (€)). it follows that-

& <807 Tn(agen, ©.ita, @) ”“( h(75(6).7i5, (©)... uakos))) <nrew
By the choice of p*, it follows that for a set of &-s in W,
p* rh( ¢), ;Loq(g)7 ak(g))H X (§>Na0(€)7 ce Moy, (5)) € UX (_‘*(5) Mal (f) . 7ﬁ2k(5))

we argue that for a set of £&-s in W, the decision is positive. Indeed, otherwise, it holds in M [H]
that—

pa = 1€ = ta(Oly € [€ = h (i5(8), i, (€), - - iia, () \ X (5(8), fia, (€), - - - fia, (€)) ]y = ka(pa\X)
contradicting the choice of X. Thus, for a set of &-s in W,

P" Mg @)iin, ©),iin, ©)7 X (25(6), fig, (€), - - fia, (6)) € U™ (fi5(8), fiz, (€), - - - fia, (§))
recall that UY = U* N V; hence—

P Th(ag(@),iis, (©),iin, ©)F X (5(€): fi, (&), -+ e, (€)) € U (fi5(€), /15, (€): - - 12, (€))

and thus, in M [H], ko(X) € ko (U],). In particular, in My, X € UJ .

We now proceed to the proof for Uﬁa for every 1 < j < mg, — 1. Assume that p*/ € ko (X),
and recall that p*/ is the j-th element in d=! (11,). We repeat the same argument above. First,
define—

e(g’ﬁh...,ﬁk) = {TE P\Vk: r rh(g,l_/ﬁ
if it decides positively, then r [h(g 7

Dk)H X(gaﬁlwu,ﬁk) e’

.....

IF A"

Lok ) Nh(£V1, k)

d'xX (g, Py D'k) ; else, r rh(fﬁl, )H— ﬂj&ﬁég(&,uh ) is disjoint

Fo= — r *
from X (f, o, .. .7I/k) . Moreover, r rh(f,ﬁl _____ ﬁk)H lh (th(éﬁl,m,ﬁk)> >n",
and if it decides positively, then there exists a bounded subset

A(gﬁl,...,ﬁk) gh(éﬁl,...,ﬁk) for which 7 [(z5, _sF the n*-th

) belongs to A (E, Z/ -,ﬁk)}

eV

'
element of ¢ h(Em.

Now we argue as before, and claim that—

*

P (s @, (it )F X (812, ) 1, (6) € U7 (FB(E), 5, (©), - 85, (€))
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indeed, otherwise, there exists a set of £-s in W for which—
1) =m0 (1a(€)) & X (H5(€), fia, (): -+ e, (8))

contradicting the fact that pf, € ko (X). It follows that, in M [H], ko(X) € ko (U] ), and so

XeUj,. O
Corollary 3.22. &, = {X C [ua]™ : (o, pits o uime=1) € ko (X))} N M,
Proof. 1t suffices to prove that—

Ea CHX Cual™ = (pas s 7)€ ko (X)} N My,

Start from X € £,. Then there are sets Xg € UB@, vy X —1 € U[L’fol such that the set of

increasing sequences in Xy X ... X X,,_1 is contained in X. Thus every increasing sequence in
ko (Xo) X ... X ko (X;m_1) belongs to k,(X), and by the previous lemma, (iiq, ..., "e"1) €
ko(X), as desired. O

This concludes the proof of properties (A) — (F) from the beginning of the section. We now
focus on the proof of theorem 0.2.

Recall that x* = jy(k). Note that k* = jx« (k), since x is mapped to k* after the first
step in the iteration, and every step after it is taken on a measurable p/, below x*. Moreover,
sup{pa: a < k*} = k* and thus crit (k,~) > &*. Let us use the above properties and argue that
the induction halts after x*-many steps.

Proof of Theorem 0.2. Since jw [v= jur © k=, it suffices to prove that ky«: Mg« — M is the
identity function. In particular, it will follow that jw [v= jxx, M = M+ and jw (k) = ju» (k) =
ju (k).

We argue that for every ordinal 1, n € Im (k). Fix such ) and let g € V' [G] be a function
such that [g]y,. = 7. Let g be a P = P,-name for it. For every £ < x, let—
e(§) ={re P\¢: for some A C k with |A| <k, rlF g(f) € A}
e(€) is <*-dense open by lemma 1.8. By Fusion, there exists p € G such that for every & < &,
p lelF for some A C k with |A] < &, (p\f)% I+ g(ﬁ) S
Fix £ < k and let A be a Ps-name for the above subset A C x. Let—
A)={v<r:Fqg>ple ql-ye A}

Then for every £ < k, |A(§)| < K, and p~¢ IF g(§) € A(£). Recall that for every p € G,
(jw(p))i[ld}w* € H. Thus, in M [H],

9l € dw= (€= A(€)) (Ld]yy.) = = (e (§ = A(E)) (Jie= () )
but |je (€ = A(E)) (J1,e+ (K))| < jr= (k) = k* < crit (ky»), and thus [g]yy. € Im (k). O

Lemma 3.23. Fir o < k* and denote m = mg. Let 0 < j < m. Then u} is measurable in
M, and its Prikry sequence in M [H]| is the sequence of critical points obtained by iterating the
measure Uli:l over M.
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Proof. First, by lemma 3.17, . appears in the Prikry sequence of u’/. Let A\ be the element
after it in this Prikry sequence, and let us argue that A = jUZ;l (pa) = piL. Since jUﬂgl (e
is measurable in M, and has cofinality above  in V, there exists 3 > « such that ug = pl;
Also, kg (ug) = kg (ja+1ﬁ (,uja)) = kot1 (ug) = 7, and thus pug = pl, appears as an element
in the Prikry sequence of p’?. Thus, A < u,, and it suffices to prove that A = p/,. Assume for
contradiction that A < pd, ™' = ji -1 (pta)-

In M, write— "

toe = Galh) (J1.0 (11ly) s on s () oot (1],

and—

A= ja+1(g> (jl,a ([Id]o) 7j0¢1+17a ([Id]al) PR ’jakJrl,a ([Id]ak) ) [Id]a)
for some functions f,g in V. Recall that [Id], = (ia,...,pd ..., pP="1), so we can assume
that for every 5_; Diyeoos Uk, U= (V0y oy V1),

= - - 0 i—1 —1 . = - — i—1
9(571/1,...,1/k,<y,...7y3 N i >)<m1n{h<§,u1,...7uk),uj }

Let t* be the initial segment of the Prikry sequence of k,, (1) which consists of all the ordinals

below .. Fix a function <€, Viyooo,Ug) — t°* (E, Diyeen,s z7k> which represents t* in M, (as in
lemma 3.17). ~

For simplicity, we adopt the following notation below: whenever (£, 4, ..., Jk) are fixed, let
h=nh (E, ﬁl,...,ﬁk). Also, for every v < h, we denote d~'(v) = (v!,...,v™ 1) (whenever

m # 1). We also denote 1° = v and 7/ = (°,..., 0™ ). Let C = C (5,171,...,z7k) be the club

of closure points of 1y — g ({, Pyeeey Vg, 17) (this is a club in h. We remark that it is necessary

in the proof below only in the case where j = 1).
We now apply the Multivariable Fusion lemma. Fix (£, 7, ..., D), and let—

e (5,&'1,...,17;@) = {r € P\ v: for every v € A},
AZ\v C (h\ 7Y mc(aﬁl,...jk)}

First let us consider the case where j > 1. There exists p € G such that for a set of { < x
in W, the condition p™ (¢, /iy, (&), .. ., i}, (§)) forces that the element which appears after jiq ()
in the Prikry sequence of h (f_; o (€), -  fI, (f)) is strictly greater then p*/~1(¢). Thus, in
M [H], ,

A>T > G () (R g o g s ) = A
which is a contradiction.

If j = 1, we use the club C defined above: Since pq < A, it follows that A > jw (g) (7, /@5, , - - ., ik, [i5)
which is again a contradiction as above. O

Corollary 3.24. In M [H], recall the sequence—
d=Hk} = (g™ = (Udlyr s U d]yym)

For every 1 < j < m, the cardinal p* = [Id]yy,; is measurable in M, and its Prikry sequence in
M [H] is the sequence of critical points in the iterated ultrapower, w-many times, taken with the
measure U~ = Wi=lny e V.
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Finally, let us prove Theorem 0.3 and provide a sufficient condition for definability of jyw [v .
Denote— .
U= U {<k)

Recall that for every & € A, Ug is the measure on £ in V such that We = Ug. We will argue
below that if I € V', then jy [v is a definable class of V.

Remark 3.25. The sequence u might be external to V', even though every measure in it belongs
to V. For instance, we may consider iterations where the measure used at stage o € A codes
generic information about Prikry sequences below a.

More specifically, Let n = min A be the first measurable, and assume that there are unbound-
edly many measurables ( < k which carry at least n measures of Mitchell order 0 (see section 5
in [6] for a detailed construction of a model satisfying the above assumptions). Let (Ce: & < K)
be an enumeration of the set of such measurables, and let (Uc, o: o < 1) be an enumeration of
n-many measures of order 0 on each (¢.

Denote by (n,: n < w) the Prikry sequence added to n in the iteration. For each £ < k, write
E=¢& +n for & limit and n < w. In the Prikry forcing at stage (¢ in the iteration, use the
measure U Corn = = U¢, - For every other measurable ¢ € A, use the extension of an arbitrary
measure of order 0. Note that the forcing P = P, generated thzs way uses only measures of order
0, so the iterated ultrapower is taken with measures £, = U .» which are a single measure, and
not a product of several measures on L, for every a < K*

Let G be a generic set for the above iteration over V. Clearly u ¢V, as it codes the Prikry
sequence (N,: n < w) added to 1.

Let us argue also that jw [v is not a definable class of V.. As usual, let jw: V [G] = M [H]
be the ultrapower embedding. Let (A\,: n < w) be an enumeration of the first w-many measurables
of My = My which carry n-many measures. Then, by the analysis in this section, each A, carries
a measure U ’,’%, which is iterated w-many times in order to produce a Prikry sequence for a
measurable )\* = j1s* (An) of M. So X\, remains measurable in My, (as all the steps in the
iteration (My: o < \,) are ultrapowers on measurables below X, ), and—

My, ©Jx,
An,nn

Ian+1 = Iy,

Here, U%*gﬁ is the n,-th measure in the enumeration jx, (¢ = (U¢a: o <)) (M) of n-many
normal measures of order 0 on A, in My, . Note that-

My,
LA (UAnsnn) = U\

Now, Assume for contradiction that jw [v is definable in V. Then the embedding k: My — M,
k([fly) = flw- =dw v () (Id]y.)
is definable in V as well. Fizx a set X C A\, in My. Then—

XeUU = A\, €j,um (X)

AnTin Anynn

= Jia, (M) €51, (JU v (X)>

<— A\, € jl’)\7L+1(X)
= A\ € k(X)
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and thus Ui\fffnn, and in particular n,, can be read from k. Thus, if jw [v is definable in V,
then so is the sequence (n,: n < w), which is a contradiction.

Finally. let us remark that it is possible that jw [v is definable in 'V, even though U ¢V. As
above, let (n,: n < w) be the Prikry sequence added to the first measurable n. On the first w-many
measurables ((n: n < w), choose the measures (W, : n < w) as above, namely W¢, = UZ .
For every other (¢ (w < & < k), use the measure derived from the least normal measure of order
0 on (¢ in V, with respect to a prescribed well order W of V.. In this case U ¢ V, but jw v is
definable: For every a < k*, the normal measure U, is chosen least, among normal measures
of order 0 on p., with respect to the well order j, (W) (the use of the generic Prikry sequence
added to 1 is done boundedly below k, and thus does not influence the value of U, ).

Proof of Theorem 0.3. We begin by proving the following claim:
Claim 3.26. Assume that U € V. Then (g, .. .,Ugmrl,Ugns =Ug): € A) eV as well.

Proof. We prove by induction on a € A that ((Ug,.. .,U;ﬂfil,Ug%): ¢ € ANa) is definable
over V from U, and (Us: { < ).

Fix a € A. If U, does not concentrate on A N «, then my, = 0 and U** = U,. Assume
otherwise. Denote m = jy, ((me: £ € ANa)) (o). We argue that m, = m. Consider the generic
extension V' [G,] up to coordinate a. U, concentrates on elements & € A for which m = m.
Each such ¢ € A satisfies that ¢ is the m-th element in d=1{d(£)}. Thus, in Ult (V [G4],U),
d=Yk} = m and thus m (U}) = m. Thus indeed m, = m.

By the analysis done in this section (more specifically, corollary 3.19 and lemma 3.20, applied
in V[G,]), for every 0 < j < m,

-],
(where Ug exists for a set of £-s in U, since j < m, and the function which maps each £ < « to Ug
is definable in V by the induction hypothesis). Thus the sequence (U2, ..., Uma=1 Ume = U,,)
is definable over V from ((U¢, ..., Ufméfl, Ugnf>: e ANna) and U,. O

Now let us proceed to the proof of the theorem. We prove by induction on o < k* that
ja: V. = M, is definable in V. Fix a < k* and assume that j,: V — M, has been defined in
V. Let us define the measure &,.

We use below the usual notations: for some a; < ... < ap <aand h eV,

MHa = ja(h) (jl,a ([Id};)) 7ja1+1,a ([Id]l) PR 7j04k+1,06 ([Id}k)>

(for sake of definability, we can use the least {«p, ..., ax) and h, taken with respect to a prescribed
well order of Vy for A high enough). For every & € A, let £(£) be the measure on [{]mg*l which

corresponds to the sequence— .
U <Us €...QU"

Since U belongs to V, the mapping £ — £(§) belongs to V' as well, by the claim. By corollary
3.19, for every a < k¥,

Eo=jo (€71 7) = EG (€71, 50))) (G0 (1)) sdarsria (Fd) - s Gapr.a (1))

and this definition can be carried inside V. O
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